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SOME APPLICATIONS AND PROPERTIES OF

GENERALIZED FRACTIONAL CALCULUS

OPERATORS TO A SUBCLASS OF ANALYTIC AND

MULTIVALENT FUNCTIONS

S. K. Lee∗, S. M. Khairnar and Meena More

Abstract. In this paper we introduce a new subclass Kλ,φ,η
µ (n; p;α)

of analytic and multivalent functions with negative coefficients us-
ing fractional calculus operators. Connections to the well known
and some new subclasses are discussed. A necessary and sufficient
condition for a function to be in Kλ,φ,η

µ (n; p;α) is obtained. Several
distortion inequalities involving fractional integral and fractional de-
rivative operators are also presented. We also give results for radius
of starlikeness, convexity and close-to-convexity and inclusion prop-
erty for functions in the subclass. Modified Hadamard product, ap-
plication of class preserving integral operator and other interesting
properties are also discussed.

1. Introduction and definitions

Let M(n, p) denote the class of functions f(z) of the form

f(z) = zp −
∞∑

k=n+p

akz
k (ak ≥ 0; p, n ∈ IN) (1.1)

which are analytic and multivalent in the unit open disc U = {z : z ∈ C
and |z| < 1}. Also let U∗ = {z : z ∈ C and 0 < |z| < 1}. Consider the
subclass Kλ,φ,η

µ (n; p; α) of functions f(z) ∈ M(n, p) which also satisfy
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the inequality:∣∣∣∣∣
zJ1+λ,1+φ,1+η

0,z {f(z)}+ µz2J2+λ,2+φ,2+η
0,z {f(z)}

(1− µ)Jλ,φ,η
0,z {f(z)}+ µzJ1+λ,1+φ,1+η

0,z {f(z)} − (p− φ)

∣∣∣∣∣ < α (1.2)

(z ∈ U ; n ∈ IN ; 0 < α ≤ p; 0 ≤ µ ≤ 1; 0 ≤ λ < 1; φ, η ∈ IR; φ < p; η >

max{λ, φ} − (1 + p)). Where Jλ,φ,η
0,z denotes an operator of fractional

calculus which is defined as follows:

Definition 1. The fractional integral of order λ of a function f(z)
is defined by

D−λ
z f(z) =

1

Γ(λ)

∫ z

0

f(t)

(z − t)1−λ
dt (λ > 0) (1.3)

where f(z) is analytic in a simply-connected region of the z-plane con-
taining the origin, and the multiplicity of (z − t)λ−1 is removed by re-
quiring log(z − t) to be real when (z − t) > 0.

Definition 2. The fractional derivative of order λ of a function f(z)
is defined by

Dλ
z f(z) =

1

Γ(1− λ)

d

dz

∫ z

0

f(t)

(z − t)λ
dt (0 ≤ λ < 1) (1.4)

where f(z) is analytic in a simply-connected region of the z-plane con-
taining the origin and the multiplicity of (z − t)−λ is removed as in
Definition 1 above.

Definition 3. Let λ > 0 and η, φ ∈ IR. Then, in terms of the
Gauss’s hypergeometric function 2F1, the generalized fractional integral
operator Iλ,β,η

0,z of a function f(z) is defined by

Iλ,β,η
0, {f(z)} =

z−λ−β

Γ(λ)

∫ z

0

(z−t)λ−1f(t) · 2F1(λ+β,−η; λ; 1− t

z
)dt (1.5)

where the function f(z) is analytic in a simply-connected region of the
z-plane containing the origin, with order

f(z) = O(|z|ε), z → 0 (1.6)

for
ε > max{0, β − η} − 1 (1.7)

and the multiplicity of (z − t)λ−1 is removed by requiring log(z − t) to
be real when (z − t) > 0.
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Definition 4. Let 0 ≤ λ < 1 and β, η ∈ IR. Then the generalized
fractional derivative operator Jλ,β,η

0,z of a function f(z) is defined by

Jλ,β,η
0,z {f(z)} =

1

Γ(1− λ)

d

dz
×

{
zλ−β

∫ z

0

(z − t)−λf(t) · 2F1(β − λ, 1− η; 1− λ; 1− t

z
)dt

}
(1.8)

where the function f(z) is analytic in a simply-connected region of
the z-plane containing the origin, with the order as given in (1.6), and
the multiplicity of (z− t)−λ is removed by requiring log(z− t) to be real
when (z − t) > 0.

Notice that for f(z) ∈ M(n, p)

Jλ,φ,η
0,z {f(z)} =

Γ(1 + p)Γ(1 + p + η − φ)

Γ(1 + p− φ)Γ(1 + p + η − λ)
zp−φ

−
∞∑

k=n+p

Γ(1 + k)Γ(1 + k + η − φ)

Γ(1 + k − φ)Γ(1 + k + η − λ)
akz

k−φ (1.9)

Dλ
z f(z) = Jλ,λ,η

0,z {f(z)} (0 ≤ λ < 1) (1.10)

Jm+λ,m+φ,m+η
0,z {f(z)} =

dm

dzm
Jλ,φ,η

0,z {f(z)}, z ∈ U,m ∈ IN0. (1.11)

For (0 ≤ λ < 1)

Jm+λ,m+λ,m+η
0,z {f(z)} = Dm+λ

z f(z) =
dm

dzm
Dλ

z f(z). (1.12)

Also

Jλ,φ,η
0,z zk =

Γ(1 + k)Γ(1 + k + η − φ)

Γ(1 + k − φ)Γ(1 + k + η − λ)
zk−φ

if 0 ≤ λ < 1, φ, η ∈ IR and k > max{0, φ− η} − 1.
By comparing Definition 1 with 3 and Definition 2 with 4, we obtain

the following relationships:

Iλ,−λ,η
0,z {f(z)} = D−λ

z f(z) (λ > 0) (1.13)

and

Jλ,λ,η
0,z {f(z)} = Dλ

z f(z) (0 ≤ λ < 1). (1.14)
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From the general class Kλ,φ,η
µ (n; p; α) defined by (1.2) we take note of

the following important subclasses:

Qλ,φ,η(n; p; α) = Kλ,φ,η
0 (n; p; α) (n, p ∈ IN ; 0 ≤ λ < 1; 0 < α ≤ p)

(1.15)

Rλ,φ,η(n; p; α) = Kλ,φ,η
1 (n; p; α) (n, p ∈ IN ; 0 ≤ λ < 1; 0 < α ≤ p) (1.16)

Ωλ(n; p; α) = Qλ,λ,η(n; p; α) (n, p ∈ IN ; 0 ≤ λ < 1; 0 < α ≤ p) (1.17)

∆λ(n; p; α) = Rλ,λ,η(n; p; α) (n, p ∈ IN ; 0 ≤ λ < 1; 0 < α ≤ p) (1.18)

Sn(p; α) = Ω0(n; p; α) (n, p ∈ IN ; 0 < α ≤ p) (1.19)

Cn(p; α) = ∆0(n; p; α) (n, p ∈ IN ; 0 < α ≤ p) (1.20)

S∗(p; α) = S1(p; α) (p ∈ IN ; 0 < α ≤ p) (1.21)

C∗(p; α) = C1(p; α) (p ∈ IN ; 0 < α ≤ p). (1.22)

The classes Sn(p; α) and S∗(p; α) consists of p-valently starlike func-
tions of order (p−α), (0 < α ≤ p) and the classes Cn(p; α) and C∗(p; α)
consists of p-valently convex functions of order (p−α), (0 < α ≤ p). For
p = 1 we have S∗(α) = S∗(1; α) the class of starlike functions of order
(1− α), (0 < α ≤ 1) and C∗(α) = C∗(1; α) the class of convex functions
of order (1 − α), (0 < α ≤ 1). The classes are popularly studied and of
interest in Geometric Functions Theory (cf. [12]).

2. Coefficient bounds and distortion inequalities

We begin by stating a necessary and sufficient condition for a function
f(z) ∈ M(n, p) to be in the class Kλ,φ,η

µ (n; p; α).

Theorem 1. Let a function f(z) ∈ M(n, p). Then the function f(z)
belongs to the class Kλ,φ,η

µ (n; p; α), if and only if

∞∑

k=n+p

(k − p + α)[1 + µ(k − φ− 1)]Γ(1 + k)Γ(1 + k + η − φ)

Γ(1 + k − φ)Γ(1 + k + η − λ)
ak

≤ αΓ(1 + p)Γ(1 + p + η − φ)[1 + µ(p− φ− 1)]

Γ(1 + p− φ)Γ(1 + p + η − λ)
(2.1)

(n, p ∈ IN ; 0 < α ≤ p; 0 ≤ µ ≤ 1; 0 ≤ λ < 1; φ, η ∈ IR; φ < p; η >
max{λ, φ} − (1 + p)).

The result is sharp for the function f(z) given by
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f(z) = zp− αΓ(1 + p)Γ(1 + p + η − φ)[1 + µ(p− φ− 1)]

Γ(1 + p− φ)Γ(1 + p + η − λ)(k − p + α)[1 + µ(k − φ− 1)]
×

Γ(1 + k − φ)Γ(1 + k + η − λ)

Γ(1 + k)Γ(1 + k + η − φ)
zn+p(n ∈ IN) (2.2)

Proof. Assume that f(z) is defined by (1.1) and inequality (2.1) holds.
Then

|zJ1+λ,1+φ,1+η
0,z {f(z)}+ µz2J2+λ,2+φ,2+η

0,z {f(z)}
−(p− φ){(1− µ)Jλ,φ,η

0,z {f(z)}+ µzJ1+λ,1+φ,1+η
0,z {f(z)}}|

−α|(1− µ)Jλ,φ,η
0,z {f(z)}+ µzJ1+λ,1+φ,1+η

0,z {f(z)}|

=

∣∣∣∣∣
∞∑

k=n+p

(k − p)[1 + µ(k − φ− 1)]Γ(1 + k)Γ(1 + k + η − φ)

Γ(1 + k − φ)Γ(1 + k + η − λ)
akz

k−p

∣∣∣∣∣

−α

∣∣∣∣
[1 + µ(p− φ− 1)]Γ(1 + p)Γ(1 + p + η − φ)

Γ(1 + p− φ)Γ(1 + p + η − λ)

−
∞∑

k=n+p

[1 + µ(k − φ− 1)]Γ(1 + k)Γ(1 + k + η − φ)

Γ(1 + k − φ)Γ(1 + k + η − λ)
akz

k−p

∣∣∣∣∣

≤
∞∑

k=n+p

(k − p + α)[1 + µ(k − φ− 1)]Γ(1 + k)Γ(1 + k + η − φ)

Γ(1 + k − φ)Γ(1 + k + η − λ)
ak

−αΓ(1 + p)Γ(1 + p + η − φ)[1 + µ(p− φ− 1)]

Γ(1 + p− φ)Γ(1 + p + η − λ)
≤ 0

by hypothesis and maximum modulus principle (n, p ∈ IN ; 0 < α ≤
p; 0 ≤ µ ≤ 1; 0 ≤ λ < 1; φ, η ∈ IR; φ < p; η > max{λ, φ} − (1 + p)).
Hence, f(z) defined by (1.1) belongs to the class Kλ,φ,η

µ (n; p; α).
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Conversely, assume f(z) ∈ Kλ,φ,η
µ (n; p; α). Then

∣∣∣∣∣
zJ1+λ,1+φ,1+η

0,z {f(z)}+ µz2J2+λ,2+φ,2+η
0,z {f(z)}

(1− µ)Jλ,φ,η
0,z {f(z)}+ µzJ1+λ,1+φ,1+η

0,z {f(z)} − (p− φ)

∣∣∣∣∣

=

∣∣∣∣∣

[ ∞∑

k=n+p

(k − p)[1 + µ(k − φ− 1)]Γ(1 + k)Γ(1 + k + η − φ)

Γ(1 + k − φ)Γ(1 + k + η − λ)
akz

k−p

]

/

[
[1 + µ(p− φ− 1)]Γ(1 + p)Γ(1 + p + η − φ)

Γ(1 + p− φ)Γ(1 + p + η − λ)
−

∞∑

k=n+p

[1 + µ(k − φ− 1)]Γ(1 + k)Γ(1 + k + η − φ)

Γ(1 + k − φ)Γ(1 + k + η − λ)
akz

k−p

]∣∣∣∣ < α (2.3)

Notice that |Re(z)| ≤ |z| for any z, and thus choosing z to be real
and allowing z → 1− through real values, (2.3) yields

∞∑

k=n+p

(k − p)[1 + µ(k − φ− 1)]Γ(1 + k)Γ(1 + k + η − φ)

Γ(1 + k − φ)Γ(1 + k + η − λ)
ak

≤ α

{
[1 + µ(p− φ− 1)]Γ(1 + p)Γ(1 + p + η − φ)

Γ(1 + p− φ)Γ(1 + p + η − λ)

−
∞∑

k=n+p

Γ(1 + k)Γ(1 + k + η − φ)

Γ(1 + k − φ)Γ(1 + k + η − λ)
ak

}

which simplifies to (2.1). We also observe that f(z) given by (2.2) is an
extremal function for the assertion (2.1).

Corollary 1. Let f(z) ∈ M(n, p). Then

∞∑

k=n+p

ak ≤ {αΓ(1 + p)Γ(1 + p + η − φ)[1 + µ(p− φ− 1)]

Γ(1 + n + p− φ)Γ(1 + n + p + η − λ)}/{Γ(1 + p− φ)Γ(1 + p + η − λ)

×(n + α)[1 + µ(n + p− φ− 1)]Γ(1 + n + p)Γ(1 + n + p + η − φ)}
(n, p ∈ IN ; 0 < α ≤ p; 0 ≤ µ ≤ 1; 0 ≤ λ < 1; φ, η ∈ IR; φ < p; η >
max{λ, φ} − (1 + p)) with equality for f(z) given by (2.2).
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Corollary 2. Let a function f(z) ∈ M(n, p). Then the function
f(z) belongs to the class Qλ,φ,η(n; p; α), if and only if
∞∑

k=n+p

(k − p + α)k!Γ(1 + k + η − φ)

Γ(1 + k − φ)Γ(1 + k + η − λ)
ak ≤ αΓ(1 + p)Γ(1 + p + η − φ)

Γ(1 + p− φ)Γ(1 + p + η − λ)
.

(2.4)
(n, p ∈ IN ; 0 < α ≤ p; 0 ≤ λ < 1; φ, η ∈ IR; φ < p; η > max{λ, φ} − (1 +
p)).

Corollary 3. Let a function f(z) ∈ M(n, p). Then the function
f(z) belongs to the class Rλ,φ,η(n; p; α), if and only if

∞∑

k=n+p

(k − p + α)k!Γ(1 + k + η − φ)(k − φ)

Γ(1 + k − φ)Γ(1 + k + η − λ)
ak

≤ αΓ(1 + p)Γ(1 + p + η − φ)(p− φ)

Γ(1 + p− φ)Γ(1 + p + η − λ)
. (2.5)

(n, p ∈ IN ; 0 < α ≤ p; 0 ≤ λ < 1; φ, η ∈ IR; φ < p; η > max{λ, φ} − (1 +
p)).

Corollary 4. Let a function f(z) ∈ M(n, p). Then the function
f(z) belongs to the class Ωλ(n; p; α), if and only if

∞∑

k=n+p

(k − p + α)k!

Γ(1 + k − λ)
ak ≤ αΓ(1 + p)

Γ(1 + p− λ)
(2.6)

(n, p ∈ IN, 0 < α ≤ p; 0 ≤ λ < 1).

Corollary 5. Let a function f(z) ∈ M(n, p). Then the function
f(z) belongs to the class ∆λ(n; p; α), if and only if

∞∑

k=n+p

(k − p + α)k!

Γ(k − λ)
ak ≤ αΓ(1 + p)

Γ(p− λ)
(2.7)

(n, p ∈ IN, 0 < α ≤ p; 0 ≤ λ < 1).

Corollary 6. Let a function f(z) ∈ M(n, p). Then the function
f(z) belongs to the class Sn(p; α), if and only if

∞∑

k=n+p

(k + p + α) ak ≤ α (2.8)

(n, p ∈ IN ; 0 < α ≤ p).
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Corollary 7. Let a function f(z) ∈ M(n, p). Then the function
f(z) belongs to the class Cn(p; α), if and only if

∞∑

k=n+p

k(k − p + α) ak ≤ αp (2.9)

(n, p ∈ IN ; 0 < α ≤ p).

Notice that substituting n = 1 and p = 1 in corollaries 6 and 7 above,
we get the known results for starlike and convex functions.

Next, we prove the distortion inequalities involving the fractional op-
erators Iλ,φ,η

0,z and Jλ,φ,η
0,z .

Theorem 2. Let β ∈ IR+ and γ, η ∈ IR such that η > max{−β, γ}−
(1 + p). If n is a positive integer satisfying

n ≥ γ

(
β + η

β

)
− (1 + p) (2.10)

and, if f(z) ∈ Kλ,φ,η
µ (n; p; α), then

∣∣∣∣
∣∣∣Iβ,γ,η

0,z {f(z)}
∣∣∣− Γ(1 + p)Γ(1 + p + η − γ)

Γ(1 + p− γ)Γ(1 + p + η + β)
|z|p−γ

∣∣∣∣
≤ {αΓ(1 + n + p− γ + η)Γ(1 + p)Γ(1 + p + η − φ)[1 + µ(p− φ− 1)]

Γ(1 + n + p− φ)Γ(1 + n + p + η − λ)|z|1+p−γ}/{Γ(1 + n + p− γ)

Γ(1 + n + p + η + β)Γ(1 + p− φ)Γ(1 + p + η − λ)(n + α)

[1 + µ(n + p− φ− 1)]Γ(1 + n + p + η − φ)} (2.11)

for z ∈ U if γ ≤ p and z ∈ U∗ if γ > p.

The result is sharp for the function f(z) given by

f(z) = zp − {αΓ(1 + p)Γ(1 + p + η − φ)[1 + µ(p− φ− 1)]

Γ(1 + n + p− φ)Γ(1 + n + p + η − λ)zp+1}/{Γ(1 + p− φ)

Γ(1 + p + η − λ)(n + α)[1 + µ(n + p− φ− 1)]Γ(1 + n + p)

Γ(1 + n + p + η − φ)} (2.12)

(n, p ∈ IN).
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Proof. Let f(z) ∈ Kλ,φ,η
µ (n; p; α). Then by Corollary 1 and the defi-

nition of Iβ,γ,η
0,z , we have

Iβ,γ,η
0,z {f(z)} =

Γ(1 + p)Γ(1 + p + η − γ)

Γ(1 + p− γ)Γ(1 + p + η + β)
zp−γ

−
∞∑

k=n+p

Γ(1 + k)Γ(1 + k + η − γ)

Γ(1 + k − γ)Γ(1 + k + β + η)
akz

k−γ (2.13)

Consider

h(k) =
Γ(1 + k)Γ(1 + k + η − γ)

Γ(1 + k − γ)Γ(1 + k + β + η)
(k ≥ n + p; n; p ∈ IN).

Notice that h(k) is a non-increasing function of k (k ≥ n + p; n, p ∈
IN). By assuming the hypothesis of this theorem and the condition
(2.10), we have

0 < h(k) ≤ h(n+p) =
Γ(1 + n + p)Γ(1 + n + p + η − γ)

Γ(1 + n + p− γ)Γ(1 + n + p + β + η)
(n, p ∈ IN).

(2.14)
Now the result in (2.11) is an immediate consequence of (2.13) and
(2.14).

Theorem 3. Let 0 ≤ β < 1 and γ, η ∈ IR such that γ < 1 + p, η >
max{β, γ} − (1 + p). If n is a positive integer such that

n ≥ γ(η − β)

β
− (1 + p) (2.15)

and if f(z) ∈ Kλ,φ,η
µ (n; p; α), then

∣∣∣∣
∣∣∣Jβ,γ,η

0,z f(z)
∣∣∣− Γ(1 + p)Γ(1 + p + η − γ)

Γ(1 + p− γ)Γ(1 + p + η − β)
|z|p−γ

∣∣∣∣ ≤
{αΓ(1 + p)Γ(1 + n + p + η − γ)Γ(1 + p + η − φ)[1 + µ(p− φ− 1)]

Γ(1 + n + p− φ)Γ(1 + n + p + η − λ)|z|1+p−γ}/{Γ(1 + n + p− γ)

Γ(1 + n + p + η − β)Γ(1 + p− φ)Γ(1 + p + η − λ)(n + α)

[1 + µ(n + p− φ− 1)]Γ(1 + n + p + η − φ)} (2.16)

for z ∈ U if γ ≤ p and z ∈ U∗ if γ > p. The result is sharp for the
function given by (2.12).
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Proof. Using the hypothesis of this theorem and function f(z) given
by (1.1) we have

Jβ,γ,η
0,z f(z) =

Γ(1 + p)Γ(1 + p + η − γ)

Γ(1 + p− γ)Γ(1 + p + η − β)
zp−γ

−
∞∑

k=n+p

Γ(1 + k)Γ(1 + k + η − γ)

Γ(1 + k − γ)Γ(1 + k + η − β)
akz

k−γ. (2.17)

Now following the arguments similar to those given in the proof of The-
orem 2, result (2.16) is obtained.

The Theorems 2 and 3 can be used to derive a number distortion
properties by suitable choice of the parameters γ, φ, µ, α and n in equa-
tions (2.11) and (2.16). For γ = −β in Theorem 2 and γ = β in Theorem
3, we get the following distortion properties of the fractional integral and
fractional derivative operator.

Corollary 8. If f(z) ∈ Kλ,φ,η
µ (n; p; α), then

∣∣∣∣
∣∣D−β

z f(z)
∣∣− Γ(1 + p)

Γ(1 + p + β)
|z|p+β

∣∣∣∣ ≤ {αΓ(1 + p)

Γ(1 + p + η − φ)[1 + µ(p− φ− 1)]Γ(1 + n + p− φ)

Γ(1 + n + p + η − λ)|z|1+p+β}/{Γ(1 + n + p + β)Γ(1 + p− φ)

×Γ(1 + p + η − λ)(n + α)[1 + µ(n + p− φ− 1)]Γ(1 + n + p + η − φ)}
(2.18)

for all β (β > 0), z ∈ U and n, p ∈ IN .

Corollary 9. If f(z) ∈ Kλ,φ,η
µ (n; p; α), then

∣∣∣∣
∣∣Dβ

z f(z)
∣∣− Γ(1 + p)

Γ(1 + p− β)
|z|p−β

∣∣∣∣ ≤
{αΓ(1 + p)Γ(1 + p + η − φ)[1 + µ(p− φ− 1)]Γ(1 + n + p− φ)

Γ(1 + n + p + η − λ)|z|1+p−β}/{Γ(1 + n + p− β)Γ(1 + p− φ)

×Γ(1 + p + η − λ)(n + α)[1 + µ(n + p− φ− 1)]Γ(1 + n + p + η − φ)}
(2.19)

for all β (0 ≤ β < 1), z ∈ U and n, p ∈ IN .
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Each of the results in (2.18) and (2.19) are sharp for the function f(z)
given by

f(z) = zp − {αΓ(1 + p)Γ(1 + p + η − φ)[1 + µ(p− φ− 1)]

Γ(1 + n + p− φ)Γ(1 + n + p + η − λ)zp+1}/{Γ(1 + n + p)Γ(1 + p− φ)

Γ(1 + p + η − λ)(n + α)[1 + µ(n + p− φ− 1)]Γ(1 + n + p + η − φ)}
(n, p ∈ IN).

Next we state two corollaries for growth and distortion of the function
f(z) ∈ Kλ,φ,η

µ (n; p; α) using the fact that D0
zf(z) = f(z) and D1

zf(z) =
f ′(z). Thus we choose β = 0 and β = 1 in Corollary 9.

Corollary 10. If f(z) ∈ Kλ,φ,η
µ (n; p.α), then

||f(z)| − |z|p| ≤ {αΓ(1 + p)Γ(1 + p + η − φ)

[1 + µ(p− φ− 1)]Γ(1 + n + p + η − λ)|z|p+1}/{Γ(1 + n + p)

Γ(1 + p− φ)Γ(1 + p + η − λ)(n + α)[1 + µ(n + p− φ− 1)]

Γ(1 + n + p + η − φ)} (2.20)

Corollary 11. If f(z) ∈ Kλ,φ,η
µ (n; p; α), then

∣∣|f ′(z)| − p|z|p−1
∣∣ ≤ {αΓ(1 + p)Γ(1 + p + η − φ)

[1 + µ(p− φ− 1)]Γ(1 + n + p− φ)Γ(1 + n + p + η − λ)|z|p}
/{Γ(n + p)Γ(1 + p− φ)Γ(1 + p + η − λ)(n + α)

[1 + µ(n + p− φ− 1)]Γ(1 + n + p + η − φ)} (2.21)

3. Properties of the class Kλ,φ,η
µ (n; p; α)

Next, we investigate the radius of starlikeness, convexity and close-
to-convexity for f(z) ∈ Kλ,φ,η

µ (n; p; α).

Theorem 4. Let 0 ≤ s < p and f(z) = Kλ,φ,η
µ (n; p; α). Then f(z) is

starlike of order s in |z| < r1 where

r1 = inf
k

{
(p− s)

(k − s)
g(k, n, p, µ, α, λ, φ, η)

} 1
k−p

(3.1)

(n, p ∈ IN ; 0 < α ≤ p; 0 ≤ µ ≤ 1; 0 ≤ λ < 1; φ, η ∈ IR; φ < p; η >
max{λ, φ} − (1 + p); k ≥ n + p).
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Proof. Let f(z) ∈ Kλ,φ,η
µ (n; p; α). f(z) is starlike of order s, 0 ≤ s < p

in |z| < r1 if Re
{

z f ′(z)
f(z)

}
> s which is equivalent to

∣∣∣∣z
f ′(z)

f(z)
− p

∣∣∣∣ < p− s. (3.2)

Simplifying by fairly straightforward calculations we obtain the required
result, where

g(k, n, p, µ, α, λ, φ, η) =
(k − p + α)[1 + µ(k − φ− 1)]Γ(1 + k)

Γ(1 + k − φ)Γ(1 + k + η − λ)α
×

Γ(1 + k + η − φ)Γ(1 + p− φ)Γ(1 + p + n− λ)

Γ(1 + p)Γ(1 + p + η − φ)[1 + µ(p− φ− 1)]
. (3.3)

Theorem 5. Let 0 ≤ c < p and f(z) ∈ Kλ,φ,η
µ (n; p; α). Then f(z) is

convex of order c in |z| < r2, where

r2 = inf
k

{
p(p− c)

k(k − c)
g(k, n, p, µ, α, λ, φ, η)

} 1
k−p

(3.4)

(n, p ∈ IN ; 0 < α ≤ p; 0 ≤ µ ≤ 1; 0 ≤ λ < 1; φ, η ∈ IR; φ < p; η >
max{λ, φ} − (1 + p); k ≥ n + p).

Proof. Let f(z) ∈ Kλ,φ,η
µ (n; p; α). f(z) is convex of order c, 0 ≤ c < p

in |z| < r2 if Re
{

1 + z f ′′(z)
f ′(z)

}
> c which is equivalent to

∣∣∣∣z
f ′′(z)

f ′(z)
+ 1− p

∣∣∣∣ < p− c, (3.5)

simplifying we get the required result for g(k, n, p, µ, α, λ, φ, η) given in
(3.3).

Theorem 6. Let 0 ≤ d < p and f(z) ∈ Kλ,φ,η
µ (n; p; α). Then f(z) is

close-to-convex of order d in |z| < r3 where

r3 = inf
k

{
p− d

k
g(k, n, p, µ, α, λ, φ, η)

} 1
k−p

(3.6)
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Proof. Let f(z) ∈ Kλ,φ,η
µ (n; p; α). f(z) is close-to-convex of order

d, 0 ≤ d < p in |z| < r3 if Re
{

f ′(z)
zp−1

}
> d which is equivalent to

∣∣∣∣
f ′(z)

zp−1
− p

∣∣∣∣ < p− d, (3.7)

simplifying we get the required result for g(k, n, p, µ, α, λ, φ, η) given in
(3.3).

Theorem 7. Let fj(z) = zp −
∞∑

k=n+p

ak,jz
k (ak,j ≥ 0, p, n ∈ IN, j =

1, 2, · · · , `) be in the class Kλ,φ,η
µ (n; p; α). Then the function h(z) defined

by

h(z) =
1

`

∑̀
j=1

fj(z) (3.8)

also belongs to the class Kλ,φ,η
µ (n; p; α).

Proof. By the definition of h(z) we have

h(z) = zp −
∞∑

k=n+p

(
1

`

∑̀
j=1

ak,j

)
zk (3.9)

since fj(z) ∈ Kλ,φ,η
µ (n; p; α) (j = 1, 2, · · · , `) by Theorem 1 we have

inequality (2.1) with ak replaced by ak,j. Consequently, h(z) can be
easily shown to be in Kλ,φ,η

µ (n; p; α).

4. Results on modified Hadamard product

Theorem 8. Let the function f(z) and g(z) be defined by

f(z) = zp −
∞∑

k=p+n

akz
k (4.1)

and

g(z) = zp −
∞∑

k=p+n

bkz
k (4.2)
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belong to Kλ,φ,η
µ (n; p; α) and Kλ,φ,η

µ (n; p; ξ), respectively. Also assume
that

s(p + 1) =
Γ(2 + p)Γ(2 + p + η − γ)[1 + (µ(p− φ)]

Γ(2 + p− γ)Γ(2 + p + β + η)
≤ 1 (p ∈ IN).

Then (f ∗ g)(z) ∈ Kλ,φ,η
µ (n; p; δ) where

δ =
αξs(p)(k − p)

s(p + 1)(k − p + α)(k − p + ξ)− αξs(p)
(4.3)

The function s(k) is given by

s(k) =
Γ(1 + k)Γ(1 + k + η − φ)[1 + µ(k − φ− 1)]

Γ(1 + k − φ)Γ(1 + k + η − λ)
(4.4)

(k ≥ n + p; n; p ∈ IN).
The result is best possible for

f(z) = zp − αs(p)

(k − p + α)s(p + 1)
zp+n

g(z) = zp − ξs(p)

(k − p + ξ)s(p + 1)
zp+n.

Proof. To prove the theorem it is sufficient to show that

∞∑

k=p+n

(k − p + δ)s(k)

δs(p)
akbk ≤ 1 (4.5)

where s(k) is defined by (4.4).
Now, f(z) ∈ Kλ,φ,η

µ (n; p; α) and g(z) ∈ Kλ,φ,η
µ (n; p; ξ) and thus, we

have
∞∑

k=p+n

(k − p + α)s(k)

αs(p)
ak ≤ 1 (4.6)

∞∑

k=p+n

(k − p + ξ)s(k)

ξs(p))
bk ≤ 1. (4.7)

Applying Cauchy-Schwarz inequality to (4.6) and (4.7), we get

∞∑

k=p+n

s(k)
√

(k − p + α)(k − p + ξ)

s(p)
√

αξ

√
akbk ≤ 1 (4.8)
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In view of (4.5) it suffices to show that
∞∑

k=p+n

(k − p + δ)s(k)
δs(p)

akbk ≤
∞∑

k=p+n

s(k)
√

(k − p + α)(k − p + ξ)
s(p)

√
αξ

√
akbk

or equivalently

√
akbk ≤ δ

√
(k − p + α)(k − p + ξ)

(k − p + δ)
√

αξ
for k ≥ p + 1 (4.9)

In view of (4.8)and (4.9) it enough to show that

s(p)
√

αξ

s(k)
√

(k − p + α)(k − p + ξ)
≤ δ

√
(k − p + α)(k − p + ξ)

(k − p + δ)
√

αξ

which yields

δ ≥ αξs(p)(k − p)

s(k)(k − p + α)(k − p + ξ)− αξs(p)
(4.10)

s(k) is a decreasing function of k for (k ≥ (p + 1)), we have

δ =
αξs(p)(k − p)

s(p + 1)(k − p + α)(k − p + ξ)− αξs(p)

Hence the proof is complete.

Corollary 12. Let the function f(z) and g(z) be defined by (4.1)
and(4.2), belong to the class Kλ,φ,η

µ (n; p; α). Then (f∗g)(z) ∈ Kλ,φ,η
µ (n; p; δ)

where

δ =
α2s(p)(k − p)

s(p + 1)(k − p + α)2 − α2s(p)

Corollary 13. Let the function f(z) define by (4.1) be in the class
Kλ,φ,η

µ (n; p; α). Also let

g(z) = zp −
∞∑

k=p+n

bkz
k for (|bk| ≤ 1, n ∈ IN)

Then (f ∗ g)(z) ∈ Kλ,φ,η
µ (n; p; α).

Corollary 14. Let the function f(z) define by (4.1) be in the class
Kλ,φ,η

µ (n; p; α). Also let

g(z) = zp −
∞∑

k=p+n

bkz
k for (0 ≤ bk ≤ 1, n ∈ IN)
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Then (f ∗ g)(z) ∈ Kλ,φ,η
µ (n; p; α).

5. Integral transform of the class Kλ,φ,η
µ (n; p; α)

The Komatu integral operator [7] of the function f(z)is defined by

H(z) = P d
c,pf(z) =

(c + p)d

Γ(d)zc

∫ z

0

tc−1(log
z

t
)d−1f(t)dt (5.1)

(d > 0, c > −p, z ∈ U)

Theorem 9. Let the function defined by (1.1)be in the class Kλ,φ,η
µ (n; p; α).

Also let (d > 0, c > −p, z ∈ U), then the function H(z) defined by (5.1)
is also in the class Kλ,φ,η

µ (n; p; α).

Proof. From the definition of H(z) we notice that

H(z) = zp −
∞∑

k=p+n

(
c + p

c + k

)d

akz
k. (5.2)

Since
(

c+p
c+k

)d ≤ 1, and in view of Theorem 1, the result follows.
Setting c = 1− p, d = 1 in (5.1) we obtain another integral operator

F (z) = zp−1

∫ z

0

t−pf(t)dt. (5.3)

Again if follows from Theorem 9 that F (z) ∈ Kλ,φ,η
µ (n; p; α).

Theorem 10. Let (d > 0, c > −p, z ∈ U). Also let H(z) ∈ Kλ,φ,η
µ (n; p; α).

Then H(z) given by (5.1) is p-valent in the disc |z| ≤ r4, where

r4 = inf
k

{
ph(k)(k − p + α)

kαh(p)

} 1
k−p

. (5.4)

Proof. We have

H(z) = zp −
∞∑

k=p+n

(
c + p

c + k

)d

akz
k (5.5)

We need to show that ∣∣∣∣
H ′(z)

zp−1
− p

∣∣∣∣ ≤ p in |z| < r4 (5.6)

where r4 is given by (5.4).
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In view of (5.5), we have
∣∣∣∣
H ′(z)

zp−1
− p

∣∣∣∣ =

∣∣∣∣∣−
∞∑

k=p+n

k

(
c + p

c + k

)d

akz
k−p

∣∣∣∣∣ ≤
∞∑

k=p+n

k

(
c + p

c + k

)d

ak|z|k−p.

The last inequality is bounded above by p if
∞∑

k=p+n

k

p

(
c + 1

c + k

)d

ak|z|k−p ≤ 1. (5.7)

But H(z) ∈ Kλ,φ,η
µ (n; p; α) and hence by Theorem 1, we have

∞∑

k=p+n

(k − p + α)s(k)
(

c+p
c+k

)d

αs(p)
ak ≤ 1. (5.8)

Thus (5.7) and hence (5.6) will hold if

|z| ≤ ps(k)(k − p + α)

kαs(p)

1
k−p

for k ≥ p + n, n ∈ IN.

This leads to precisely the main assertion of the theorem by setting
|z| = r4.

6. Extreme points of the class Kλ,φ,η
µ (n; p; α)

Theorem 11. Let fp(z) = zp and

fk(z) = zp − αs(p)

(k − p + α)s(k)
zk, (k ≥ p + 1).

Then f(z) ∈ Kλ,φ,η
µ (n; p; α) , if and only if, f(z) can be expressed in the

form

f(z) =
∞∑

k=p+n

λkfk(z) (n ∈ IN0) (6.1)

where λk ≥ 0 and
∞∑

k=p+n

λk = 1.

Proof. Let f(z) be expressible in the form

f(z) =
∞∑

k=p+n

λkfk(z) (n ∈ IN0)
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= zp −
∞∑

k=p+n

αs(p)
(k−p+α)s(k)

λkz
k (n ∈ IN).

Now
∞∑

k=p+n

αs(p)

(k − p + α)s(k)

(k − p + α)s(k)

αs(p)
=

∞∑

k=p+n

λk = 1−λp ≤ 1 (n ∈ IN).

Therefore, f(z) ∈ Kλ,φ,η
µ (n; p; α) . Conversely, suppose that f(z) ∈

Kλ,φ,η
µ (n; p; α). Then setting

λk =
αs(p)

(k − p + α)s(k)
ak and λp = 1−

∞∑

k=p+n

λk (n ∈ IN).

Thus we notice that f(z) can be expressed in the form (6.1).

Corollary 15. The extreme points of the class Kλ,φ,η
µ (n; p; α) are

fp(z) = zp and

fk(z) = zp − αs(p)

(k − p + α)s(k)
zk, k ≥ p + 1.

References

[1] P. L. Duren, Univalent Functions. Grundlehren der Mathematischen Wissen-
chaften, 259 (1983) Springer-Verlag, New York.

[2] H. Irmak and R. K. Raina, Some Applications of Generalized fractional calcu-
lus operators to a novel class of analytic functions with negative coefficients,
Taiwanese Journal of Mathematics, 8, no. 3 (2004), 443–452 .

[3] Jamal M. Shenan, On a subclass of β-uniformly convex functions defined by
Dziok-Srivastava linear operator, Journal of Fundamental Sciences, 3 (2007),
177–191.

[4] S. Kanas and A. Wisniowska, Conic regions and k-unform convexity, J. Comp.
and Math., 105 (1999), 327–336.

[5] S. Kanas and H. M. Srivastava, Linear operators associated with k-uniformly
convex functions, Integral Transform. Spec. funct., 9(2) (2000), 121–132.

[6] S. M. Khairnar and Meena More, Properties of a class of analytic and univalent
functions using Ruscheweyh derivative, Int. Journal of Math. Analysis, 3(20)
(2008), 967–976.

[7] G. Murugusundaramoorthy and N. Magesh, An application of second order dif-
ferential inequalities based on linear and integral operators, International J. of
Math. Sci. and Engg. Appls. (IJMSEA), 2(1) (2008), 105–114.

[8] G. Murugusundaramoorthy, T. Rosy and M. Darus, A subclass of uniformly
convex functions associated with certain fractional calculus operators, J. Ineq.
Pure and Appl. Math., 6(3), Art. 86 (2005), 1–10.



Some applications and properties of generalized fractional calculus 145

[9] Sh. Najafzadeh and S. R. Kulkarni, An Integral Operator and its Application
of Multivalent Functions Defined by Hypergeometric and Exponential Functions,
Far East J. Math. Sci.(FJMS), 20(2) (2006), 121–133.

[10] R. K. Raina and J. H. Choi, Some Results Connected with a Subclass of Analytic
Functions Involving Certain Fractional Calculus Operators, Journal of Fractional
Calculus, 23 (2003), 19–25.

[11] H. M. Srivastava and S. Owa, (Editors), Current Topics in Analytic Function
Theory, World Scientific, Singapore, (1992).

[12] H. M. Srivastava, Yi Ling and G. Bao, Some Distortion Inequalities Associated
with the Fractional Derivatives of Analytic and Univalent Functions, Journal of
Inequalities in Pure and Applied Mathematics, 3, Issue 5, Article 72 (2002), 12.

Department of Mathematics,
Gyeongsang National University,
Jinju 660-701, Korea
E-mail : sklee@gnu.ac.kr

Department of Mathematics,
Maharashtra Academy of Engineering,
Alandi, Pune - 412105,
Maharashtra, India
E-mail : smkhairnar2007@gmail.com

Department of Mathematics,
Maharashtra Academy of Engineering,
Alandi, Pune - 412105,
Maharashtra, India
E-mail : meenamores@gmail.com


