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UNIQUE POSITIVE SOLUTION FOR A CLASS OF THE
SYSTEM OF THE NONLINEAR SUSPENSION BRIDGE
EQUATIONS

TACKSUN JUNG AND Q-HEUNG CHOI*

ABSTRACT. We prove the existence of a unique positive solution for
a class of systems of the following nonlinear suspension bridge equa-
tions with Dirichlet boundary conditions and periodic conditions

Utt + Ugzae + iuttmm +0,1)+ = d)OO + €1h1($, t) in (7ga g) X R7
Vit + Vggaax + %uttmm +bu+ = d)OO + €2h2 (x’ t) in (733 g) X R7
where 4T = max{u, 0}, €1, €3 are small numbers and hy(x,t), ha(z,t)

are bounded, m-periodic in ¢ and even in z and t and ||hy|| = ||| =
1. We first show that the system has a positive solution, and then
prove the uniqueness by the contraction mapping principle on a Ba-
nach space.

1. Introduction and main result

In this paper we investigate the uniqueness of the solution of the fol-
lowing system of the nonlinear suspension bridge equations with Dirich-
let boundary conditions and periodic conditions

(Ut + Upggn +iuttmx + avt = ¢oo + €1h1(x, t)
in (=%.%) xR,
Vet + Vrzzx +iuttmc + bu+ — ¢00 + 62h2 (x, t)
in (=%,%) xR, (1.1)
u(£5,1) = up(E£5,1) = v(£5,1) = ve(£5,1) =0,
u(z, t+m) =ulx,t) =u(—z,t) = u(z, —t),
L v(z,t+7) =v(x,t) =v(—a,t) =v(z, —t),

Received July 15, 2008. Revised July 29, 2008.

2000 Mathematics Subject Classification: 35Q72.

Key words and phrases: System of the nonlinear suspension bridge equations,
Dirichlet boundary condition, eigenvalue problem, positive solution.

*Corresponding author.



356 Tacksun Jung and Q-Heung Choi

where vt = max{u, 0}, €, €3 are small numbers and hy(z,t), ha(z,t)

are bounded, m-periodic in ¢, even in x and ¢ and ||hq]| = ||he| = 1.
Here the effect of the inertia term wuy,, 1S weak in the oscillation of the
beam. So we take the small coefficient . McKenna and Walter([6])
found the physical model of jumping problem from a bridge suspended
by cables under a load. System (1.1) of the nonlinear suspension bridge
equations with Dirichlet boundary condition is considered as a model of
the cross of the two nonlinear oscillations in differential equation. For
the case of the single suspension bridge equation McKenna and Walter
([6]), Choi and Jung ([3], [4] and [5]) etc., investigate the multiplicity
of the solutions via the degree theory or the critical point theory or the
variational reduction method. In this paper we improve the multiplicity
results of the single suspension bridge equation to the case of the system
of the nonlinear suspension bridge equations. The system (1.1) can be
rewritten by

Up + Upsew 13Ut + AU = (jggjg;’,;g;g), (1.2)

U(j:%vt) = Uzz(ig’t) = (8)7

Ulx,t+7n) =U(x,t)=U(—z,t)=U(x,—t),

where U = (2)7 U+ - (51)7 Utt - (Utt)’ Ummcac - (umm)a Uttacx = (Uttm)a

Vit Vzzzx Vitzx

A= ( (b] 8 ) € Msyo(R). The eigenvalue problem for u(z,t),
, T
Ut + Ugzae + Zuttxx = \u m (_57 5) X Ra

u(E5 1) = (£5,1) = 0,
u(z,t+m) = u(z,t) = u(—x,t) = u(z, —t)
has infinitely many eigenvalues
Ao = 20+ D+ 20+ 1)*m? —4m?  (m,n=0,1,2,...)
and corresponding normalized eigenfunctions ¢,,, (m,n > 0) given by

2
bon = V2 cos(2n+ 1)z for n >0,
m

2
Gmn = — cos2mt - cos(2n + 1)z for m >0,n > 0.
m
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We can check easily that the eigenvalues in the interval (-26,81) are given
by

Ao =—-11< Ag=—-1<Agg=1.
The main result of this paper is the following:

THEOREM 1.1. (Existence of the unique positive solution)
Assume that

A2 +ab#0, for all m,n (1.3)
a <0, b<0 and 1 —ab>0. (1.4)

Then, for each hy(z,t), hao(x,t) € H with ||hy(z,t)|| = 1, ||ha(z, t)| = 1,
there exist small numbers €, and €5 such that system (1.1) has a unique
positive solution.

In section 2 we show that system (1.1) has a positive solution by direct
computation. In section 3 we prove the uniqueness by the contraction
mapping principle on the Banach space.

2. Existence of the positive solution

Let @ be the square (—%,%) x (—%,%) and Hy the Hilbert space
defined by

Hy = {u € L*(Q)| v is even in  and ¢ and / u=0}.
Q

The set of functions {¢,,, } is an orthonormal basis in Hy. Let us denote
an element u, in Hy, by

We define a subspace H of Hy as follows
H={ucHy: Y |[Ann|h2, <oo}.

Then this space is a Banach space with norm

el = 1 nnl i) 2.
Let us set £ = H x H. We endow the Hilbert space E the norm
1w, o) = lull* + lvll* Y(u,v) € E.
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We are looking for the weak solutions of (1.1) in E, that is, (u,v) such
thatuw € H,v € H, uy+Uppeetav™ = cosx+e1hy(x,t), vy+0spee+bu™ =
cos T + esha(x, t).

Since [Aypn| > 1 for all m, n, we have that

LEMMA 2.1. (i) ||lu|| > ||lull12(q), where ||ul|12(q) denotes the L* norm
of u.
(ii) [Ju|| = 0 if and only if ||ul| 12(q) = 0.
(iii) Uyt + Upyee € H implies u € H.

LEMMA 2.2. Suppose that c is not an eigenvalue of L, Lu = Uy ~+Ugpprs,
and let f € Hy. Then we have (L —c¢)™'f € H.

Proof. When n is fixed, we define
M =inf{ )\ 0 Apn >0} =802 +8n +1,

Ao = sup{Amn : Amn < 0} = —8n? — 8n — 3.

n

We see that A} — 400 and A\, — —oo as n — oo. Hence the number
of elements in the set { A\, @ |Amn] < |c|} is finite, where A, is an
eigenvalue of L. Let

Then

1
—1 _

Hence we have the inequality

_ 1
H(L_C) lfH :Z|)‘mn|mh72nngozhfnn
for some C', which means that

L= fl < Cillfll, — Cr=VC.
O

LEMMA 2.3. Assume that conditions (1.3) and (1.4) hold. Then the
system

Ut + Uggza +lutt1’x +av = ¢00 in (_%7 g)a
Vit + Vazaa +Zutt:px + bu = ¢00 in (_27 %)7 (21)
u(£7,1) = Upe(£5,1) = v(£],1) = Ve (£5,1) =0,

(
u(z, t+m) =u(x,t) =u(—z,t) = u(z, —t),
v(z,t+7m) =ov(x,t) =v(—z,t) =v(z,—t),
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has a positive solution (u.,v,) € E, which is of the form
—a —b + )\00 1

x — | T 5 22
v = e —ab e 22)
—b + oo
Us = [)\%0 ]¢00

Proof. We note that (u*,v*) is a solution of the system (2.1) with
uy > 0 and v, > 0. O

Define LU = (Lu, Lv), Lu = uy + Uy + iuttm. We need to find a
spectral analysis for the linear operator LU + AU. The following lemma
need a simple ‘Fourier Series’ argument.

LEMMA 2.4. Leta, b€ R and let L, : H x H — Hy x Hy be defined
by Lap(u,v) = (Lu + av, Lv + bu). For i € R we have
(a) if (A — p)* # ab for every m, n, then

(Lap — pd)™ 2 Hy x Hy — Hy x Hy

is well defined and continuous;
(b) if (Apn — p)? = ab for some m, n, then

Ker(Lyy, — pl) = span{¢mn : (Amn — p1)* = ab};
moreover if X,, = span{ ¢y, : (Amn — )% # ab}, then
(Lop —pD) 7" X x X, — X, x X,

is well defined and continuous.
Notice that if ab < 0, the second case can never occur.

Proof. To prove (a) We take (f,g) in Ho x Hy. We can write f =

+00. We define, for m, n 1ntegers

" (Amn — p)2 —ab " (A — @)% — ab

which make sense since (\,,,, — ) # ab for every m, n. We have

|>\mn|
for suitable constants C, C| not depending on mn. The same inequality

applies for vy,,. Soif u =3 UpmnOmn, V=2,  VmnPmn, then (u,v) €
H x H. Arguing componentwise it is simple to check that L;(u,v) —
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pl(u,v) = (f,g). So (Lap — puI)™' : Hy x Hy — Hy x Hy is well defined.
To prove (b) we first observe that if (A, — p)?> = ab, then (L4 —
pl)¢mn = 0, as one can easily check. Secondly given (f,g) in X, we
can argue as in the first case since f,,, = gmn = 0 for all mn such that
(Amn — p)? = ab. This allows to define t,,, and v,,, as before for all
mn such that (A, — p)? # ab and U, = VU, = 0 for all mn such that
(Amn — )% = ab. O

Using Lemma 2.4 with the case up = 0 we can easily derive Lemma
2.5

LEMMA 2.5. Assume that the conditions (1.3) and (1.4) hold. Then
for each hy(x,t), ho(x,t) € Hy with ||hy|| = 1 and ||he|| = 1, there exist
small numbers €; and €5 such that system

the system

Uyt + Ugrzx +av = 61h1(l‘, t)v

Vgt + Vgaze  +bu = €3ho(x, 1), (2.3)
u(£3,1) = Upe (£5,1) = v(£5,1) = vae(£5,1) = 0,
u(z,t+7m) =u(z,t) =u(—z,t) =u(z, —t),

vz, t+7m) =ov(r,t) =v(—zt) =v(z,—t),

has a unique solution (U ey, Veye,) € F = H X H.
PROOF OF THE EXISTENCE OF A POSITIVE SOLUTION By Lemma
2.3 and Lemma 2.5, (s + Ue, ey, Vs + Ve, ) 1s a solution of the system

Ut + Uzrzz +av = ¢00 + 6lhl (ZE,
(%7 + Vezzx +b1) - ¢00 + €2h2 (ZE, t
u(£73,1) = Uype (£5,1) = v(£]
u(z,t+7) =u(z,t) =u(—uz,

vz, t+7) =v(r,t) =v(—zt) =v(x,—1),

t)
), (2.4)

where u, = 3% ;é’jj\gg + Aioo]qboo >0, v, =[5 b+Aoo]¢ > 0. By Lemma
24, Uee, € H and v, € H. Since the elements of H lies in C*, the
elements Uc,e,, Ve, € C'. Thus we can find small numbers €; and e,
such that u, 4+ %ee, > 0 and v, + vge, > 0, which is also a positive

solution of system (1.1).
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3. Uniqueness

Assume that the conditions (1.3) and (1.4) hold. To prove the unique-
ness of Theorem 1.1 we will use the contraction mapping principle.
By the assumption (1.4), —1 < —vVab < 0 < Vab < 1 <3 = —\jo. Let
us set § = —2(—3+ 1) = 1. The system (1.2) is equivalent to

_ —1 B B - $oo + €1hi(z,t)
U= (L+ ) (I — AU —8IU +(¢00+62h2(x,t)>]’ (3.1)

where Ut = (U+), U~ = (Z:) and (L + §)~! is a compact, self-adjoint,
linear map from Hy x Hy into Hy X Hy with norm % We note that

(01— A) (U3 =Uy") =01 (Uy —Uy || < maxdet(dI — A), det(61)||Ua—U |

< HU2 — U1||

It follows that the right hand side of (3.1) defines a Lipschitz mapping
of Hy x Hy into Hy x Hy with Lipschitz constant v < 1. Therefore,
by the contraction mapping principle, there exists a unique solution
U= (") € Hy x Hy of (1.2). By Lemma 2.2, U = (¥) € H x H. Thus
the uniqueness of the solution of System (1.1) is proved. Thus the posi-
tive solution (4 ey ey, Vs + Ueye, ) 18 the unique solution of system (1.1).
Thus we prove Theorem 1.1.
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