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ON THE INJECTIVITY OF THE WEAK TOPOS FUZ
I¢ Sung Kim

ABSTRACT. Category Fuz of fuzzy sets has a similar function to
the Category Set. We study injective, absolute retract, enough
injectives, injective hulls and essential extension in the Category
Fuz of fuzzy sets.

1.Introduction

Category Fuz of fuzzy sets has a similar function to the topos Set.
Fuz has finite products, middle object, equalizers, exponentials and
weak subobject classifier. But Fuz is not a topos, it forms a weak
topos. There are some comparisons between weak topos Fuz and topos
Set. In this paper, first we show that in Fuz there exist objects that
are not injectives and there exist monomorphisms that are not essential
extension. But with some conditions, Fuz has injectives and absolute
retract. Secondly we show that Fuz has enough injectives and every
object in Fuz has an injective hull.

2. Preliminaries

In this section, we state some definitions and properties which will
serve as the basic tools for the arguments used to prove our results.

DEFINITION 2.1. An elementary topos is a category £ that satisfies
the following;

(T1) & is finitely complete,

(T2) € has exponentiation,

(T3) £ has a subobject classifier.
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(T2) means that for every object A in &, the endofunctor (—)x A has
its right adjoint (—)?. Hence for every object A in £, there exists an
object B4, and a morphism ev, : B x A — B, called the evaluation
map of A, such that for any Y and f: Y x A — B in &, there exists a
unique morphism g such that evy o (g X i4) = f;

YxA —1 . B

gXiAJ/ liB

BAxA —— B
eva
And subobject classifier in (T3) is an E-object €2, together with a
morphism T : 1 — € such that for any monomorphism h : D — C,
there is a unique morphism xy : C' — ), called the character of h :
D — C which makes the following diagram a pull-back;

D—!>1

n| |

cC —— Q
Xh

Example 2.2. Category Set is a topos. {x} is a terminal object.
Q={0,1} and T : {x} — Q with T(x) = 1 is a subobject classifier. If
we define

Xn(c) = 1if ¢ = h(d) for some d € D,

Xnr(c) = 0 otherwise

then xj, is a characteristic function of D .

Category Fuz of fuzzy sets is a category whose object is (A, a4)
where A is an object and ay4 : A — I is a morphism with I = (0,1] in
Set and morphism from (A, a4) to (B,ap) is a function f : A — B in
Set such that as(a) < ap o f(a).
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DEFINITION 2.3. A middle object in a category C is a monomor-
phism m : X — Y such that

1. Hom(A,Y) is partially ordered for all object A € C.

2. There is a unique smallest morphism a so that the square

A—— X

i | B

A2 Y

is a pull-back

3. For any monomorphism f : B — A, there is a unique

Characteristic morphism x5 : A — Y such that xy < a and the
square

B — X

Al

A
is a pull-back [7].

DEFINITION 2.4. A weak topos is a Cartesian closed category with
middle object [7].

PROPOSITION 2.5. Category Fuz is a weak topos.
For the proof see Yuan and Lee [7].

DEFINITION 2.6. We say that an object A of a category C is an
absolute retract if any monomorphism f : A — B has a left inverse
and an object A of a category C is an injective if, for any morphism

f+ B — A and any monomorphism h : B — C, there exists a morphism
g:C — A such that f = goh.

DEFINITION 2.7. We say that a monomorphism m : A — B of a
category C is an essential extension if any morphismn : B — C is a
monomorphism whenever nom : A — C is a monomorphism. Also we
say that an essential extension m : A — E where E is injective is an
injective hull of A.
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3. Main parts

PROPOSITION 3.1. In Fuz, there exist objects that are not injec-
tives.

proof. Consider an object (J = {x,y}, ay) satisfying a;(z) = 0.
and ay(y) = 0.5, and a monomorphism m : (A = {a,b},a4) — (B
{u,v,w},ap) defined by m(a) = u,m(b) = v satisfying as(a) =
0.2,4(b) = 0.3, ap(u) = 0.7,ap(v) = 0.8 and ap(w) = 1. We
assume that the object (J,«y) is injective. Then for a morphism
s: (Ayas) — (J,ay) defined by s(a) = = and s(b) = y, there ex-
ists a morphism ¢ : (B,ap) — (J,ay) defined by t(u) = z, t(v) =y
and t(w) = x or y such that t om = s. But it does not satisfy that
ap(w) = ayot(w). So the morphism ¢ : B — J does not exist in Fuz.
Hence (J, ) is not an injective object in Fuz.

I~

A" B
SJ( J{t
J J

THEOREM 3.2. In Fuz, (J,«y) is injective if J is normal and
maz{aa(a),ag(m(a))} < ay(f(a)) for all a € A,

where m : (A, aq) — (B, ap) is a monomorphism and

f: (A aa) — (J,ay) is a morphism.

Proof. Let m : (A,aq) — (B,ap) be a monomorphism and f :
(A,a) — (J,ay) be a morphism. Define a morphism g : (B,ap) —
(J,az) by g(b) = f(a) for all b = m(a) and g(b) = v for allb € B—m/[A]
satisfying ay(v) = 1. Then g : B — J is the morphism in Fuz and
gom = f. So (J,ay) is injective. O

PROPOSITION 3.3. In Fuz, there exist objects that are not absolute
retracts.

Proof. Consider an object (A4, a4) and define a monomorphism m :
(A = {a,b},as) — (B = {u,v,w},ap) by m(a) = u,m(b) = v
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satisfying aa(a) = 0.4,a4(b) = 0.5, ap(u) = 0.8,ap(v) = 0.9 and
apB (w) =1.

We assume that there exists a morphism n : (B,ap) — (A,«a4)
such that nom = i4s. Then n(u) = a,n(v) = b and n(w) = a or b. But
it does not satisfy that ap < a4 on. So the morphism n : B — A does
not exist in Fuz. Hence an object (A4, a4) is not an absolute retract.[]

THEOREM 3.4. In Fuz, an object (A,«) is an absolute retract if
(A, «n) is normal and the square

A" . B

o | [

Ii—I>I

commutes, for any monomorphism m : (4,a4) — (B, ap).

Proof. For any monomorphism m : (A,a4) — (B,ap), we define
a morphism f : (B,ap) — (A,a4) by f(b) = a for all b = m(a) and
f(b) = v for all b € B — m[A] satisfying ag(v) = 1. Then f: B — A
is the morphism in Fuz and f om = i4s. So (A,aa) is an absolute
retract. O

THEOREM 3.5. Fuz has enough injectives.

Proof. Let (A, a4) be an object in Fuz. Then there exists a monomor-
phism m : (A, a4) — (A, /) defined by m(a) = a satisfying o/4(a) =1
for all @ € A. We have that a4 < o'y om. We only claim that (A, a/4)
is injective. Let f : (X,ax) — (Y,ay) be a monomorphism and
g: (X,ax) — (A,d/y) be a morphism. Then (A,<d/y) is normal and
max{ax(a),ay(f(a))} < o/4(g(a)) for all a € X. By Theorem 3.2,
(A, /) is injective. O

THEOREM 3.6. In Fuz, every object has an injective hull.

Proof. For any object (A, a4) in Fuz, by Theorem 3.5, there exists
a monomorphism m : (A,a4) — (A, d/,) defined by m(a) = a where
(A, d/y) is injective satisfying o/4(a) = 1 for all @ € A. For any mor-
phism n : (A,d/y) — (B, ap) such that n om is a monomorphism, we
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only claim that n is a monomorphism. If h,g : (X,ax) — (4,¢)
are morphisms in Fuz, then we have oy oh 2 ax and o/, 0 g = ax.
Since apon = o'y, we get aponoh 2 ax. So we only claim that n
is injective. Let n(a) = n(b), then n o m(a) = n o m(b). Since nom
is a monomorphism, we get that a = b. So the object (A, a4) has an
injective hull. 0

A" A

noml | Jn

B %5

PROPOSITION 3.7. In Fuz, there exist monomorphisms that are not
essential extensions.

Proof. Consider a monomorphism m : (A = {a,b},a4) — (B =
{u,v,w},ap) defined by m(a) = v and m(b) = w such that ay <
ap om satisfying aa(a) = 0.1, aa(b) = 0.2, ap(u) = 0.4, ap(v) = 0.6
and ap(w) = 0.6, and a morphism n : (B = {u,v,w},ap) — (C =
{z,y, 2}, ac) defined by n(u) = z,n(v) = x and n(w) = z satisfying
ac(x) = ac(y) = ac(z) = 0.6. Then ag < aconom. Sonom is
also a monomorphism in Fuz. But n is not a monomorphism in Fuz by
acon(u) < ap(u). So the monomorphism m : (A, a4x) — (B,ap) is
not an essential extension. 0
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