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PROJECTIVE AND INJECTIVE PROPERTIES OF
REPRESENTATIONS OF A QUIVER Q=e¢ — e — o

SANGWON PARK AND JUNCHEOL HAN*

ABSTRACT. We define injective and projective representations of
a quiver Q = ¢ — e — e. Then we show that a representation

M, 1 M, f2 M, of a quiver Q = @ — o — o is projective if

and only if each My, Ma, M3 is projective left R-module and f; (M)
is a summand of My and f3(Ms) is a summand of M5. And we show
that a representation pr, N M, P M, of a quiver Q = o —

e — e is injective if and only if each My, Ms, M3 is injective left R-
module and ker(f1) is a summand of M; and ker(f2) is a summand
of Mg.

1. Introduction

A quiver is just a directed graph with vertices and edges (arrows) ([1]).
We may consider many different types of quivers. We allow multiple
edges and multiple arrows, and edges going from a vertex back to the
same vertex. Originally a representation of quiver assigned a vector
space to each vertex - and a linear map to each edge (or arrow) - with
the linear map going from the vector space assigned to the initial vertex
to the one assigned to the terminal vertex. For example, a representation

of the quiver () = ¢ — o is V] A, V5, Vi and V; are vector spaces and
f is a linear map (morphism). Then we can define a morphism of two
representations of the same quiver i.e., given a quiver () = e — o, we

can define two representations V; S, Vo and W, S, W.
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Now we can define a morphism between these two representations.

A morphism of V; 4, Vo to Wi -2 Wy is given by a commutative
diagram

v—11
Wi g W,

with s1, so linear maps.

In ([3]) a homotopy of quiver was developed and in ([2]) cyclic quiver
ring was studied. The theory of projective representations was developed
in ([4]) and the theory of injective representation was studied in ([5]).
Recently, in ([7]) injective covers and envelopes of representations of
linear quivers was studied, and in ([6]) properties of multiple edges of
quivers was studied.

2. Projective representation of a quiver () = e — o — o

DEFINITION 2.1. A representation p, _h P, P P, of a quiver

(Q = e — e — e is called a projective representation if every diagram of
representations

(plgpzi)p?))

bk

h1 ho
(Ml HMQHMg) (Nl NQ Ng) (0 O 0)

can be completed to a commutative diagram as follows :

(AL p Ry

O, 2 M <25 0 = (N e Ny % N s (00— 0)
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THEOREM 2.2. If p _h P, 2 P, Is a projective representation

of a quiver ) = e — e — e then Py, P,, and P3 are projective left
R-modules.

Proof. Let M, N be left R-modules and « : P, — N be an R-
linear map and k : M — N be an onto R-linear map. Then since
P, _h P, P P, s a projective representation we can complete the

following diagram

f1 f2
(P, — P, — D)

b

(M 0 0) (N 0 0) (0 0 0)

as a commutative diagram. Thus P, is a projective left R-module.
Let 8 : P, — N be a R-linear map and k£ : M — N be a onto R-linear

map. Then since p, _h P, P Py is a projective representation we

can complete the following diagram

\Lﬂfl' iﬂ lo

(M —L> 0) (N 4§ 0) (0 0 0)

as a commutative diagram. Thus P, is a projective left R-module.
Let v : P; — N be an R-linear map and k : M — N be an onto
R-linear map. Then since p ', p 2. p is a projective represen-

tation we can complete the following diagram

(P o p, 2 p)
\vazﬁ Yf2 lV
id id id id
(M = pf — M) — (N =4y — o N) = (0 —> 0 — 0)

as a commutative diagram. Thus Ps is a projective left R-module. [
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LeEMmMA 2.3. If P is a projective left R-module, then a representation
0——>(0)——> pofaquiver Q = e — e — e is a projective representa-
tion.

Proof. The lemma follows by completing the diagram

0——0——P)

b

(My 2= My —Z> M) (N, Ny —2 Ns) (0 0 0)

as a commutative diagram. O]

LEMMA 2.4. If P is a projective left R-module, then a representation
0 . p_, pofaquiver () = e — e — e is a projective representa-
tion.

Proof. Let 3 : P — Ny be an R-linear map and ks : My — N5 be
an onto R-linear map and choose ($hy : P — N3 as an R-linear map.
Then since P is a projective left R-module, there exist t : P — M,
such that kot = 3. Now choose got : P — Mj3 as an R-linear map.
Then t and gy complete the following diagram

00— p—1 p)

b

(M 2= My 2 M) (N) 2 N, 22 Ny 0 0 0)

as a commutative diagram. Therefore, o . p __ pis a projective
representation. ]

LEMMA 2.5. If P is a projective left R-module, then a representation
p_4, p_",  pofa quiver ) = e — e — e is a projective represen-

tation.

Proof. Let a: P — N; be an R-linear map and k; : M; — Nj be
an onto R-linear map and choose hya : P — N, as an R-linear map,
and choose hohia : P — N3 as an R-linear map. Then since P is a
projective left R-module, there exist S : P — M; such that k1.5 = «a.
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Now choose g1 : P — My and gogiv : P — M3 as an R-linear map.
Then gy and gog; complete the following diagram

(P id i P)
i a i hia i hohia
1 2 h1 h
(M, 2> My —2> M) (N, Ny —2 Ny) (0 0 0)
as a commutative diagram. Therefore, p @, p__ pisa projective
representation. O

REMARK 1. A representation p___. 3 of a quiver Q = e —

e — e is not a projective representation if P # 0. Because we can not
complete the following diagram

(P—=0—0)

P

(P-4~ p—>0) (P—=0—=0) (0 —= 0 —0)

as a commutative diagram.

REMARK 2. A representation p_“_ p____ of a quiver ) = e —

e — e is not a projective representation if P # 0. Because we can not
complete the following diagram

(P2~ p—>0)

P

(P-4 p 1 p) (P P 0) (0 0 0)

as a commutative diagram.

THEOREM 2.6. A representation M, _h M, 2 M; of a quiver

(Q = e — e — e is projective if and only if each My, My, M3 is projective
left R-module and f, (M) is a summand of My and fo(M,) is a summand
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of Ms. That is,
(M} —— My —— Mj) =
(P1L>P1A>P1) S5 (OHPQLd)PQ) ®0—0—5),
where Py, P», and P are projective left R-modules.

Proof. The diagram

(My 4> My 0) (M, 0 0) (0 0 0)

can be completed to a commutative diagram by id : My, — My, t :
My — My, 0 : M3 — 0. Then we can get tf; = udy;, so that
My = M, & Ker(t). Now the following diagram

(M; = My 2 )

L

(My —%> My —% M) (M —%~ M, 0) (0 0 0)

can be completed to a commutative diagram by f; : M7 — M, id :
My — My, u : My — Ms. Then we can get ufy, = idy;, so that
M;s = My & Ker(u). Therefore,

M3 = My @ Ker(u) = M, @ Ker(t) ® Ker(u).

This completes the proof. n

3. Injective representation of a quiver () = e — e — o

DEFINITION 3.1. A representation E, i) E, i) B of a quiver

(Q = ¢ — e — e is called an injective representation if every diagram of
representations
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(O 0 0) (5152|91|318 53|92|5253) (Nl g1 N, g2 Ng)
ol b
fi f2

(Ey — Ey — Ej3)

can be completed to a commutative diagram as follows :

2| 1| 1 | | 2
(O 0 0) (Sls gi|s S S3192 SS3) (Nl g1 NQ g2 N3)
Afl e fZ
(El - Ez - Es)

THEOREM 3.2. If g, A B, P2 Es Is a injective representation
of a quiver () = e — e — e then Fi, Fy, and E3 are injective left
R-modules.

Proof. Let N be a left R-module, S be a submodule of N and 7 :
S — Ej be an R-linear map. The since p, N, E, 2 E, is an

injective representation we can complete the following diagram

(0 0 0) (0 0 S) (0 0 N)
él’#iAE{)

as a commutative diagram. Thus Ej3 is an injective left R-module.
Let N be a left R-module, S be a submodule of N and g : S —
E; be an R-linear map. The since g, _h, E, 2 E, s an injective

representation we can complete the following diagram

(0—>0—=0) 0 51 9) (0—= N —% N)

i iﬁ ifaﬁ

f1 f2
(El — EQ — Eg)

as a commutative diagram. Thus Es is an injective left R-module.
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Let N be a left R-module, S be a submodule of N and o : S —
Ey be an R-linear map. The since p, _f B, 2 Es is an injective

representation we can complete the following diagram

(0 —=0—>0) (S s g 3) (N 4~ N - N)
o e o
(B 1 B, -2 )
as a commutative diagram. Thus FE is an injective left R-module. [

LeEMMA 3.3. If E is an injective left R-module, then a representation
FE——>(0——>0of aquiver Q = e — e — e is an injective representa-
tion.

Proof. The lemma follows by completing the diagram

Solgilsy  s5l92ls,

(0—=0—=0) (S Sy 2="Ss) (N 2> N, 2 Ny)

el

(B ——=0—>0)

as a commutative diagram O

LEMMA 3.4. If E is an injective left R-module, then a representation
g4, p__.ofaquiver () = e — e — e is an injective representa-

tion.

Proof. Let 3 : Sy, — E be an R-linear map and choose g : S —
E as an R-linear map. Then since F is a injective left R-module, there
exist t : Ny — FE such that gt = 3. Now choose tg; : Ny — F as an
R-linear map. Then ¢t and tg; complete the following diagram

Solgilsy . s5l92ls,

(0 0 0) (S S, Sy) (N, 2~ Ny —2- Ny)

]

(B4~ ——0)
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as a commutative diagram. Therefore, p .  pn_ . is an injective
representation. O

LEMmMA 3.5. If F is a injective left R-module, then a representation
g, p ", pofa quiver ) =e — o — e is an injective represen-
tation.

Proof. Let v : S3 — E be an R-linear map and choose ygy : So —
E and vg9g, : S| — FE as R-linear maps. Then since F is an injective
left R-module, there exist u : N3 — FE such that ugs = . Now choose
ugs : No — E and ugeg; : Ny — E as R-linear maps. Then u and
ugo, and ugeg; complete the following diagram

S9l91lsy 551925,

(0 0 0) (Sy Sy S5) (N, 2~ Ny —2- Ny)

l Y9291 l Y92 l v

(E -~ F——0)

as a commutative diagram. Therefore, p . p__ 5 is an injective
representation. ]

REMARK 3. A representation __. g~ g of a quiver Q = e —

e — e is not a injective representation if £ # 0. Because we can not
complete the following diagram

(0 0 0) (0 0 E) (0 E—% E)

as a commutative diagram.

REMARK 4. A representation . p ., pofa quiver Q = o —

e — e is not an injective representation if £ # 0. Because we can not
complete the following diagram
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id

(0 0 0) (0 E E) (E-~ g E)

e

(0—FE—F)

as a commutative diagram.
THEOREM 3.6. A representation ), N, M, P M, of a quiver

Q = e — e — e is injective if and only if each M, My, M3 is injective
left R-module and ker(f1) is a summand of M, and ker(f) is a summand
of My. That is

(M1 e Mg — Mg) =
(B, 4~ E % E) @ (By %> By —0) & (B3 —>= 0 —0) ,
where E1, Es, and E3 are injective left R-modules.

Proof. The diagram

(0 0 0) (0 My —% M) (M,

|, s

f1 f2
(Ml — MQ — Mg)

can be completed to a commutative diagram by s : My — My, id :
My — Ms and fy : My — Ms. Then we can get fis = idyg, so that
M, = My @ ker(f1). Now the diagram

(0—=0—=0) (0 0 M) —= (0 — My —"% Mj)

.

f1 fo
(My — My — M3)

can be completed to a commutative diagram by 0 : 0 — My, t : M3 —
M, id : M3y — M;s. Then, we can get fot = idy, so that My, =
M; @ ker(fy). Therefore, My = M3 @ ker(f2) @ ker(f1). This completes
the proof.

O
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