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HYPONORMALITY OF TOEPLITZ
OPERATORS ON THE BERGMAN SPACE.

JONGRAK LEE

ABSTRACT. In this paper we consider the hyponormality of Toeplitz
operators T\, on the Bergman space L2 (D) with symbol in the case of
function f+g with polynomials f and g. We present some necessary
conditions for the hyponormality of T, under certain assumptions
about the coefficients of .

1. Introduction

A bounded linear operator A on a Hilbert space is said to be hy-
ponormal if its selfcommutator [A*, A] := A*A — AA* is positive semi-
definite. Let D denote the open unit disk in the complex plane C, dA
the area measure on the complex plane C. The space L*(D) is a Hilbert
space with the inner product

(0 = = [ 1EEAG)

The Bergman space L2(D) is the subspace of L?*(ID) consisting of all
analytic functions on D. Let L°°(D) be the space of bounded area
measureable function on D. For ¢ € L>°(D), the multiplication operator
M., on the Bergman space are defined by M, (f) = ¢ - f, where f is in
L2. If P denotes the orthogonal projection of L?(ID) onto the Bergman
space L2, the Toeplitz operator T}, on the Bergman space is defined by

To(f) = P(e- f),
where ¢ is measurable and f is in L2. It is clear that those operators
are bounded if ¢ is in L>(D). The Hankel operator H, : L2 — L2
is defined by
Hy(f) = = P)(¢- f).
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Let H?(T) denote the Hardy space of the unit circle T = {z € C : |z| =
1}. For a given ¢ € L>°(T), the Toeplitz operator on the Hardy space
is the operator Ty, on H?(T) defined by Ty f = P (¢ - f), where f is
in H?(T) and P, denotes the orthogonal projection that maps L?(T)
onto H2(T).

Basic properties of the Bergman space and the Hardy space can
be found in [l]and [3]. The hyponormality of Toeplitz operators on
the Hardy space has been studied by C. Cowen [2], T. Nakazi and
K. Takahashi [7], K. Zhu [9], W.Y. Lee [4], [5], [6] and others. In
2], Cowen characterized the hyponormality of Toeplitz operator T, on
H?(T) by properties of the symbol ¢ € L°(T). It also exploited the
fact that functions in H2" are conjugates of functions in zH?2. For the
Bergman space, LfbL is much larger than the conjugates of functions in
zL2, and no dilation theorem(similar to Sarason’s theorem) is available.
Indeed it is quite difficult to determine the hyponormality of T,,. In
fact the study of hyponormal Toeplitz operators on the Bergman space
seems to be scarce from the literature. In [10], it was shown that if
0(2) = a_pmZ™ + a_NZY + apz™ + a2V (0 < m < N) and if
AmaN = G_ma_nN, then

T, is hyponormal <=
{ i an? —la-nl?) 2 g (laeml® = laml?)  if Ja-n| < |ax]

N2(la—n|? = lan [*) < m?(Jam|? — Ja—m]?) if fan| <fa_n|.

In this paper we study the hyponormality of Toeplitz operators T,
on the Bergman space L2(D) with symbols in the case of function
¢ = g+ f with polynomial f and g. We will now consider the hy-
ponormality of Toeplitz operators on the Bergman space with a sym-
bol in the class of functions g + f, where f and g are polynomials.
Since the hyponormality of operators is translation invariant we may

assume that f(0) = ¢g(0) = 0. We shall list the well-known properties
of Toeplitz operators T, on the Bergman space.

If f, g are in L>°(D) then we can easily check that
() Trig =Ty + T,y
(ii) Ty = T5
(iii) 5Ty = T, if f or g is analytic.
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These properties enable to us establish several consequences of hy-
ponormality.

ProrosiTiON 1.1. ([8]) Let f,g be bounded and analytic in the
g+ f € L (D). Then the followings are equivalent.
(i) T4y is hyponormal.
(ii) HyHz < H?H?.
(iii) [|(1 — P)(gk)I| < |I(I — P)(fk)]| for any k in L.
(iv) gkl — || P(h)I? < |[FKI — [|P(FR)I[? for any k in L2,
(

v) Hg = CHy where C is of norm less than or equal to one.

Let s,t be nonnegative integers and P be the orthogonal projection.
Then we have

(1.1) P(F'2%) =< st

) { s—itl ps—t if s >t
o, if s <t

2. Main results

In this section we establish some necessary conditions for the hy-
ponormality of Toeplitz operator T, on the Bergman space L? under
certain additional assumption concerning the polynomial symbol (.

In [11], it was shown that if f(2) = am2™ +anz?, g(z) = a_m2™ +
a_n2zN (0 <m < N) and |ax| < |a_y|, then the hyponormality of

T4+ implies that

N*(|la-n[* = lan[*) < m*(lam[* — la—m|?).
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The following Theorem gives a necessary condition for hyponormal-

ity of T4+ when m =1 and N = 2.

THEOREM 2.1. Let p(2) = g(z) + f(z), where
f(2) =a1z+a2? and g(z) =a_1z + a_y2>
If T, is hyponormal, then
0) 2(azl* = la—2f*) = 3(la—1]* — |as[?).
) (Sar2~lacs[)+ (laal>~la—of) (o (ar 2 ~fas|2) + 4(lasf? -
a-2?)) = §lara; —T7a o

Proof. Let T, is hyponormal operator. Observe that

(M7

f(00+01z),M

Heo +12)) = far? (Gleol + Flea ) +
|a2|2(%|00|2 + i|01|2> + ;Re(a_ﬂmcoa).
Similarly, we have
(Mg(co + c12), Mg(co + c12)) = |a_1]2(%\co\2 - %|01]2>+
\a—2|2(%fcof2 + ilcl\z) + gRe(a—_la_zcoa).
It follows that

1
(Tr(co + e12), Ty(eo + e12)) = Zlaa[*|er 2

Similarly, we have

1
(Ty(co + e12), Tylco + c12)) = 1|6Ll|2|01|.2
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Hence
(H5(co + c12), H¥(co + c12)) = |a1|2(1|c 1> + i|01|2>+
FAS » 1470 2 0 12
1 1 2
|a2|2(§|00|2 + Z|Cl|2> + 536(71@2005).

Similarly, we have

1 1
(Hy(co + 1), Hyleo +12)) = laa* (5leol® + el )+
1 1 2
\a—2|2(§!Co!2 + ZICHQ) + g Re(@=ra—zcoen).

Hence if T, is hyponormal, then

(2.1)
<(H%H7 — H>Hg)(co + c12), (co + ¢12))

1 1 1 1
= (a1 l? = a—1?) (Fleol? + T5lerl?) + (lasf? = la—af) (S leol® + les]?)
+ gRe(a_wlzCoa —a_1a_2coc1) > 0,
Since Re(ajascoci — a_1a_2¢oC1) > —|aras — a_ja_s||cocq], it follows
from (2.1) that

1 1
(la1|* = la=1*) ( zleol* + == le1l?) + (Ja2? = la—2*) ( S |col® + >|c1]?
2 3
2
- §|a_1a2 —a_ja_sl|cocr| > 0,

There are two cases to consider.

Case 1) If ¢; =0, then
3(Jar]* — la—1]?) + 2(|azf* — [a—2[*) > 0.
Case 2) If ¢; # 0, then we have that

Co

‘G,_lag —a_1a_29
C1

271 1 2
(50ail? = la=sf?) + 5 (lasf = la—al)) = 5

JFE(|6L1| a1 )+Z

Co
C1

(Jag® — a_2|*) >0,
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Since 1(la1? — Ja—1|*) + 3(|az|? — |a—2|*) > 0, it follows that

1
3

1

(30l ~laa?) + 5 (el ~la—al) (5500l = las )+

1

1
T(azl? —fa—sf?)) > =[ataz — a7a_o

This completes the proof. 0

The following Theorem gives a necessary condition for hyponormal-
ity of T4+ when m > 1 and N =m + 1.

THEOREM 2.2. Let ¢(z) = g(z) + f(z), where

+1 +1

f(z) =amz" + apmy12™ and g(z) = a_pz™ 4+ a_(minz™

If T, is hyponormal, then (i) (m + 1)(|am+1|* — la—(msn)|?) = (m +
2)(|la—m|?® = lam|?).

() (57 (am® ~lo-ml)+ sz (ms1 2= la_onin 2)) (5 (laml* -
|afm|2)+m;+3<|am+1|2_|a—(m+1)|2) > m|@am+l_a7ma—(m+l)|,2

Proof. Let T, be a hyponormal operator. Observe that

(M(co + c12), Mf(co + ¢12))

(gl + )
P ( s leol® + ——erl?) + — Rel@mom o).
Similarly, we have
(Mg(co+ c12), Mg(co + c12))
= loml? (g ool + —5leal?) +
la— (a1 (m — leo|? + — |01|2> +— — 2Re(ma_(m+1)coa),
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It follows that
<T?(co + c12), T¢(co + c12)) =0,
Similarly, we have
(Ty(co + c12), Ty(co + c12)) = 0,
Hence

<H?(co + c12), Hy(co + c12))

- |am|2<m +1 |CO|2 * m + 2|Cl|2>+
a1 (s leol? + ——lr?) + — Rel@mamsacors).
Similarly, we have
(Hg(co + ¢12), Hz(co + c12))
= locn? (g leol? + )+

1 1 2 _
| (mi1y|? <m — lcol? + 3 |C1\2> + o 2Re(a_ma_(m+1)cocl)_
Hence if T, is hyponormal, then

<(H§Hf — H}Hg)(co + c12), (co + c12))

(2.2)
= (aml? = la-ml) (=2l + —— sl
+ (Jomirl? = lo—gnan P) (o5 ool + ——leal?)
+ — 2R€(Wam+1coa — G—m@_(m+1)C0C1) > 0,
Since

Re(@rmm+1€0C1 —0—m0— (m+1)C0C1) = —|@mGm41—0—mG_(m+1)||CoCtL],
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it follow from (2.2) that

(lam|* — |a—m|2)<m 1 |col® + — 2|01|2> + (lams1* = la—min )

2 2 2 . _
<m+ 2|Co! o 3|01| > ey 2|amam+1 — A (41| |coCT]
>0,

There are two cases to consider.

Case 1) If ¢; =0, then

(m +2)(|am|* = la—m]*) + (m + 1) (Jan+1]* = la—nin)*) > 0,

Cases 2) If ¢; # 0, then we have that

Co 2 1 2 2 1 2 2
G lanl = lacwl) + - (ama P = la—guin )
2 e, -
_ m——|_2 £‘|amam+1 — a,ma_(m+1)| —+ e 2(|am|2 _ |a7m|2)
— 3(\am+1]2 —la_@minl?) =0,

Since m;ﬂ(|am|2— |a_m|2)+m;+2(|am+1|2— la_(m+1)|*) > 0, it follows

that

1 2 2 2 2
(g aml? = lamnl®) + —= (amsal? = la—gnin) )

1 2 2 2 2 )
(g llanl = lanl®) + —=(annl® = la_gnin )
> L Gt — T ?

(m+2)2 + (m+1)1.

This completes the proof. O
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