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PROJECTIVE PROPERTIES OF REPRESENTATIONS
OF A QUIVER Q =e — e AS R[z]-MODULES

SANGWON PARK, JUNGHEE KANG AND JUNCHEOL HAN*

ABSTRACT. In this paper we extend the projective properties of
representations of a quiver ) = e — e as left R-modules to the
projective properties of representations of quiver ) = e — e as left
R[z]-modules. We show that if P is a projective left R-module then
0 — PJz] is a projective representation of a quiver ) = ¢ — e as
R[z]-modules. And we show 0 — L is a projective representation of
@ = e — e as R-module if and only if 0 — L[z] is a projective rep-
resentation of a quiver ) = e — e as R[x]-modules. Then we show
if P is a projective left R-module then p[g] _d P|z] 1s a projec-
tive representation of a quiver () = e — e as R[z]-modules. We also

show that if ; _‘d_ ; is a projective representation of Q = e — e
as R-module, then L[z] _d L[z] is a projective representation of

a quiver () = @ — o as R[z]-modules.

1. Introduction

A quiver is just a directed graph with vertices and edges (arrows) ([1]).
We may consider many different types of quivers. We allow multiple ed-
ges and multiple arrows, and edges going from a vertex back to the same
vertex. Originally a representation of quiver assigned a vector space to
each vertex - and a linear map to each edge (or arrow) - with the linear
map going from the vector space assigned to the initial vertex to the one
assigned to the terminal vertex. For example, a representation of the
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quiver ) = o — @ is V} 7, Va, Vi and V5, are vector spaces and f is a
linear map (morphism). Then we extend this representation to the left

R-modules, a representation of the quiver () = e — e is M, N Moy, M,
and M, are left R-modules and ¢ is an R-linear map.

If M is a left R-module, then the polynomial M|z| is a left R[x]-
module defined by

r(mo + mix +mex? - -+ ma') = rmg + rmyx + rmex® + - 4+ rmyat

x(mo + mix +mex? - -+ mx') = moz + mia® + mox® + - - + mua'th

We call M|z] as a polynomial module. Similarly we can define the power
series M[[z]] as a left R[x]-module and we call a power series module.
Now we can define R-linear maps between these two representations.

R-linear maps of M; 4, M, to Ny - N, are given by a commutative
diagram

M, *f>M2

Ni—5—= Ny

with sq, s9 R-linear maps.

In ([3]) a homotopy of quivers was developed and in ([2]) cyclic quiver
ring was studied. The theory of projective representations was developed
in ([4]) and the theory of injective representation was studied in ([5]).
Recently, in ([7]) injective covers and envelopes of representations of
linear quivers was studied, and in ([6]) properties of multiple edges of
quivers was studied.

DEFINITION 1.1. ([8]) A left R-module P is said to be projective
if given any surjective linear map o : M’ — M and any linear map
h: P — M , there is a linear map g : P — M’ such that cog = h. That
is
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can always be completed to a commutative diagram.

DEFINITION 1.2. ([4]) Let Py, Po, My, My, Ny and N, be left R-modules.
A representation P, — P5 of a quiver () = e — e is called a projective
representation if every diagram of representations

(P —"— P,)

P,

(M —% = M) (N —2 = N 0 0)

can be completed to a commutative diagram as follows:

g

(D)

]

(Mli,MQ)‘ (Ni —2 = Ny) 0 0).

2. Projective representation of a quiver () = ¢ — e as R[z]-
modules

THEOREM 2.1. If P is a projective left R-module, then 0 — P[z] is
a projective representation of a quiver () = ¢ — e as R[x|-modules.

Proof. Let My, My, N1 and Ny be left R[z]-modules, and o : M; —
Ny and 3 : My — Ny be onto R[x]-linear maps, and f : R[x] — Ny be a
R|x]-linear map. Consider the following diagram

(0 Plx])
P
(M, —2 M) (N) — = Ny) (0 0).

Since P is a projective left R-module, there exists an R-linear map ¢ :
P — M such that 3ot = f|p.

Define ¢ : Plx] — My by t(po + p1x + -+ - + ppa™) = t(po) + t(p1)x +
-+« +t(py)a™. Then
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Bot(po+pix+---+pua"™)

B(t(po) +t(pr)x + -+ t(pn)2")

= (Bot)(po) + (Bot)(pr)x+---+ (Bot)(p,)z"
fj|P(p0) + flp(p1)z + -+ + flp(pa)z”

t

(po + prz + -+ + pua™).

So we have 3ot = f. Therefore, we can complete the following diagram
(0 P[]
0 . T; l .
L o 7
(My = My) = (N, N,) (0——0)

as a commutative diagram. Hence, 0 — P[] is a projective representa-
tion of a quiver () = @ — e as R[x]-modules.
m

We can extend above result to the power series modules.

COROLLARY 2.2. If P is a projective left R-module, then 0 — P[[z]]
is a projective representation of a quiver () = ¢ — e as R[z|-modules.

EXAMPLE 2.3. Let R = Zg, then P = Z, is a projective Zg-module.
0 — Zslz] is a projective representation of a quiver ) = o — e as
Zg|z]-modules.

THEOREM 2.4. 0 — L is a projective representation of ) = ¢ — e
as R-modules if and only if 0 — L[z] is a projective representation of a
quiver () = e — e as R[z]-modules.

Proof. Let My, My, N7 and Ny be left R[x]-modules, and o : M7 — N
and § : My — Ny be onto R[x]-linear maps, and f : Ljx] — Ny be a
R[x]-linear map.

Consider the following diagram

(0
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Since 0 — L is a projective representation, we can complete the following
diagram

(0——1)
Otto JJIL
(M S M) S (N, Ny) (0——=0)

as a commutative diagram.
Define ¢ : L{x] — M by t(ng + nix + - - - + n,a™) = t(ng) + t(ny)z +
-+ t(ny)z". Then

Bot(ng+nix+---+n,a")
5(@M+¢Wﬂ$+ -+ t(ng)z")

= (Bot)(po) + (Bot)(pr)r + -+ (Bot)(p,)r"
f

f

W®+fmﬁw% -+ ()"
(no +nix + - - + nua™).

So we have the following diagram by ¢ : L[x] — M,

(0—— L)
0? &
(M e M) o (N, o) (0——0)

as a commutative diagram. Hence, 0 — L[z] is a projective representa-
tion of a quiver Q = e — e as R[z]-modules.

Conversely, Let M;, My, N1 and N5 be left R-modules, and o : M; —
Ny and B : My — N, be onto R-linear maps, and f : L — Ny be a
R-linear map. Consider the following diagram
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Since 0 — L|x] is a projective representation, we can complete the fol-
lowing diagram by ¢ : L[x] — Ms[z]

)
(Mi[z] — Myla]) —— (Ni[a] — Np[a]) (0 0)

where f : L{z] — Ms[z] by f(no+maz+---+na?) = f(no) + f(n)z +

-+ f(ny)2?. and B 1 Mafz] — Nofz] by B(mg + muz + -+ mz’) =
B(mo) + B(my)z + -+ -+ B(m;)z’. Define t : L — My by t(ng) = my. Let
ng € L then fot(ng) = B(mg). Since

3o t(no)

= B(mo + mix + - - - mya)
:ﬁ(m0)+ﬁ(m1)w+ - B(m;)a’
= f(no) = f(no),

Blma), -+, B(my) = 0. So B(mg) = f(ng). Therefore /3o t(ng) = f(no)-

So we have the following diagram

01
Otto lf
(M Z M) e (N Ny) (0——0)

as a commutative diagram. Hence, 0 — L is a projective representation
of a quiver () = e — e as R-modules.
m

COROLLARY 2.5. 0 — L is a projective representation of ) = e — e
as R-modules if and only if 0 — L[[z]] is a projective representation of
a quiver () = @ — o as R[x]-modules.

REMARK 2.6. P[z] — 0 is not a projective representation of a quiver
() = e — e as R[zr]-modules if P # 0, because the following diagram
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(PJM%T
(Pla] —“~ Pla]) — (Pla] 0) (0 0).

can not be completed as a commutative diagram.

Similarly, P[[z]] — 0 is not a projective representation of a quiver
() = e — e as R[x]-modules if P # 0.

THEOREM 2.7. If P is a projective left R-module, then p[y] _id Plz] i

a projective representation of a quiver () = ¢ — e as R[x|-modules.

Proof. Let My, My, Ny and Ny be left R[z]-modules and let g : M; —
M, and h : Ny — Ny be R[z]-linear maps. Let a : My — Ny, 5 : My —
N, be onto R[z]-linear maps. Let k : P[z] — N; be an R[z]-linear map
and choose h ok : P[x] — Ny as an R[z]-linear map. And consider the
following diagram:

(Pla] —“—~ Pla])

G

(M, —L= M) (Ny —~ Ny) (0 0)

Since P is a projective left R-module, there exist R-linear maps s : P —
M, and t : P — M, such that « o s = k|p and ot =hok|p.

Define 5 : Plx] — M; by 5(po + p1x + - - - + paz™) = s(po) + s(p1)z +
-+ + 8(pp)x™. Then

a o 3(py +prr + -+ - + ppz”)

= a(s(po) + s(p1)x + -+ + s(pn)z")

= (a0s)(po) + (o s)(p1)x + -+ (aos)(pn)a"
= k[p(po) + k[p(p1)x + - + k|p(pn)z"

= k(po +p1z + -+ - + ppz").

Define ¢ : Plz] — My by t(po + p1z + -+ + pna™) = t(po) + t(p1)x +
-+« 4 t(pn)2™. Then similarly we have o t(py + p1x + -+ + ppa™) =
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(hok)(po + prz + -+ + ppa™). So we have the following diagram by
§: Plx] —» M; and t : Plx] — M,

(Pl =~ Pla))

(Ml”rgf Mg)""/x (N] — o ) 0 0)

LWl

as a commutative diagram. Hence, Plz] _d Plz] is a projective rep-
resentation of a quiver Q = e — e as R[x]-modules.

]

COROLLARY 2.8. If P is a projective left R-module,
then P|[]] _td P|[z]] is a projective representation of a quiver () =
e — e as R[z]-modules.

EXAMPLE 2.9. Let R = Zg, then P = Z5 is a projective Zg-module.
Zo|x] M 7, (2] is a projective representation of a quiver () = e — e

as Zg[x]-modules.

THEOREM 2.10. If [, 4~ [ is a projective representation of () =
e — e as R-modules, then Llx] _td Llx] is a projective representation
of a quiver Q = @ — e as R[z]-modules.

Proof. Let My, My, N1, Ny be left R[x]-modules, and «a : M; — Ny

and §: My — N, be onto R[z]-linear maps, and consider the following
diagram

(M, —2—~ M,) (N, N,) (0 0).

Since L — L is a projective representation, we can complete the following
diagram
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R z‘d/L)
S B = %P lhokh:
(M, i>M2) - (Ny ——= Ny) (0 0)

as a commutative diagram.

Define 5 : L[z] — M; by 5(ng +mz + - - +n;z") = s(ng) + s(ny)x +
o+ s(ny)zt and € : L[z] — My by t(ng +nix + - -+ + nja?) = t(ng) +
t(n1)z + - -+ t(n;)2?. Then we see that the following by §: L[z] — M,
and ¢ : L[z] — M,

(L[z] —*~ Llz))

e

R —

(M

as a commutative diagram. Hence, L[x] — L[z] is a projective represen-
tation of a quiver QQ = @ — e as R[z]-modules.
L

COROLLARY 2.11. If [, —%~ [ isa projective representation of () =

e — e as [-module, then L{[2]] i L[[x]] is a projective representa-

tion of a quiver () = @ — e as R[x]-modules.
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