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LERAY-SCHAUDER DEGREE THEORY APPLIED TO
THE PERTURBED PARABOLIC PROBLEM

TACKSUN JUNG AND Q-HEUNG CHOI*

ABSTRACT. We show the existence of at least four solutions for the
perturbed parabolic equation with Dirichlet boundary condition and
periodic condition when the nonlinear part cross two eigenvalues
of the eigenvalue problem of the Laplace operator with boundary
condition. We obtain this result by using the Leray-Schauder degree
theory, the finite dimensional reduction method and the geometry
of the mapping. The main point is that we restrict ourselves to the
real Hilbert space instead of the complex space.

1. Introduction

Let 2 be a bounded, connected open subset of R with smooth bound-
ary 0f2 and let A be the Laplace operator. In this paper we investigate
the multiple solutions for the following perturbed parabolic equation
with Dirichlet boundary condition and the periodic condition

Dyu = Au+but —au™ + fo(u) — s¢y — h(z,t) in Qx R, (1.1)

u(z,t) =0, xed, teR,
u(z,t) = u(z,t + 2m), in QxR,
where limj¢|—o0 fOT@ = 0 and h(x,t) is a bounded function with the
boundary condition and the periodic condition in (1.1). The physical
model for this kind of the jumping nonlinearity problem can be furnished
by travelling waves in suspension bridges. Jung and Choi [3] showed that
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the problem (1.1) with f(z,t) = 0 and h(z,t) = 0 has at least four so-
lutions by the finite dimensional reduction method and the geometry
of the mapping from the finite dimensional subspace to the finite di-
mensional method. The nonlinear equations with jumping nonlinearity
have been extensively studied by McKenna and Walter [8], Tarantello
[14], Micheletti and Pistoia [10,11] and many the other authors. Taran-
tello, Micheletti and Pistoia dealt with the biharmonic equations with
jumping nonlinearity and proved the existence of nontrivial solutions by
degree theory and critical points theory. Lazer and McKenna [7] dealt
with the one dimensional elliptic equation with jumping nonlinearity for
the existence of nontrivial solutions by the global bifurcation method.
For the multiplicity results of the solutions of the nonlinear parabolic
problem we refer to [6, 9].
The steady-state case of (1.1) is the elliptic problem

Aw + bw" — aw™ + fo(w) — sy — h(z) =0 in Q, (1.2)
w =0 on Of.
For the multiplicity results for the solutions of (1.2) we refer to [9].

We observe that 0 < A\; < Ay < --+ < A\ — o0 are the eigenvalues
of the eigenvalue problem —Au = Au in Q, ulgo = 0 and ¢ is the
eigenfunction corresponding to the eigenvalue A\, for each k. We note
that the first eigenfunction ¢;(x) > 0.

The purpose of this paper is to find the number of weak solutions of

(1.1)

The main results are the following:

THEOREM 1.1. Assume that a < A\; < Ay < b < A3 and s > 0. Then
there exists sy > 0 such that if s > so, (1.1) has at least four periodic
solutions.

Generally we have the following result:

THEOREM 1.2. Assume that A\, < a < A1 < Apgo < b < A3,
n > 1, and s > 0. Then there exists so > 0 such that if s > sq, (1.1) has
at least four periodic solutions.

For the proof of Theorem 1.1 and Theorem 1.2 we use the Leray-
Schauder degree theory, the finite dimensional reduction method and
the geometry of the mapping from the finite dimensional subspace to
the finite dimensional subspace. The organization of this paper is the
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following: In section 2 we introduce the Hilbert space H whose elements
are expressed by the square integrable Fourier series expansions on {2 X
(0,27), consider the parabolic problem (1.2) on H and obtain some
results on the operator D; — A. In section 3 we deal with the multiplicity
of the solutions of the piecewise linear case of (1.1) by the degree theory
and finite dimensional reduction method. In section 4 we obtain the
multiplicity result of the nonlinear perturbed case of (1.1) from that of
the piecewise linear case so that we prove Theorem 1.1 and Theorem
1.2.

2. Some results for the operator D; — A on the Hilbert space
H

Let @ be the space §2 x (0, 27). The space Lo (€2 x (0, 27)) is a Hilbert
space equipped with the usual inner product

27
< v,w >—/ /v(x,t)u_)(x,t)dxdt
o Ja

and a norm
[0l L2@) = V< 0,0 >,
We shall work first in the complex space Ly(€2 x (0,27)) but shall later
switch to the real space. The functions
ijt
Vor

form a complete orthonormal basis in Ly (€2 x (0,27)). Every elements
v € Ly(§2 x (0,27)) has a Fourier expansion

V= Z Ujk:q)jk
ik
with > |vjk|* < 0o and vj, =< v, ®;), >. Let us define a subspace H of
Ly (22 x (0,27)) as

H = {u € Ly( x (0,27))| Z(f + AN <00} (2.1)

Qjp(z,t) = o

j=0,+1,42, ..., k=1,2,3,...

Then this is a complete normed space with a norm

lull = (5% + A2)u, )z

ik
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A weak solution of problem (1.1) is of the form u = ) u;;,®;; satisfying
S ugnl? (5 + )\2)2 < 00, which implies v € H. Thus we have that if u
is a weak solution of (1.1), then u; = Dyu = Z] ijup P, belong to H
and —Au = )Y A\ujr P, belong to H.

We have some properties on || - || and D, — A. Since [|ij + \x| > 1 for
all j, k, we have that:

LeMMA 2.1, (D) [lull = [Ju(z, 0)[| = [lu(z, 0)|[ L,
(ii) ||u| o) = 0 if and only if ||u|| = 0.
(iii) uy — Au € H implies u € H.

Proof. (i) Let u =}, ; uju®j;. Then
. 1
lul® =D "G+ M) 7wl > > Mui(2.0) = u(x.0)]”
> Zujk z,0) = ||U(93>0)||2L2(Q)
(ii) Let uw =3, , unPp.
Jul =o<:>27 ARG =06 Y uf =06 [lullg = 0.
Jk
(iii) Let u; — Au = f € H. Then f can be expressed by
F=) P D (PN < oo
ik
Then we have
_ (72 + A}z
I(Dr = 8)HfIP = D 2 S5 < czfjk < oo
) Y
for some C' > 0. O]

LEMMA 2.2. For any real a # A, the operator (D; — A — )7 ! is
linear, self-adjoint, and a compact operator from Lo(€2 x (0,2m)) to H
with the operator norm ﬁ, where A\, is an eigenvalue of —A closest
to «.

Proof. Suppose that a # \;.. Since A\, — 400, the number of elements
in the set {\x| \x < a} is finite, where \; is an eigenvalue of —A. Let

h S Zg k hjk(p]k, Where ¢jk st,\/zﬁ Then
1

D, —A—a) th= — hi D
(D @) jzkim+/\n—ozjk Jk
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Hence

I(De=A—a)" 'Rl =

jk

.9 2\L;2 2
72+ (A — a)? (77 (Ae—a) )thk = ]Zk Chjk < 0
for some C' > 0. Thus (D; — A — a)~! is a bounded operator from
Lo(2 % (0,27)) to H and also send bounded subset of Ly(Q2 x (0,27)) to

a compact subset of H, hence (D; — A —«)~! is a compact operator. [J
From Lemma 2.2 we obtain the following lemma:

LEMMA 2.3. Let F(z,t,u) € La(2 x (0,27)). Then all the solutions
of
u — Au = F(x,t,u) in Ly(Q x (0,27))
belong to H.

With the aid of Lemma 2.3 it is enough to investigate the existence
of solutions of (1.1) in the subspace H of Ly(£2 x (0,27)), namely

Diu = Au+but —au™ + fo(u) — séy — h(x,t) in H. (2.2)

From now on we restrict ourselves to the real Lo-space and observe
that this is an invariant space for R. So Ly(€2 x (0,27)) denotes the
real square-integrable functions on € x (0,27) and H the subspace of
Ly (€2 x (0,2m)) satisfying (2.1).

3. The piecewise linear case

Assume that a < A\; < Ay < b < A3 and s > 0. In this section we first
investigate the multiplicity of the solutions of the piecewise linear case
of (1.1)

D= Au+bu® —au™ — s¢; in H. (3.1)

We shall use the contraction mapping theorem to reduce the problem
from an infinite dimensional one in Ly(Q) to a finite dimensional one.

Let V be the two dimensional subspace of H spanned by ®g;(z) and
Ppa(x) and W the subspace spanned by ®g,, n > 3 and ¢, , P75 .
m > 1. Then W is the orthogonal complement of V' in H.

From now on we restrict ourselves to the real Ls-space and observe
that this is an invariant space for R. So Ly(€2 x (0,27)) denotes the
real square-integrable functions on 2 x (0,27) and H the subspace of
Lo(€2 x (0, 27)) satisfying (2.1). Let P be an orthogonal projection from
H onto V. Then for all u € H, u = v+ w, where v = Pu, w = (I — P)u.
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Therefore (3.1) is equivalent to
(@) w=(D— A1 = P)(b(v+w)" — alv+w)),
(b) Dy =Av+ Pblv+w)t —a(v+w)” — s¢r), (3.2)
where D; = %

Let us show that for fixed v, (3.2.a) has a unique solution w = 6(v) and
that 0(v) is Lipschitz continuous in terms of v. Let o be the spectrum
of Dy — A. Then o = {\, £im|n>1, m > 0}. Let a = %()\1 + A2).
(3.2.a) can be rewritten as

(D= A = a)w = (I = P)(b(v +w)" —a(v+w) ™" — av+w))

or

w=(Dy— A —a) (I - P)g,(w) (3.3)
where

go(w) =bv+w)" —alv+w)t —alv+w).
Since
|90 (w1) = gu(ws)| < max{[b — al, |a — af}wy —w],
lgo(w1) = go(w2)[] < max{|b — o, [a — a}|Jwz —wi]l],

where || - || is the norm in H. Since the operator (D, — a)~'(I — P) is

a self-adjoint, compact linear map from (I — P)H onto itself, it follows
that

|(D; — A —al) (I — P)|| = dist(a, {(\, £im — )" m >0, n>2}).

Therefore for fixed v € V, the right hand side of (3.3) defines a Lipschitz
mapping (I — P)H into itself with Lipschitz constant v < 1. Therefore
by the contraction mapping principle, for given v € V| there exists a
unique w = #(v) € W which satisfies (3.3). it follows that, by the
standard argument principle, 6(v) is Lipschitz continuous in terms of v.

Thus we have a reduced equation (3.1) to the equivalent equation

Dw = Av+ Pb(v+0w))" —alv+0(w))” — sp1) (3.4)

defined on the two dimensional subspace PH spanned by {®¢(x), Po2(z)}.

We note that if v > 0 or v < 0, then #(v) = 0. If we put v > 0 (v < 0)
and 0(v) = 0 in (3.2.a), equation (3.2.a) is satisfied, respectively. Since
v = c1Pg1 + 2Pgo, there exists a cone C; defined by ¢; > 0, |ea] < €y
so that v > 0 for all v € C and a cone Cs, ¢ < 0, |ca| < €lcy| so that
v <0 for all v € Cy. We know that w = 0(v) = 0 for v € C; U Cs, but
we do not know #(v) for all v € PH. Let Cy be a cone defined by ¢ < 0,
le1] < ey and a cone Cy defined by ¢ < 0, |c1| < €cal.
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We consider the map 7' from V to V by
vi—>T(w) = —Dw+ Av+ Pb(v+0(w))" —alv+0(v))7).

First we consider the image of the cone C;. If v = 1Py + 2 P2, We
have that

T(v) = =M1 Po1 — AaCaPp2 + b(c1Por + c2Po2)
= ()\1 — b)Clq)ol + ()\2 — b)CQq)OQ.
Then there exists d > 0 such that
(T(c1Po1 + c2Pp2), Po1) > d|ca|

(see [3]). Hence the map T : V' — V takes the value ®g;, once in each of
four different regions C; ¢ < i < 4 of the plane which was proved in the
paper written by Jung and Choi [3]. Let us define a map F : R? — R?

F(tl, tg) = (51, SQ) lf v = th)(n + tgq)og and
T(v) = 51Po1 + 52Po2-

Let us set
= {(tl,tg)’ 0<t; < ]{?, |t2| < tl},
Ay = {(ti, ta)] [u] <k, [ta] <t <k},
A3 = {(tl,t2>| — k< S1 < 0, |82| < |81|},
A4 = {(tl,tg)’ |81| < k, — k< So < —|81|}.
Now we calculate the degree of T" in the regions A; (1 <i < 4).
LEMMA 3.1. Let p = (0,1). Let k be so large that k > 1, k(b—X;) > 1

and kd > 1. If deg(F, A;,p) denotes the Brouwer degree of F' with respect
to A; and p for 1 < i <4, then deg(F, A;,p) is defined for 1 <1i < 4 and

deg(F7 A27p> - (_]‘)H_l‘

Proof. First we calculate the Brouwer degree of F' with respect to A;.
If (t1,t2) € Ay and v = t; Py + taPo2, then O(v) = 0. Since v > 0 in A,
we have
T(v) = —Dw+Av+Pbw+0(v)" —alv+0(v)))
= —(t1Do1 + t2Ps0): + A(t1Po1 + t2Po2) + P(b(t1Po1 + t2Po2))
= —AMt1Po1 — AataPo2 + b(t1 o1 + taPp2)
= (b - )\1)1&1@01 + (b - )\Z)tgcbog.
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Thus we have that for (t1,t,) € Ay,
F(tl,tg) = ((b — )\1)81, (b — )\2)82).

Since k(b — A1) > 1, the equation F(t,t2) = p has a unique solution
(t1,t2) = (ﬁ, 0). Since the determinant of the diagonal map is positive,
deg(F, Ay, p) = 1.

Similarly in the case of (t1,t;) € As, we have
T('U) = (CL - Al)th)01 + (CZ — )\Q)tgq)og.
Thus we have
F(tl,t2> = ((a — )\1)51, (CL — )\2)82).
Since the determinant of the diagonal map is positive,
deg<F7 A37p> =1L

Now we calculate the Brouwer degree of F' with respect to As. We claim
that deg(F, Ay, p) = —1. We note that the boundary of Ay consists of
three line segments:

(1) a ray I in the first quadrant A;, ¢; > 0 and ¢y = 1,

(79) a ray I in the third quadrant As, t; < 0 and ty = —t,

(7ii) a line segment L of ty = k, paralleled to the ¢; axis.

The image of I under F' is a straight line segment in the first quadrant,
the image of 11 under F is a straight line segment in the fourth quadrant
and the image of L is to the right of the line t; = 1 by the condition
kd > 1. We consider the map u — Gu, where G is defined by

o[y 4[4 3
The image of I under F' will be a straight line in the first quadrant. So
if 0 <7 <1, we have
TGt+ (1 —7)F(t) # p, t=(t1,tz) € 1.
The image of /I under G is in the fourth quadrant and we have, 0 <
<
T TGt+ (1—7)F(t) #p,  t=(t1,t) €1l
If t € L, then t = k > 1 and Gt € {(¢1,t2)| t; > 1}. Thus we have
TGt+ (1 —71)F(t)#p  for te L.
By the homotopy argument we have

deg(F, Ay, p) = deg(G, Az, p).
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We note that Gt — p has exactly one zero in As and the sign of the
determinant of G is -1. Thus we have

deg(F7 A27p) = -1
Similarly we have
deg(F, As, p) = —1.
Thus we prove the lemma. Il
From Lemma 3.1 we obtain the degree of a mapping on the finite

dimensional subspace V.
Let us set

Ei={veV]v=tPy + 2P, (t1,t2) € A; for 1<i<4.}
Let us defineamap I': V — V by
Tv=PL ' (b(v+0(v))" —alv+6(v))),

where Lu = —u; + Auw.
From Lemma 3.1 we obtain the following lemma.

LEMMA 3.2. For 1 <i <4,

) )
deg(I + T, E;;, %) = (-1
1

From now on we restrict ourselves to the real Lo-space and Lo(€ x
(0,27)) denotes the real square-integrable functions on € x (0, 27) and
H the subspace of Ly(2 x (0,27)) satisfying (2.1). Now we shall obtain
a result on the degree of a mapping on the infinite dimensional space H
from the degree of the mapping on the two dimensional subspace V. Let
us define the mapping N : H — H by

Nu = L™ (but — au™).
We note that N is a compact operator from H to H. Let us set
X, ={ue€e H)|PueE;, ||(I-Pu| < M} for large number M; > 0.
Then the Leray-Schauder degree deg(I + N, X, q;—oll) is well defined.

LEMMA 3.3. Let My > 0 be a large number. Then we have

P d ,
d(l + N, X;, %) =d(I + T, E;, )\—01) = (-1
1 1
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Proof. Let v € E; and w = (1 —t)(I — P)N(v+w), 1 <1i < 4. Since
w— (1—-t)(I —P)N(v+w), 0 <t <1isa contraction mapping, there
exists My > 0 such that |w|| < M. Let us choose My > M; and define
U, X; x [0,1] — L? by

Uy (u,t) = (I = P)N(v+w)+ PN(v+w+t0v) —w)),

where v = Pu and w = (I — P)u. Then we have

d
u+ Wy(u,t) # )\—01 for (u,t) € 0X; x [0,1].
1

By the homotopy invariance property of degree

d(I + N, X;, CD)\_011) =d(l + V(- 1), X;, (I;—(ll
Let Uy|X; x [0,1] — L*(Q) be defined by
Uy(u,t) = (1 —t)(I — P)N(u) + PN (v + 0(v)), v = Pu.
We claim that

u+ Uy(u,t) #

).

Qo1
At
In fact, if v € OF;, w= (I — P)H, |Jw|| = M5, 0 <t <1, u =v+w and
u+ Va(u,t) = qj\—oll, then

0=(—P)u+Yyu,t) =w+ (1 —1t)({ — P)N(v+w),

which implies that ||w|| < M, which is a contradiction. We note that
Uy (u, 1) = Uy(u,0). By the homotopy invariance property of degree we
have

for (u,t) € 0X; x [0,1].

P P
d(I + N, X;, —2) = d(I + Uy(-, 1), X;, —2).
)\1 /\1
Let B be the open ball of radius M, in (I — P)H. If u € X;, v = Pu,
w = (I — P)u, then

u+ Uy(u,1) = v+ PN(v+0(v))+w.

The map w +— w + Wy(u, 1) is uncoupled an PH & (I — P)H and is the
identity on (I — P)H. Therefore by the product property of degree we

have o o
d(I+ N, X;, -2y =d(I 4+ T, X;, —2).
)\1 )\1

Thus we prove the lemma. Il
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4. The proof of Theorem 1.1 and Theorem 1.2

Now we consider the multiplicity of the solutions of the nonlinear
perturbed problem

D= Au+but —au” + fo(u) — s¢y — h(z,t)  in H. (4.1)

We shall obtain the multiplicity result for the nonlinear perturbed prob-
lem from the piecewise linear one. Let

filu) = bu™ —au”.
Then (4.1) can be rewritten as

h(zx,t)

folsz) _ g, 4 ME0), (42)
s s

—Diz+ Az + fi(z) +

where z = % Let

N folsz) h(x,t))'

No(e) = L7 (ful) + 2220 - 2

We note that
lim ||N(z) — Ns(2)[| =0

uniformly for z in bounded subsets of Ly(Q).
In section 3 we show that

o
z+N(z)7é)\—(11 for all z € 0X;, 1 <i<A4.

Since 0.X; is closed and bounded and N is continuous and compact, there
exists 7 > 0 such that

d
|+ NG =l 20 z€0X
1

Now we choose sg so that

IN,(2) — N(2)|| < g for all 2 € 9X;, 1 <i< 4.

Then o
n
|2+ N(2) + (1 = 7)(Ns(2) = N(z) — A—T)II =z 5
for 0 < 7 <1. Thus we have
P d 4
d(I 4+ N,, X;, %) —d(I+ N, X;, %) = (-1, 1<i<4
1 1
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Thus we prove Theorem 1.1. For the proof we set V' the two dimensional
subspace spanned by @ ,,41(z) and ®¢ ,42(z) and W the complement
of V in H. The other parts of the proof of Theorem 1.2 are similar to
that of Theorem 1.1.
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