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NONLINEAR DIFFERENTIAL EQUATIONS
OF SECOND ORDER IN A HILBERT SPACE

RAkJooNGg KiMm

ABSTRACT. Let H be a Hilbert space. Assume that 0 < «, 8 <1
and 7(t) > 0 in I = [0, T]. By means of the fixed point theorem
of Leray-Schauder type the existence principles of solutions for two
point boundary value problems of the form

(r(t)z' (1)) + f(t,z(t),r(t)2'(t)) =0, tel
z(0)=z(T) =0
are established where f satisfies for positive constants a, b and ¢

If(t,z,9)| < alz|® +bly|® + ¢ for all (¢t,z,y) € I x H x H.

1. Introduction

In this paper, we are concerned with the Dirichlet boundary value
problems of the type:

(1) (r@)a' (1)) + ft,x(t),r(t)2' () =0, tel=][0,T]
(2) z(0) =x(T)=0

where r(t) € C(I, (0,00)), T > 0 is constant, H is a Hilbert space and
f:IxHxH— H.

We will use the following notation throughout this paper: |z|p =
sup;c; |z(t)| for x € C(I,H), |z|1 = maxser {|z|o, |2']o)} for z €
Cl(I,H) where | - | is the norm induced by the inner product (-,
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and ||z||7. = fOT(x(t),x(t)>dt. By a solution of (1), (2), we define
x € CY(I, H) satisfying (1), (2).

The differential equation x”(t) +kx'(t)+ f(t, z(t),2'(t)) = 0, x(0) =
z(m) = 0 was studied by Mawhin[3] for the case H = R™, where ref-
erences to the corresponding literature are also given. Also Mawhin[4]
and Hai[2] dealt with the same problem for the case that H is a Hilbert
space. The purpose of this paper is to establish some existence results
and uniqueness of differential equation (1)-(2) which extend their re-
sults.

DEFINITION 1. A function f : I x H x H — H is called a L*-
Carathéodory function if the following conditions are valid:

(i) t — f(t,z,y) is measurable for each (x,y) € H x H,
(ii) (z,y) — f(t,x,y) is continuous for a. e. t € I,
(iii) for any v > 0 there exists h., € L'(I,R) such that

|f(t,flf,y)| Sh'y(t) a. e. tGI,

and for all x, y with max{|zl|o, |ylo} < 7.

Hereafter we assume that the function f is a L'-Carathéodory func-
tion . Our existence principles will be proved by means of the following
fixed point theorem[4] of Leray-Schauder type.

PROPOSITION. [Nonlinear Alternative] Assume (Q is a relatively open
subset of a convex set C' in a Banach Space E. Let F : Q — C be a
compact map with p* € ). Then either

Al. F has a fixed point in Q, or
A2. there exist au € 022 and a A € (0,1) such that u = (1 —\)p* +
AFu.

2. Existence Principles

LEMMA 1[1]. Let X, Y be positive constants and o > 0. Then the
inequality
(O'—'— ].)XYU S XU+1 —|—O'YU+1
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is valid where the equality holds if and only if X =Y.

Put A = t), B= min_r(t)and denote I, by I, = [, h(s)d
u tg%&)é]r(), tél[l(}’l%]r()an enote I, by I, = [ h(s)ds

for a integrable function h on I.

THEOREM 2. Suppose that there exists a constant M > 0, indepen-
dent of A\, with

[z £ M
for any solution of
(31) (r()2' (1) + M (¢, 2 (1), (1) (1)) = 0,
z(0)=2(T) =0

for each A € (0,1) andt € I = [0,T]. Then the differential equation (1)
satisfying (2) has at least one solution in C*(I, H).

Proof. We find a priori bounds of solutions of (3y). To solve (3)) is
equivalent to find z(t) € C*(I, H) such that for X € (0,1)

(4) z(t) = AFx(t),

where

(5)  Fa(t) = /Otr(l—s) [C+/8Tf(u,a7(u),r(u)x’(u)) du| ds,

C’:—Il_/i/o %/ fu,z(u), r(u)z’(u)) duds.

By standard argument we can show that F': CY(I, H) — CY(I, H) is
completely continuous. Assume that there exists a constant M > 0,
independent of A, such that

[zl § M
is valid for any solution of (3)), A € (0,1). Choose then
(6) Q={xecCI,H):|z|; < M}.

We apply Proposition with p* = 0. Then A2 of Proposition cannot be
occurred. Therefore F has a fixed point z € C1(I, H) in Q by Al. O
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THEOREM 3. Assume that there exist nonnegative real numbers
a, b, ¢ such that for all (t,z,y) € I x Hx H

(7) f(t,z,y)| < alz|* +blyl® + ¢

where 0 < a, # < 1. Then the differential equation (1) satisfying (2)
has at least one solution in C*(I, H).

Proof. Assume that 0 < «, < 1. We find a suitable bounded open
set Q C CY(I, H) such that all solutions of (3)) belong to € but for
any A € (0,1) AF has no fixed point in 0€2. Note that the equation (4)

is equivalent to (r(t)m’(t)), + Af(t,z(t),r(t)z’(t)) = 0. Consider the
inner product (3y) with z(t).
(8) (r@®)a' (), 2(6) + (A f (2 (1), (D)2’ (1)), 2(2)) = 0.

From this we can immediately deduce

(), z(t)) = L A ! "(w)|?} d
(2'(t), z(t)) = @/t {Af(u, z(u), r(u)x’ (u)), z(u))—r(u)|2' (u)|*} du,
from which we get
(9) |z <

t T
/0 %/ [N (w2 (), r(w)a’ (), () — % r(u)’ (w)?} duds.
So it follows that for all A € (0, 1)

(s 2(w), r(w)a (), w(w)
< ale(w)| "+ + bla(w)lr(w)a’ (w)|* + cla(w)].

Applying Lemma 1 with

B o/(o+1) () w2\
0_2—B’X_cr+1(’4) |x(u)|,Y—<T
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to bla(u)||r(u)2’ (u)|® we then obtain for all A € (0, 1)
(Af (u, 2 (u), r(u)z' (u), z(u))
< ale(w)]"** + Cla(u)| 727 + cla(u)| + & |r(u)a’ (u)?

B/(2-8)
where C' = # (%) b2/(2=8) Thus (9) is reduced to

o0 <27 Iy {alalyt 4 Cloff 4 lalo} . tet

So there exists a R > 0 such that
(10) [z[o < R.

From the fact that

2

> L0 ) = (@), 0’ (0)
= —(\f(t,2(t),r()2' (1)), r(t)z"(2))
it is clear that by means of (10)

1d,
5 o)

< (aR* +b Ir(t)z’ ()% + c) |r(t)z’(t).

Dividing both sides by (aR™ + b|r(t)z’(t)|’ + ¢) |r(t)' (t)| we obtain

d |r(t)a’ (1) du
— <
dt/o aR™ +buf +c| —

By means of the condition (2) there exists to € (0, T') such that 2/(tg) =

du
+ buP + ¢ over

|r(t)a’ (1)
0. Integrating d/
. 1ntegrating —
dt 0 CZRa

T we have

r(t)z’(t)
(11) / | | du <T.
0

[to, t] for 0 <ty <t <

aR® + bubP + ¢
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On the other hand, since

/°° du
= 00
o aRY+buf +c¢

there exists a K1 > 0 such that

Ry
(12) T < / du
0

aR> +buf + ¢’

From (11) and (12) we obtain |2'|p < Ry/B.Put M = max{R, R,/B}.
Then the inequality |z|; < M is valid for each solution of (3)), A €
(0, 1) satisfying (2). If therefore we take

Q=Byu1(0)={zeC'(,H): |z|; <M+ 1}
our theorem is proved by Theorem 2. 0

REMARK. Even though a = ¢ =0 Theorem 3 is valid.

THEOREM 4. Assume that there exist nonnegative real numbers
a, b, ¢ such that for all (t,x,y) € I x H x H

(13) [f(t, 2, y)| < alz] +bly| +c,
(14) T(4a+b*A)L ), < 2.

are valid. Then the differential equation (1) satisfying (2) has at least
one solution in C(I, H).

Proof. The most part of proof is similar to that of Theorem 3. We
sketch briefly the process of proof. It is obvious that for all A € (0, 1)

(15)
() (e’ (). o) < (a+ ) e ela(l+ 4w W)

Thus from (9) we have

2

b*A
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for all A € (0,1). So we obtain

(17) lzlo < R
where

4cT14 ),
(18) R “y

T 2—T(da+bPA)L,,

Note that R > 0 by (14). The rest part of proof is the same as that of
Theorem 3. O

REMARK. In the case of |f(t,z,y)| < a|z|® + bly|® + ¢, where 0 <
a, (<1, it is not difficult to show that by Theorem 3 and Theorem 4
the existence property of (1)-(2) is also valid under suitable conditions.

DEFINITION 2. A function p : I x H — [0,00) is called a L'-
Carathéodory function such that

(i’) t — p(t,x) is measurable for each x € H,
(ii’) « — p(t,z) is continuous for a. e. t € I,
(iii’) for any v > 0 there exists h, € L*(I,R) such that |z|y < v
implies |p(t,x)| < h,(t) a. e. t € I.

THEOREM 5. Assume that p : [ x H — [0,00) is called a L'-
Carathéodory function and that for all (t,x,y) € I x H x H

(1) there exist nonnegative real numbers a, b, ¢ such that
(19) (o, f(t,2,9)] < alal® + blally| + clal,

and (14) are valid.
(ii) there exist a continuous function g : [0,00) — (0, 00) and posi-
tive numbers R, R, such that

(20) [{y, f(t,z,y)l < p(t,2)g(lyl), for a. e.t € I and all y € H,

(21) /m m du = o,

where
b2 A
(22) R1=2A{(CL+T> R2+CR}

and R is a number given by (18).
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Then the differential equation (1) satisfying (2) has at least one solution
in CY(I, H).

Proof. We sketch briefly the process of proof. It follows that for all
A € (0,1) there exists a R > 0 satisfying (17). Here R is a constant
number (18). Multiplying (35) by —z(¢) and integrating over I we have

1 2 4 2
Gl < [ ol o d
0

< [ 10w @ (). 2()] o

< aT|z|2 + ¢T|zlo + 0VT|z|o ||ra'|| L2
Since 120
T 1
) !x!%+ﬁ\\m’\|%z

the inequality ||rz’||3. < TRy is valid. There exists a £ € [0,7] such
that |r(&)2’(€)| < Ry Tt is clear that by (20)

5 roOF | = lros o] Gl os o)
< p(t, 2)g(|r(t)2' (t)))-
Dividing both sides by g(|r(¢)z’(t)|) we obtain

d /\r<t>w'<t>l u
— ——du| < p(t,x).
dt Jo g(u) (t.2)

WT|z|o ||ra’||2 <

By (iii’) there exists a hg € L*(I) satisfying |p(t,z)| < hr(t) for all I.
From (21) it follows that there exists a real number Ry > 0 such that

/OT hp(u) du = /;T %u) du.

Therefore we have for 0 < £ <t < T

re' @], VR, ¢
/ —dug/ —du+/ hr(u)du
0 0 0
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By means of the proof of Theorem 3 our theorem is proved. 0

REMARK. In Theorem 5 even if the condition (20) and (21) are
replaced with

(207)
y, f(t,z,y))| < p(t,m)g(|y|2), fora. e.t €I and all x, y € H,
(21") / du
Vi 9(u)

we get the same result.

THEOREM 6. Assume that there exist positive numbers a, b such
that for all t € 1

2B
(24) hir < Taan 1 2A2)

for all x,y,u,v € H. Then the differential equation (1) satisfying
(25) z(0) = xg, z(T) = xp for xg, zp € R

has at most one solution.

Proof. Assume x(t), u(t) are solutions of (1) satisfying (25). If we
put w(t) = x(t) — u(t) we obtain

(26) (r(t)w'(8)) + f(t.2(t), r(D)2' (1)) = f(tult), (D' (1)) = 0,
w(0) =w(T)=0

Consider the inner product of (26) with w(t):

((r(®w'(0) s w(@)+(f (b w(0), r(8)a! (£) = f (8, u(t), r(D' (1)), w(?)) = 0.

From (17) it follows that

@ P s [ 2 [ {0, o)

f ,u(t), r(T)u/ (1)), w(r)) — Blw'(7)[*} dr ds.
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Thus using (23) and (24) we obtain

b2 A2
lw(t)|* <271/, (a—|— 1B ) lw|3.

Taking (24) into account we get
[w[§ <0
which implies z(¢) = u(t) for all t € I. O

REMARK. By Theorem 4 and Theorem 5 the differential equation (1)-
(2) has a unique solution in C1(I, H) under the assumptions (14), (15)
and (25).

ExAMPLE 1. Let a(t) and b(t) be continuous functions on I. By
Theorem 3 the differential equation

(a +tl/3) (t ))/
£) /2 () In [1+ {r(t)z’ (t)}?] sin(t x(t)) + b(t)e " =0,
z(0)=z(T)=0
has at least one solution in C'(I, H).

EXAMPLE 2. Let a(t), b(t) and c(t) be continuous functions on 1.
By Theorem 4 the differential equation

r(t)x’' (t))}3
(1 + Isin t) 2/ (8)" + a(t)z(t) = b(t) {+ (r?u)g/)é)\g

z(0) =z(T)=0

+ ¢(t) cost =0,

where 0 < o < 1 has at least one solution in C*(I, H).

REMARK. For the case « = 3 = 1 in Theorem 3 and for a completely

continuous function f satisfying (27) Mawhin[4] proved the existence

result under the assumption fooo m = oo. Hai[2] assumed that

f M h(sgl-SH Tl > 2M. Then they proved the existence results of the

differential equation (1) — (2) with r(¢) =1 and J = [0, 7].
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