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FUZZY LATTICES

INHEUNG CHON

ABSTRACT. We define the operations V and A for fuzzy sets in a
lattice, characterize fuzzy sublattices in terms of V and A, develop
some properties of the distributive fuzzy sublattices, and find the
fuzzy ideal generated by a fuzzy subset in a lattice and the fuzzy
dual ideal generated by a fuzzy subset in a lattice.

1. Introduction

The concept of a fuzzy set was first introduced by Zadeh ([6]) and
this concept was adapted by Yuan and Wu ([5]) to introduce the con-
cepts of fuzzy sublattices and fuzzy ideals of a lattice. Ying ([4]) de-
fined a L-fuzzy semilattice and established its properties. Ajmal and
Thomas ([1]) defined a fuzzy sublattice as a fuzzy algebra and char-
acterized fuzzy sublattices. In this note, as a continuation of these
studies, we define the operations V and A for fuzzy sets in a lattice and
develop some properties of fuzzy sublattices based on those operations.

In section 2, we give some definitions and develop some basic prop-
erties of fuzzy sublattices which will be used in next section. In section
3, we characterize a fuzzy sublattice in terms of the operations V and
A for fuzzy sets in a lattice, develop some properties of the distributive
fuzzy lattices, and find the fuzzy ideal generated by a fuzzy subset in a
lattice and the fuzzy dual ideal generated by a fuzzy subset in a lattice.

2.Preliminaries

In this section, we give some definitions and develop some basic
properties of fuzzy sublattices which will be used in next section.
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DEFINITION 2.1. A function B from a set X to the closed unit
interval [0, 1] in R is called a fuzzy set in X. For every x € B, B(x)
is called a membership grade of x in B. A fuzzy set in X is called a
fuzzy point iff it takes the value O for all y € X except one, say, x € X.
If its value at = is @ (0 < a < 1), we denote this fuzzy point by z,
where the point z is called its support. The fuzzy point z, is said to
be contained in a fuzzy set A, denoted by z, € A, iff a« < A(z).

Remark. The crisp set L itself is a fuzzy subset of L such that L(z) =
1 for all z € L (see Lemma 2.4 of [3]).

Throughout this note, we shall denote by L a lattice (L, +, ), where
+ is the join operation and - is the meet operation. The following
definition is due to Ajmal and Thomas ([1]).

DEFINITION 2.2. A function H from a lattice (L, +,-) to the closed
unit interval [0, 1] in R is called a fuzzy sublattice in L iff H(x +y) >
min (H(z), H(y)) and H(z - y) = min (H(z), H(y))-

We define operations V and A for fuzzy sets in a lattice which play
important roles in this note and develop some properties of these op-
erations.

DEFINITION 2.3. Let (L, +,-) be a lattice and let U and V be fuzzy
subsets of L. U V V is defined by

sup min (U(a), V(b)) if a+b==x

(UVV)(x)= { atb=z
0 if a+0b#ux.

U AV is defined by

sup min (U(a),V (b)) if a-b==x

(UANV)(x) = { a-b=x
0 if a-b+#x.

PROPOSITION 2.4. Let A, B be fuzzy sets in a lattice (L,+.-) and
let x,,y, be fuzzy points in X. Then

(1) Tp \% Yqg = (CE’ + y)min (p,q) and Tp A Yqg = (x ' y)min (p,q)-

(2) AV B = i eAUy cp Tp V yq, where
p 1Jq
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(7p Vyg)(2) = sup min (x,(c),yq(d)).

ct+d=z
ANB = h
A mpeAL,queB Ty N\ Yq, where
(p A yq)(2) = sup min (z5(c), yg(d)).
cd=z

Proof. (1) If z# x+y, (xpVyy)(2) =0. lf z =24y, (2, Vyy)(2) =
(p V yg)(x +y) = S min (zp(a),yq(b)) = min (2,(2), y4(y)) =
a+b=x+y
min (p,q). Thus z, V y; = (£ + Y)min(p,q)- Similarly we may prove
Tp A Yq = (I ' y)min (p,q)*
(2) Since SA(s) € A and i) € B,

mpeA,yquxp yq)(Z) mpEilvlzlJDqEB 53—1252 — (-Tp(S),yq( ))
> —Si—lig min (SA(S)(S), tB(t)(t))
= sup min (A(s), B(t))
s+t=z
— (AV B)(2).

For z, € A and y, € B, A(s) > x,(s) and B(t) > y,(t). Thus

(AV B)(2) = Siltllz)z min (A(s), B(t))
> sup min(z,(s), yq(t))

forallz, € Aandally, € B. Let C = {c € R: ¢ < sup min(A(s), B(t))},

s+t=z
and D = { sup min(z,(s),y,(t)) : z, € A, y, € B}. Then D C C
and sup DeDCC. Since Cisclosed, sup D e C. Thus
€AY EB rp €A,y EB

(AV B)(z) > sup sup min (z,(s), yq(t))
rp€AYEB sti=z

= (xpeAL,queB Zp V yq)(z).

Similarly we may prove A A B = U Ty N\ O
y y P ryedygen P Yq
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ProposITION 2.5. Let A, B, and C be fuzzy sets in a lattice
(L,+,-). Then (AVB)VC = AV(BVC) and (ANB)ANC = AN(BAC).

Proof. Let S = {min (A(p),B(q)) : p+q = a} C R and let
sup S = a. Then « is an upper bound of S and there exists a se-
quence s,, € S such that s, — «. Since « is an upper bound of 5,
min (s,7) < min («,r) for all s € S. Since min is a continuous function
(see [2]), lim,,— oo min (S,,7) = min (e, r). Since min (¢, r) is an up-
per bound of min (S, r) and there exists min (s,,r) € min (S,r) such
that lim, . min (s,,r) = min (a,r), sup min (S,r) = min (a,r) =
min (sup S,r). That is,

sup min [min (A(p), B(g)),C(b)] = min [ sup min (A(p), B(q)), C(b)].
pt+q=a pt+q=a
Thus
sup min[ sup min(A(p), B(q)),C(b)]
a+b=z p+qg=a
= sup sup min[min(A(p), B(q)),C(b)]
a+b=z p+qg=a
= sSup min [min (A(p), B(Q))? C(b)]
(P+q)+b=2

Similarly we may show that

sup min [A(p), sup min (B(q),C(b))]
pta==z q+b=a

= sup  min [A(p), min (B(q), C(b))].
p+(g+b)==2

Since p+ (¢ +b) = (p+ q) + b in a lattice L,
(AVB)VC] () = sup min [ sup min (A(p), B(g)), C(b)

atb=z p+qg=a

= sup  min [min (A(p), B(g)), C(b)]
(pt+q)+b=2

—  sup  min [A(p), min (B(q),C(b))]
p+(g+b)=2

= sup min [A(p), sup min (B(q),C(b))]
ptra=z g+b=a

= sup min [A(p), (BV C)(a)] = [AV (BV O)](2).

Similarly we may show (AAB)AC =AA(BAC). O
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PROPOSITION 2.6. Let A be a fuzzy sublattice in a lattice L and
let x,,y, € A. Then

(1) xp Va, =, and xp ATy = Tp.

(2) 2p VYqg=1yqVzp and x, NYg =Yg N Tp.

(3) (@pVyq)Var =apV(ygVar) and (xp Ayq) Nzr = Tp A (Yg N zr).

(4) (zp V yq) NTp = Tmin(p,q) a0d (Zp A Yq) V Tp = Tinin(p,q)-

Proof. (1) x, V 2p = (T V T)min(pp) = Tp and z, A xp = (T A
) mintn) = T
(2) Straightforward.
(3) Straightforward.
(4) (xp\/yq) /\xp = ('T\/y)min(p,q) /\xp = [(.’L‘\/y) /\x]min(p,q) = Tmin(p,q)-
Similarly we may prove (z, A yq) V Zp = Tmin(p,q)-
0

DEFINITION 2.7. Let A be a fuzzy sublattice in a lattice L. Then A
is distributive iff z, A (yqV zr) = (2p Ayg) V(2pA2p) and z, V (Yg A 2r) =
(xp V yq) A (zp V 2,) for all z,,yq, 2 € A.

PROPOSITION 2.8. Let Ay, As,..., A, be fuzzy subsets in a lattice
(L,+,-). Then

(1) LA(AjUAU---

UA,) C(LANA)U(LANA)U---U(LANA,)
(2) (AiUAU---UA,)ANLC

LC (A AL U(AALYU---U(A, AL).

Proof. (1) Since L(a) =1,

[LA(A3UAU---UA)](z) = sup min [L(a), (A1 UA3U---UA,)(b)]

a-b=x

= sup max[A;(b), Az(b), ..., A, ()]

a-b=x
Since L(a) =1,

[(LAA)U---ULA A (z)
=max|[(L A Ay)(x), (LA Az)(x),..., (LA A,)(x)]
= max[ sup A;(b), sup A2(b),..., sup A,(b)].

a-b=x a-b=x a-b=x

Thus L/\<A1UA2U"'UAn)g(L/\Al)U(L\/AQ)U--'U(L/\An>.
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(2) Similarly, we may prove
(AiUAU-- - UA)ANLC (AAANL)U(A2ANL)U---U (A, AL).
U

PROPOSITION 2.9. Let Ay, Ao, ..., A, be fuzzy subsets in a lattice
(L,+,-). Then

(1) LV(AjUAyU---UA,) C(LVA)U(LVA)U---U(LVA,)

(2) (A;UAU---UA,)VLC (A VL)U(A2VL)U---U(A, VL).

Proof. The proof is similar to that of Proposition 2.8. 0

The following definition is due to Ajmal and Thomas ([1]).

DEFINITION 2.10. Let A be a fuzzy sublattice in a lattice (L, +, ).
Then A is called a fuzzy ideal if x < y in L implies A(z) > A(y). Let
B be a fuzzy sublattice in a lattice (L,+,-). Then B is called a fuzzy
dual ideal if x < y in L implies B(z) < B(y).

3.Fuzzy lattices

In this section, we characterize a fuzzy sublattice in terms of the
operations V and A, develop some properties of the distributive fuzzy
sublattices, and find the fuzzy ideal generated by a fuzzy subset in a
lattice and the fuzzy dual ideal generated by a fuzzy subset in a lattice.

THEOREM 3.1. Let A be an non-empty fuzzy set of a lattice (L, +, -).
Then the followings are equivalent.

(1) A is a fuzzy sublattice.
(2) For any zp,y, € A, 2, Vy, € A and x, Ny, € A.
(3) A VACAand ANACA.

Proof. (1) = (2). Suppose that A(z + y) > min(A(x), A(y)) and
A(z - y) > min(A(z), A(y)). By Proposition 2.4,

min(p,q), fz=x+y

(2p VYg)(2) = [(T + Ymin(p,g))(2) = { 0 if 24z +y.
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Let xp,y, € A. Then A(z) > pand A(y) > ¢q. f z =x+y, A(z) =
Az +y) > min(A(z), A(y)) = min(p,q) = (2 V y¢)(2), and hence
zpVy, € A If 2 # x4y, A(z) > (xp Vyg)(z) = 0, and hence
xp V yq € A. Similarly we may show that z, Ay, € A.

(2) = (3). Suppose that for any z,,y, € A, ,Vy, € Aand x,A\y, € A.
By Proposition 2.4,

AVAR =1, U oVl = s oV un)(e)

Let C ={ceR:c<A(z)} and D = {(x, Vyq)(2) : Tp,yq € A}. Then
DCCand sup (x,Vyy)(z) €D CC=C. Thus (AV A)(z) =

Ty €AY €A

sup  (zpVyg)(z) < A(z). Similarly we may show that AANA C A.
rp €A, Y, €A

(3) = (1). Suppose AVAC Aand ANA C A. Then A(z +y) >
(AVA)(z+y) = a+§ug+y min(A(a), A(b)) > min(A(z), A(y)) and
Az -y) =2 (ANA)(z-y) = sup min(A(a), A(b)) = min(A(z), A(y))

a-b=z-y

Thus A is a fuzzy sublattice. OJ

We now turn to the distributive law of a fuzzy sublattice.

PROPOSITION 3.2. Let A be a fuzzy sublattice in a lattice (L, +, ).
If min(p, q,7) = p for xp,y,, 2» € A, then

TpN(YgV2r) = (ZpAyg)V(TpA2r) <= TV (YgN2r) = (XpVYg) N (TpV2r).

Proof. (=) By Proposition 2.5 and Proposition 2.6, (z, Vye) A (zpV
zr) = [(xp Vyg) Nap] V [(Tp V yg) A 2] = ZTmin(p,q) V (20 N (2 V yg)] =
Tmin(p,q) V [(zr ANzp) V(20 Nyg)] = [xmin(p,q) V(zr Axp)] V (2r ANyq) =
Tmin(p,q,r) V (zr A yq) =Ty V (yq A 2Zp).

(<) By Proposition 2.5 and Proposition 2.6, (zp, A yq) V (2p A 2p) =
[(zp Ayg) V| AN(mp Ayg) V 2] = Znin(p,q) N [z V (2p Ayq)] = Zmin(p,q) /\
[(2r Vp) A (2 Vyg)] = [xmm(p,q) A (2r Vap)] A (20 Vyg) = Zmin(p,q,r)
(zr VYq) = p A (yq V 2r). O

ProOPOSITION 3.3. Let A be a fuzzy sublattice on a distributive
lattice (L,+,-). Then A is a distributive fuzzy sublattice.
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Proof. Let zp,y,, 2r € A. Since L is distributive, - (y+2) =z -y+

w-z. [wp AygVzr)l(z-(y+2)) = sup min [zp,(a), (yg V2 ) (b+
a-(b+e)=z-(y+2)

¢)] = min [p, (yq V zr)(y + 2)] = min [p, sup  min (y,(I), z(m))] =
l+m=y+z

min [p, min (¢, )] = min(p,q,r). (€, Ayg) V (2 A 2)] (@ y +a-2) =

sup min [(zp A yg)(s - ), (zp A 2p)(v - w)] = min [(x, A
stt+v-w=x-y+r-2 )

Yg) (@ - y), (xp A zp)(x - 2)] = min [min(p, ¢), min(p,r)] = min (p,q,r
Hu#z-(y+2), [xpN(YgVa)(u) =0 futa-y+a-z [(xp ANy V
(xp Azp)|(w) = 0. Thus z, A (yq V 2r) = (2p Ayq) V (2p A 2,). Similarly
we may prove x, V (yq A 2r) = (2 V yg) A (xp V 25) O

We now turn to the characterization of the fuzzy ideal generated
by a fuzzy subset in a lattice and the fuzzy dual ideal generated by a
fuzzy subset in a lattice. Proposition 3.4 and Proposition 3.5 are due
to Ajmal and Thomas ([1]).

PROPOSITION 3.4. Let A be a fuzzy set in a lattice (L, +,-). Then
the followings are equivalent.

(1) x <y implies A(x) > A(y).
(2) Az -y) > max (A(z), A(y)).-
(3) A(z +y) < min (A(z), A(y))-

PROPOSITION 3.5. Let A be a fuzzy set in a lattice (L, +,-). Then
the followings are equivalent.

(1) = <y implies A(z) < A(y).
(2) A(z +y) > max (A(z), A(y))-
(3) Az -y) < min (A(z), A(y)).

THEOREM 3.6. Let A be a fuzzy subset in a lattice L(+,-). Then
the fuzzy ideal I generated by A is AU (L AN A). That is, I(z) =
max[A(z), sup A(b)].

a-b=x

Proof. Let {J; : © € I} be the collection of all fuzzy ideals of L
containing A. Then .ﬂIJi is a fuzzy ideal (see Theorem 3.17 of [1]).
S



Fuzzy lattices 411
Since J;(a - f) > max (J;(«), J;(5)) by Proposition 3.4 and L(a) = 1,

(LA J;)(x) = sup min (L(a), J;(b))

a-b=x

< sup min (L(a), J;(a - b))

a-b=x
= Ji(z)
for each i € I. Thus LA A C ﬂ Ji. Hence AU (LANA)C DIJZ-.
1€

By Proposition 2.8, L A (AU (L NA) C(LANA)U(LAN(LNA)). B
Proposition 2.5, LA (AU(LAA)) C(LAA)U((LAL)AA). Since L
is a crisp set, L(z) =1 for all z € L, and hence L A L C L. Thus

LANAU(LNA)CLNAULNA)CLNACAU(LANA).
Since L(x) =1,
[AULAA)(z-y) = [LA(AU(LAA)(z-y)
= sup min [L(a),(AU (LA A))(D)]

a-b=x-y

v

min [L(z), (AU (LA A))(y)]
=[AU(LAA)(y).

Since -y = y -z, we may show [AU (LA A)|(z-y) > [AU(LAA)|(x).
Thus

[AU(LAA)(z-y) > max [(AU (LA A)(@), (AU (LA A) )]

Similarly, we may show [AU(LAA)](z+y) > max [(AU(LAA))(x), (AU
(LN A))(y)]. Then AU (LA A) is a fuzzy ideal of L containing A by
Proposition 3.4, that is, NJ; € AU (L A A). Hence NJ; = AU (L A A).
Also (L AN A)(x) = sup min (L(a), A(b) = sup A(b). O

a-b=x a-b=x

THEOREM 3.7. Let A be a fuzzy subset in a lattice L(+,-). Then
the fuzzy dual ideal D generated by A is AU(LV A). That is, D(x) =

max[A(z), sup A(b)].
a+b=x
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Proof. Let {J; : i € I} be the collection of all fuzzy dual ideals of
L containing A. Then 'ﬂIJZ- is a fuzzy dual ideal (see Theorem 3.17 of
1€

[1]) and J;(a + §) > max (J;(«), J;(8)) by Proposition 3.5. We may
show AU (LV A) C 'QIJi by the same way as shown in Theorem 3.6.

By Proposition 2.9, LV (AU (LV A)) C (LVA)U(LV (LVA)). By
Proposition 2.5, LV (AU (LV A)) C(LVA)U((LV L)V A). By the
same way as shown in Theorem 3.6, we may show [AU(LV A)](z+y) >
max [(AU (LV A))(x),(AU(LV A))(y)] and [AU(LV A)|(x-y) >
max [(AU(LVA))(x), (AU(LVA))(y)]. Thus AU(LV A) is a fuzzy dual
ideal of L containing A by Proposition 3.5, that is, NJ; C AU (L V A).
Hence NJ; = AU (LV A). Also (LV A)(z) = sup min (L(a), A(b) =
a+b=x

sup A(D). O

at+b=x
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