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COEFFICIENT INEQUALITIES FOR HARMONIC
EXTERIOR MAPPINGS

Sook HEul JuN

ABSTRACT. The purpose of this paper is to study harmonic univa-
lent mappings defined in A = {z : |z| > 1} that map oo to co. Some
coefficient estimates are obtained in a normalized class of mappings.

1. Introduction

Let X be the class of all complex-valued, harmonic, orientation-preserving,
univalent mappings, for which f(o0) = lim, ., f(2) exists as oo,

(1.1) f(2) = h(2) + g(2) + Alog 2|
of A ={z:|z| > 1}, where

h(z)=z+ Z arz " and g(z) = Z bz F
k=1 k=1
are analytic in A and A € C. Hengartner and Schober|3] show that the
Jacobian | f,|* — | fz|* is positive, and

f: 22d(2)+ A
a(z) == = ——4——
f. 2zh(2)+ A
is analytic in A and satisfies |a(z)| < 1.

The coefficient problem for this class appears to be difficult. In the full
class 3, a few estimates are known only for lower order coefficients: |A| <
2 and |by| < 1 hold for the full class ¥, and [bo| < (1 — |b1|*) < & holds
if A =0. These coefficient bounds[3] are all sharp and a consequence of
Schwarz’s lemma. If we restrict our attention to some subclass of X, we
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can obtain good results; for f € ¥ with f(A) = A, [1+b| <1, |b,| < 2
for n > 2, and |a,| < % for all n.. These sharp coefficient bounds are
obtained by Jun[4]. In this paper, we shall consider the subclass

Y.={f € X: fis convex in the direction of the imaginary axis}

of . In order to get some coefficient estimates of harmonic univalent
mappings in ., we will consider the analytic univalent function h +
g, and the meromorphic function F({) = —% + ¢ which is the minus
reciprocal of the square-root transform of the Koebe function.

2. Mappings which are convex in the direction of the imag-
inary axis

DEFINITION 1. A set D is called convex in the direction of the imag-
wmary azis if every line parallel to the imaginary axis has a connected
intersection with D.

DEFINITION 2. A mapping f is convex in the direction of the imagi-
nary axis if f(A) is convex in the direction of the imaginary axis.

Let ¥, be the class of all mappings f € X which is convex in the
direction of the imaginary axis.

THEOREM 2.1. If f = h+ g+ Alog|z| € ¥, with R{A} = 0, then the
analytic function h + g is conformal univalent in A.

Proof. Since f is univalent, there exists a mapping z = z(w) such that
f(z(w)) =wand z(f(z)) = 2. Thus we have h+¢g = f—Alog |z|+i23{g}
and

(2.1) B(=(w) + g(=(w)) = w + ig(w)

where ¢(w) = iAlog|z(w)| + 23{g(z(w))} is a continuous real valued
function. Since a(z) = Zi;g% satisfies |a(z)| < 1, we have h'(z) +
g'(z) # 0 in A. Thus h + ¢ is conformal, and the mapping h(z(w)) +
g(z(w)) = w + ig(w) is locally univalent since z(w) is 1-1. If w; +
ip(wr) = wy + ip(wy) with wy # wa(wy = uy + vy, wy = ug + ivy),
then u; = uy = w and vy + ¢(u + ivy) = vo + ¢(u + 1v9). The real
valued function 1 (v) = v + ¢(u + iv), which is defined on some interval
I since f is convex in the direction of the imaginary axis, is not strictly
monotonic and therefore not locally 1-1. Thus w + i¢p(w) = h+ ¢ is 1-1
and so conformal univalent. ]
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LEMMA 2.2. If f =h+ g+ Alog|z| € ¥ with R{A} =0 is convex in
the direction of the imaginary axis, then the analytic function h + g s
also convex in the direction of the imaginary axis.

Proof. Let D = f(A). The image of D under the mapping w + i¢(w)
defined as in (2.1) is convex in the direction of the imaginary axis since
the mapping w + i¢(w) maps vertical lines into themselves.. Therefore
w + ip(w) = h(z(w)) + g(z(w)) is also convex in the direction of the
imaginary axis. O

Sharp coefficient bounds of the analytic univalent function H(z) =
Z4 Y 0 oz ™ in A are known only for 1 < n < 3: |¢| < 1 [2],
o] < 2 [5], |es| < 5+ €78 [1]. From these, we can easily get the lower

order coefficient bounds for the harmonic univalent mapping f € X,
with R{A} = 0 as follows;

2 1
|CL1 +b1| S 1, |a2+b2| S -, ’CLg +b3| S - +€_6.
3 2

In the following Theorem 2.3, we obtain the coefficient bounds for all
orders.

THEOREM 2.3. Let f = h+g+ Alog|z| € ¥, with R{A} =0. Ifh+g
18 real on the real axis, then

‘a1+bl| Sla
2¢/2

lan, + by gi forn > 1.
n

Proof. Let G(¢) = h(1/¢) + ¢g(1/¢) on 0 < |¢| < 1. Then the function
G(() = % + 307 (ak + bg)C* is regular univalent and convex in the
direction of the imaginary axis by Theorem 2.1 and Lemma 2.2. G(() is
also real on the real axis. Thus, on |(| =7 (0 <7 < 1),

>0 forO< @<
<0 form<0<27.

(G} = — 5 RG(re) {

Therefore ,
—(*G'(¢)
Let F(¢) = —% +( = _% + > pe g axC. Then %{C?Eg)} > 0 and thus

there exists a bounded regular function w(¢), with w(0) = 0 and |w(¢)| <
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1 in |¢| < 1, such that

(G'(Q) _ 1+w(¢)
PO 1T-w(Q)’

W'(0) = 0.

This implies that

[CF(Q) + PG (Q)lw(C) = ¢*G(¢) = CF(G).
Let G(¢) = + Sor(ak + bp)CF = % + > r o ckCF, then we have

e}

-2+ Z(kck + ) (Fw(Q) = D (ke — ai)CFH,
2+ 3 (ke + )¢ (0)

k=0
00

=D (ke — ag)C* =Y (key + ap)w(¢)CH!
k=0

k=n

+ Z (kck — Oék)ck+1

k=n-+1

= Z key — ag) M+ Z Ye

k=n+2
where Y . Bx¢" converges in |¢| < 1. Let ¢ = re” (r < 1). Then
integrations give

n—1 n—1
4+ Z |/€Ck + ozk]2 Z 4+ Z |]€Ck + Oék|27”2k+2
k=0 k=0
1 2 n—1
=5/ |—2+chk+a)<k+1| do
1 [ —
250 | 1= 2+Z ker, + o) Plw () |*do
k=0
1
“5 /. |Z kew — o) G+ Z B¢ do

k=n+2

n
> Z |kew — ag[Pr 2,
k=0
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n—1 n
4 -+ Z |k‘6k + Oék|2 Z Z |k’0k — O./k|2,
k=0 k=0

n—1

e, — o> <4+ (Jkey + gl — [keg — an)
(2.2) h=0

n—1

=444 Z k%{ckdk}
k=0
From (2.2) with n = 1, we obtain
ler =1 <4, Jer — 1] <2
and, for n > 1,
(2.3) n?|cy|? < 4+ 4| < 16.

Since the analytic function h + ¢ is univalent in A by Theorem 2.1, we
have

[e.e]
> klak + > < 1
k=1

by the area theorem. From this we get
(2.4) lay + 0] < 1.
We now write
la, + b,| < ¥ for n > 1,

by (2.3) and (2.4). O
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