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CODES OVER POLYNOMIAL RINGS AND THEIR
PROJECTIONS

YounGg Ho PARK

ABSTRACT. We study codes over the polynomial ring F,[D] and
their projections to the finite rings F,[D]/(D™) and the weight enu-
merators of self-dual codes over these rings. We also give the formula
for the number of codewords of minimum weight in the projections.

1. Codes over polynomial rings

A code of length n over a ring R (finite or infinite) is a subset of R".
If the code is a R-submodule of R™ then it is a linear code. We will
always assume that codes are linear. The Hamming weight wt(v) of a
vector v is the number of non-zero coordinates. The minimum distance
of a code C, denoted by d(C), is the smallest of all non-zero weights in
the code. To the ambient space R" we attach the inner product

(1) v.w] =) wvw;,
where v = (v;), w = (w;). We define the dual code of C to be
(2) Ct={v|[v,w] =0 for all w € C}.

A code C satisfying C = C* is called a self-dual code.
Let I, be the field of ¢ elements, and throughout this paper let

P :Fq[D]

denote the infinite ring of polynomials in one indeterminate D over F,.
The elements of the finite ring

P, = F[D]/(D™)
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are identified with polynomials ag + a1 D + asD? + - -+ + a1 D™t of
degree less than m. This ring is a commutative ring with ¢ elements.
We sometimes view P, as a subset of P,. for r > m, and of P by assuming
all coefficients of D? are 0 for i« > m. The units of P are precisely the
non-zero elements of degree 0, i.e., P* = F, — {0}, while the units of P,,
are polynomials with a nonzero constant term.

Since P is a principal ideal domain, any code C of length n over P is
a free module of rank k& < n. In this case, we shall write rankC = k. If
C; C Cy are codes over P, then rankC; < rankCs. A code C of length n
and rank k is said to be an [n, k|-code, or [n, k, d]-code if the minimum
distance of C is d. A k x n matrix whose rows form a basis of [n, k|-code
C is called a generator matriz of C. A generator matrix of C* is called a
parity check matriz of C.

LEMMA 1.1. For a code C over P of length n, we have
rank C* + rank C = n.

From the lemma, we obtain
(3) rank C = rank (C*+)*.
Furthermore, if C is a self-dual [n, k|-code over P, then n = 2k.

For codes C over an infinite ring F,[D], we do not always have (C*)*+ =
C. For example, let C = (D™) be the code of length 1 generated by D™.
Then C*+ = {0} and (Ct)* = P, which is much larger than C = (D™).
Nevertheless, it is always true that
(4) C C (CH)*.

DEFINITION 1.2. A code C over P is said to be basic if C = (C*)*.

LEMMA 1.3. Let C; C Cy be codes over P of the same rank. If v € Cy,
then av € C; for some nonzero « € P.

Proof. Let rankC; = k and {wy, ws, -+ , Wy} be a basis for C;. Since
rank Cy > rank (Cy, v) > rankC; = rank Cy,
we have rank (C;,v) = k. Thus the k + 1 vectors wy, wo, -+, Wy and

v are linearly dependent over P. Hence there is a dependence relation
1w + -+ + apwy + av = 0, and thus av € C;. Finally, a # 0 since if
o = 0 then o; = 0 for all 7. O

THEOREM 1.4. The following conditions are equivalent for a code C
over P.



Codes over polynomial rings and their projections 387

i. C is basic.
ii. av € C implies v € C for any nonzero o € P.

Proof. Suppose C is basic. If av € C, then [av,w] = 0 for all w € C*,
which implies [v,w] = 0 for all w € C* since P is an integral domain,
and thus v € (Ct)* = C. The converse follows from the previous lemma,

(3) and (4). O

REMARK. Theorem 1.4 is true for any code of finite rank over a prin-
cipal ideal domain.

COROLLARY 1.5. A code C over P is basic if and only if C is a dual
code of some code over P.

Proof. If C = Ci+ and av € C, then 0 = [av, w] = afv, w] for all w €
C; and hence [v,w]| = 0 for all w € C;, which implies that v € Ci = C.
The converse is clear. O

This corollary provides us a way of constructing basic codes. Indeed,
the basic codes of length n are exactly the codes defined by an s x n
matrix Hy as

C(Hy) = {v € P" | Hyv" =0},
i.e., the solutions sets to a family of linear equations. C(H,) is then
basic, since it is dual to the code generated by the rows of Hy. Note
that Hy is not necessarily a parity check matrix of C(Hy) even if the row
vectors of Hj are linearly independent.

We shall present another way of describing basic codes in terms of
their generator matrices. For a vector u = (uy,...,u,) € P, we denote

c(u) = ged{uy, - ,u,}.
It is clear that c¢(au) = ac(u) for any o € P, and ¢(u) | ¢(uG) for
any 7 X s matrix G over P, since the components of uG are linear

combinations of the components of u. In addition, we can write u =
c(u)ug, with c¢(ug) = 1.

LEMMA 1.6. Let {g;} be the rows of the generator matrix G of a basic
code C. Then ¢(g;) =1 for all i.

Proof. Suppose g;, = ff for some 5 € P = F,[D]. Since C is basic,
we have f € C. Write f = Zle o;8;. We then have

Bougr + - + (Boiy — 1)gig + - + Bargr = 0,
which implies that Ba;, —1 = 0. Thus 38 € F; and hence c(g;,) = 1. O
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The converse of the above lemma is not true. For example, let C be
the code with generator matrix G = (5 ?). So ¢(1,D) = ¢(D,1) = 1.
But G' = (p}17p) is also a generator matrix with ¢(D 4+ 1,D + 1) =
D +1 # 1. Thus C is not basic. In fact, since rankC = 2, we have
Ct ={0} and (CH)t =P2#£C.

THEOREM 1.7. Let G be a generator matrix of an [n, k]-code C over
P. Then C is basic if and only if one of the following is satisfied.
i. c(u) =1= c(uG) =1 for all u € P*.
ii. ¢(u) = c(uG) for all u € P*.

Proof. (basic) <= (i). First note that uG € C for all u, and if
u;G = uyG then u; = uy. Assume that C is basic and c(u) = 1. Let
uG = av for some o € P. Since C is basic, we have v € C so that
v = WG for some w. Thus uG = av = aw(G, which implies u = aw.
Since c¢(u) = 1, we have a € F, and hence ¢(uG) = 1. Conversely,
suppose av € C. There exists some u such that av = uG. Write
u = c¢(u)uy with ¢(ug) = 1. Since c(ugG) = 1 by (i) and av = c¢(u)uyG,
we have c¢(av) = c¢(u). Hence av = c(u)uyG = c(av)ugG = ac(v)uyG.
Consequently, v = ¢(v)uG € C.

(i) <= (ii). Write u = c¢(u)uy with ¢(ug) = 1. Then c¢(uG) =
c(u)c(up@). Thus the proof follows from the fact that c(ugG) = 1 iff
c(u) = ¢(uG).

We now recall the definitions and facts about basic matrices over P.

U

DEFINITION 1.8. A k X n matrix GG over P is said to be basic if G has

a (polynomial) right inverse, that is, if there exists an n x k matrix M
over P such that GM = I,.

There are other characterizations of basic matrices as follows [2].

THEOREM 1.9. A k x n matrix G = G(D) over F,[D] is basic iff one
of the following conditions is satisfied.
i. The invariant factors of G are all 1.
ii. The ged of the k x k minors of G is 1.

ili. G(a) has rank k for any « in the algebraic closure of F,.
iv. If uG € F,[D]" for u € F,(D)*, then u € F,[D]".

v. There exists an (n— k) X n matrix L such that det <G

IS a nonzero
L>

element of IF,.
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It turns out that basic codes are exactly those generated by basic
matrices.

THEOREM 1.10. Let G be a generator matrix of a code C over P.
Then C is basic if and only if G is basic.

Proof. Assume that the k x n matrix G generates a basic code. Sup-
pose uG € P" for u € F,(x)*. There exists & € P such that v = au € P
Write v = ¢(v)vy for some vy € P¥. Now Theorem 1.7 implies

ac(uG) = c(auG) = ¢(vG) = ¢(v).

Thus a | ¢(v) and then u = v = ™y, € P¥. Therefore, G is basic by
Theorem 1.9(iv). Conversely, suppose that G is basic so that there is a
matrix M such that GM = I,. Let av € C. Then av = uG for some u,
and avM = uGM = u. Thus av = uG = (avM )G = a(vMG), which

implies that v = (vM)G € C. O

COROLLARY 1.11. If Cy is basic and C, is equivalent to Cy, then Cy is
also basic.

Proof. Let GG; be generator matrices for C;. The theorem follows from
Theorem 1.9(ii) and the fact that the minors for G; and G5 are the same
up to +1. ]

THEOREM 1.12. i. Self-dual codes are basic.
ii. If C is a basic self-orthogonal [2k, k]-code, then C is self-dual.

Proof. (i) If C* =C, then (Ct)* =C*+ =C.

(ii) Suppose that v € C*. Since C C C* and rankCt =2k —k =k =
rank C, it follows from Lemma 1.3 that av € C for some a € P. As C is
basic, we have v € C. O

2. Codes over F,[D]/(D™)

We recall some of the basic facts about the codes over P,,, = F,[D]/(D™).
Let M be a k x n matrix over P,,. Then by performing operations of
the type

R2) Multiplication of a row by a unit of P,,,
R3) Addition of a scalar multiple of one row to another,
C1) Permutation of the columns,
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M can be transformed to the standard form

()

[ I, Aot Ap Aoz ... Aom—1 Aom, i
0 0 DIy, D?Ay ... D?*Ay,, D2 A,,,
, . . . . o . .
M= 0 0 0 0 oo DL, D™TYAL g,
0 0 0 0 . 0 01,
L 0 0 0 0 e 0 0 i
where the columns are grouped into square blocks of sizes kg, k1, ..., kpn_1,

k., and the k; are nonnegative integers adding to n. A matrix with stan-
dard form as in (5) is said to have type

(6) (D) (DY (D) - (D™= 0Fe,

omitting terms with zero exponents, if any. Often the 0¥ is left off the
type, but we retain it since we use k,, later. Any [n, k]-code C over P,, is
equivalent to a code with a generator matrix of the form as above with
no zero rows. Such a code C' is said to have type

1k0 (D)kl (DZ)kg . (Dm—1>km,1‘
We have that k = 37" ki, k= n — k and |C] = []75,' (¢"7)%. The

J=0

dual code C has type 1¥m(D)km-1(D2)kn—2 ... (D™=1)k1 Since P,, is
finite, (C4)* = C and |C|C*] = PR] = g™

3. Weight enumerators and invariants

Throughout this section let ¢ = p°. For a code C over P,,, = F [D]/(D™)
of length n, define the Hamming weight enumerator

(7) Wela,y) =Y a0y,
veC

Fix an isomorphism ¢ between the additive group F, and F; and de-
fine amap ¢ : F;, — F, by ¢(a) = > ;_; a;, where ¢(a) = (a1, az, ..., ac).
We now define an additive character x; on P,, by
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where f = ag + a1D + ayD?* + -+ 4+ a,,_1 D™t € P,,,. For any g € P,,,,
define x¢(g9) = x1(f9)-

THEOREM 3.1. P,, is a Frobenius ring for every m.

Proof. By the results in [4], it suffices to show that x; is a generating
character, i.e., every character of P, has the form x, for some g €
P.m. Since there are exactly |P,,| characters, it is enough to show that
Xg = X implies g = h. Suppose x,(f) = xn(f) for all f € P,,. Then
x1((g — h)f) = 1 for all f. This means that the additive subgroup
ker x; contains the ideal (g — h) of the ring P,,. Now note that either
(g —h) = {0} or (g — h) = (D) for some ig > 0. However, if we choose
any b € F, such that ¢(b) # 0, then

2w/ —1
b

\a(bD') = exp ( ¢<b>> £1
and hence bD' ¢ ker x; for any i > 0. Therefore (g9 — h) = {0} and the
theorem is proved. Il

By the results in [4] we have the following corollary.

COROLLARY 3.2 (MacWilliams relations). Let C' be a linear code over
P,.. Then

(8) Woi(2,y) = o

- . w m_ 1)y — ).
c oz +(q W,z —y)

4. Projections

Define the map ¥,, : P — P,,, by
9) V(ap+aD+---+a_ 1D =ag+aD+ -+ ap_ D"

The maps is extended coordinatewise to make a map U,, : P* — (P,,)".
We define the similar map V)" : P, — P,, for r > m by

(10) \IIZ»L(CLO + CLlD —+ -4 Cerlenil) = Qo + CL1D —+ -4 Cmeleil.

Again this map is applied coordinatewise to make a map ¥/ : (P,)"” —
(Pm)™. The following lemma follows from a straightforward computation.

LEMMA 4.1. The maps V,, and V] are linear.
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Let C be a basic [n, k|-code over P. For every integer m > 0, define a
code C,, over P, as

Co =V, (C) ={V,,(v) | ve€C}.
Let G be a generator matrix of C and H its parity check matrix. Let
Gm =9,(G), H,, =V,,(H).
For any integer s > 0, we have
(11) U (Crss) = Cony VI (Grss) = G, and V(H, ) = H,,.

THEOREM 4.2. Let C be a basic [n, k]-code over P. Then we have

i. rank C,, = rank C and each C,, has type 1* for every m. In particular,
ICon| = ¢™*.
ii. G, is a generator matrix of C,,.
iii. ¥,,(Ct) =¥,,(C)* and hence H,, is a parity check matrix of C,y,.

Proof. (i) Let G = (g;;) and write g;; = a;; + Dfij, ai; € Fy, fi; € P.
Then the rows of G; = (a;;) generates C;. We first show that rankC; =
rankC = k. Suppose to the contrary that rankC; < rankC = k. By
performing a sequence of operations of types (R1), (R2), (R3) and (C1),
(1 can be transformed into its standard form G’ which must have a zero
row. Note that the units of F, are precisely the units of P. Thus we can
apply the same sequence of operations to G and obtain a matrix of the
form G' = G, + DF’. Undo the operations of type (C1), if any, applied
to G in the reverse order. It is clear that the resulting matrix G” is again
a generator matrix of C. But now G” contains a row which is a multiple
of D. This contradicts Lemma 1.6. Therefore rankC; = k and C; has
type 1%. Since ¥T(G,,) = Gy and V(D7) = 0, it is now clear that G,,
has rank k and type 1%,

(i) This follows from (i).

(iii) Let {g;} be the rows of G. Let v,,, € ¥,,(Ct). Then v,, = ¥,,(v)
for some v € Ct, ie., for some v with [v,g;] = 0 for all i. Thus
Vi, V()] = U,u([v,g]) = 0 for all i, and hence v,, € ¥,,(C)*.
Therefore ¥,,(C*t) € ¥,,(C)t. By (i), ¥,,(C*) has type 1"7* since
rankCt = n — k, and ¥,,(C)* has type 1"7* since it is dual to ¥,,(C)
which has type 1*. Now they have the same type and hence have the
same number of codewords. Thus ¥,,(Ct) = ¥,,(C)*. Finally, H,, is
a generator matrix of U,,(C*) = ¥,,(C)* by (ii). Thus H,, is a parity
check matrix of C,, = ¥,,(C). O
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COROLLARY 4.3. If C is selt-dual, then C,, is self-dual for every m.

Proof. 1t follows from Theorem 4.2(iii) that (C,)* = ¥,,(C)t =
U, (C) = 0,,(C) = Cp. O

THEOREM 4.4. Self-dual codes of length n exist over F,[D] if and only
if self-dual codes of length n exist over IF,.

Proof. 1f a matrix G over I, generates a self-dual code over F,, then
it generates a self-dual code over F,[D] by Theorem 1.12(ii). Conversely,
if C is a self-dual [n, k]-code over F,[D], then n = 2k and ¥,(C) = C; is
a self-orthogonal [n, k]-code over F,. The code C; has type 1% = 1"/2 by
Theorem 4.2, and thus C; is self-dual. O

For a matrix G over P = F,[D], the projections ¥,,(G) of G may be
viewed as matrices over P. The property of being basic is not preserved
by the projections.

Next, we shall show that the minimum distances of projections C,,
are all the same.

LEMMA 4.5. Let C be a basic code over P. If v,, € C,, then D°v,, €
Cnis for any s > 0.

Proof. Let v, € C,,. If v € C is the codeword with ¥,,(v) = v,,
then D*W,,,((v) € Cpys since D?® is in the ring. Then we notice that
U,as(v) — W, (v) is a multiple of D™ and hence D*V,,,(v) = D%v,,

in P}, |, which gives the result. O
If v, = (v1,-++ ,v,) € Cp, then degv; < m — 1 for all 4, and thus

D?*v,, € Cp1s has the same weight as v, € C,,. Therefore, it follows
that for any s > 0
(12) A(Crris) < d(Cr).
LEMMA 4.6. Let C be a basic code over P. Then we have
{v €Cpys | VI(v) =0} = D°C,,.

Proof. View W7** . C,.o — Cs as a map from C,,s to Cs. We
know that U7 ig linear and that ¥™**(C) = C,. If v,, € C,, then
D*v,, € Cpys by Lemma 4.5. Since W7"*(D%v,,) = 0, we have D*C,, C
ker(U™+#). Furthermore, since C, has type 1* for any s, we have |C,| =
(¢°)*. Thus we have

q(m+s)k

|ker(\Ij;n+s)| — |Cm+s| _

mk s
= = Cm = Dcm’
vl = o = g = (] = DG
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which gives the result. O]

THEOREM 4.7. Let C be a basic code over P. Then we have
i. d(Cy,) = d(Cy) for all m.
ii. d(C) > d(Cp).

Proof. (i) We use induction on m, so assume that d(C,,) = d(C;). We
shall prove that d(C,,+1) = d(Cy). Taking into account (12), it suffices to
show that d(C,,+1) > d(C1). Suppose, to the contrary, that there exists
some nonzero v € Cpy1 with wt(v) < d(C;). Then wt(¥7"(v)) <
wt(v) < d(Cy), which implies ¥/ (v) = 0. By Lemma 4.6, we can
find some nonzero v,, € C,, such that v = Dv,,. Then 0 < wt(v,,) =
wt(v) < d(Cy) = d(C,,), which is a contradiction.

(ii) If v € C, then W,,(v) = v for some m. O

There exist codes C such that d(C) > d(C ) As an example, take
the [n,1]-code C generated by the vector (I, -+, D) over P of
length n. Clearly G is basic and d(C) = n. On the other hand,
D™ Y1,D,---,D)= (D™ 0,---,0) € C,, has the weight 1, and thus
d(Cy,) =1 for all m.

5. Number of codewords of minimum weight

LEMMA 5.1. Let k,n be any positive integers and let M be a k x n
matrix over P,, = F,[D]/(D™) whose standard form has type

(1)0(D) (D) - (D)o
Then ker M = {v € P, | Mv" = 0} has cardinality

(13) [ ker M| = (1)%(q)" (¢*)* -+ (") (g™)"

Proof. We may assume that M is in standard form as in (5). Then
v = (Vo,V1,..., V) € P" where v; € P¥i is in ker M iff
(14) L,vi + Agv] + -+ Agm1vh  + Agvh =0 (mod D™)
(15) Lvi+ o+ A avh 4+ Avh =0 (mod D™
(16) Iy oV ot Ao Ve A omvE =0 (mod D?)
(17) I, Vi 4+ A 1mvE =0 (mod D)
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From these equations, we can see that v,, € P can be set to be an
arbitrary vector, and then (17) determines v,,,—1 (mod D) in a unique
way, and then (16) determines v,,,_» (mod D?) in a unique way, and so
on. Therefore,

[ ker M| = (¢™)" > (g™ 1)1 %o x ()™ x (¢°),
which gives the result. O]

Let C be a basic [n, k, dw] code over P. Fix a parity check matrix H of
the code C over P. We now introduce some notations. If S = {1, -+ ,is}
is a subset of {1,2,--- ,n} and v is a vector of length n, then vg denotes
the vector of length s obtained from v by puncturing components outside
S. For a given S as above and a vector y = (y1,--- ,¥s) of length s, y°
denotes the vector of length n obtained by adjoining 0’s outside 5, i.e.,
y® = (21,9, - ,1,) where z; = 0 if i ¢ S, and r, = y; ifi; € S.
For a matrix M = (m;), where m; denotes the i-th column of M, let
M[S] = (m;);es be the matrix whose columns are the i-th columns of
M fori e S.

Let d be the minimum distance of C;. For each subset S C {1,2,--- ,n}
of d elements, let H,,[S]" denote the standard form of H,,[S]. Since
Ur (Pr) = Py, for r > m, we have that

(18) W7, (H[S)) = Hi[SY

for all > m. Since any d — 1 columns of H; are independent over
[F,, any matrix consisting of d — 1 columns of H,, has type 1471, Thus
H,,[S] will have type 1971(0)! or 1971(D7)! for some j > 0. We divide
the subsets S into two classes:

(I) For any m, H,,[S] has type 19710

(IT) For some m = m(S), H,,[S] has type 1971 (D7)* for some 0 < j < m.
If S is of class (II) so that H,,[S] has type 1¢71(D7)!, then H,[S] has
the same type 19-1(D?)! for all r > j, while H,[S] has type 14710 for
all r <.

THEOREM 5.2. H,,[S] has type 1970 for all m iff d x d minors of
HIS| are all zero.

Proof. Suppose S is of class (I). Then the d x d minors of H,,[S] are all
zero, since the property that determinant being zero is invariant under
the operations (R1), (R2), (R3) and (C1). The minors of H,,[S] are
images of minors of H[S] under ¥,,. For any matrix M with entries in
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P, det M = 0 (mod D™) for all m implies that det M = 0. Thus all

d x d minors of H[S] are zero. The converse is clear. O
Let
(19) peoo = [{S] S is of class (I)}].

Let N be the maximum of m(S)’s for S of class (II) and then let for
j=0

(20) pi = [{S | Hy[S] has type 171(D7)'}|

THEOREM 5.3. The number A,, 4 of codewords of weight d in C,, is
given as follows.

(21) Ama = (u—oo + ) u;-) (" —1)+ 2_: (g —1).

j=m
Proof. Let D be the set of all codewords of weight d in C,,, and
Es ={y” | 0# y € ker H,[S]}

for the subsets S of d elements. Here ker H,,[S] = {v € (P,) |
H,[S]vT = 0}. Clearly (vs)® = v for any codeword v, where S =
supp(v). Thus D is a subset of UsEs. Since wt(y®) = wt(y) and d is
the minimum distance of C,,, we have wt(y) = wt(y®) = d whenever 0 #
y € ker(H,.[S]). Thus D = UgFEg. Furthermore, if wt(y;) = wt(y2) = d,
then it is clear that yls1 = y§2 iff y1 = y2 and S; = S5. Therefore UgEy
is a disjoint union and |Eg| = | ker H,,[S]|.

If S is of class (IT) and Hy|[S] has type 197 1(D7)! with 1 < j <m—1
then | ker H,,[S]| = ¢/ by Lemma 5.1. On the other hand, and if S is of
class (I) or if S is of class (II) such that Hy[S] has type 197 1(D7)! with
j > m, then H,,[S] has type 19710! and |ker H,,[S]| = ¢™. Finally, if S
is of class (IT) such that Hy[S] has type 1%, then H,,[S] has type 1¢ and
| ker H,,[S]| = 1. The theorem is proved. O

COROLLARY 5.4. For m > N, A,, 4 = aq™ + b, where a,b are inde-
pendent of m. In other words, A,,q is a linear polynomial in Q) = q",
independent of m.

Proof. Simply let @ = pi_, and b = Zjvzl i@ —1) = oo O
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It is easy to check that

(22) Am-i—l,d - Am,d = (qm—i-l - qm) <ILL_OO + Z MJ) :

j=>m+1

From this equation, we obtain the following corollaries.

COROLLARY 5.5. If A, 0 = Apq1.4 for some m, then A, 154 = Ama
for all s > 0.

COROLLARY 5.6. Suppose fi_o, = 0. Then A, 4 = Angq for all m >
N. In particular, every codeword of weight d in C,, has the form D™ Vv,
for some codeword v of weight d in Cy.

Similar results and examples for the p-adic codes can be found in [1].
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