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ALMOST HOMOMORPHISMS BETWEEN BANACH
ALGEBRAS

SuNG JIN LEE* AND CHOONKIL PARK

ABSTRACT. It is shown that for an almost algebra homomorphism
between Banach algebras, there exists a unique algebra homomor-
phism near the almost algebra homomorphism.

Moreover, we prove that for an almost algebra x-homomorphism
between C*-algebras, there exists a unique algebra *-homomorphism
near the almost algebra *-homomorphism, and that for an almost al-
gebra x-homomorphism between J B*-algebras, there exists a unique
algebra x-homomorphism near the almost algebra *-homomorphism

1. Introduction

Let E) and Ej, be Banach spaces with norms ||-|| and ||-||, respectively.
Consider f : Ey — E, to be a mapping such that f(¢z) is continuous in
t € R for each fixed z € E;. Assume that there exist constants 8 > 0
and p € [0, 1) such that

1z +y) = fx) = F)ll < 0" + [[y]]")

for all z,y € E;. Rassias [5] showed that there exists a unique R-linear
mapping 7" : £} — FE5 such that
20

I1£() = T(@) < 5

for all x € E,. Gavruta [1] generalized the Rassias’ result, and Park
[4] applied the Gavruta’s result to linear functional equations in Banach
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modules over a C*-algebra. In [2], the authors proved the stability of
the functional equation f(x +y+ zy) = f(z) + f(y) + = f(y) + yf(x).

Throughout this paper, let B and C be complex Banach algebras with
norms || - || and || - ||, respectively.

In this paper, we prove that for an almost algebra homomorphism
f B — C, there exists a unique algebra homomorphism h : B — C near
the almost algebra homomorphism. This result is applied to C*-algebras
and JB*-algebras.

2. Stability of algebra homomorphisms between Banach al-
gebras

We are going to show the generalized Hyers-Ulam stability of algebra
homomorphisms between Banach algebras.

THEOREM 2.1. Let f : B — C be a mapping with f(0) = 0 for which
there exists a function ¢ : B* — [0, 00) such that

1) Plr,y,z,w) =) 272w, 2y, 22, Yw) < oo,
=0

1T f (@, y, 2, w) || =[1f(pr + py + 2w) — pf (@) — pf(y) = f(2) f(w)]]
(ii) < p(r,y,2,w)
for all p € T' := {\ € C| |\| = 1} and all z,y,z,w € B. Then there
exists a unique algebra homomorphism h : B — C such that
1.
(111) ||f(l’) - h(ZL‘)H < QQO(I,ZE, O’ 0)
for all x € B.

Proof. Put 2 = w = 0 and u = 1 € T! in (ii). Replacing y by z in
(i), we get
1f(22) = 2f (2)|| < ¢(z,,0,0)
for all € B. So one can obtain that

1 1
|£(@) = 52o)]| £ 5(w,,0,0),
and hence

1 1 1
|5/ 2"0) = 5o F™0)| £ 5o p(272,27,0,0)

on+l i
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for all z € B. So we get

i
L

p(2'z,2'2,0,0)

DN | —
S

() 17@) ~ g f(@)] <

-~
Il
=)

for all x € B.
Let x be an element in B. For positive integers n and m with n > m,

n—

np(ZIx, 2z, 0, 0),

1
b2

e F(2") — o f M) < 5

l

[
3

which tends to zero as m — oo by (i). So {5 f(2"z)} is a Cauchy
sequence for all z € B. Since C is complete, the sequence {55 f(2"z)}
converges for all z € B. We can define a mapping h : B — B by
1
(2) h(r) = lim — f(2"z)
for all x € B.
By (i) and (2), we get
1 1
ITih(e,.0,0)] = lim o7, /(2" 2'9,0,0)] < lim _Lo(2"0,2"9,0,0) = 0

for all z,y € B. Hence Tih(z,y,0,0) = 0 for all x,y € B. So one can
obtain that h is additive. Moreover, by passing to the limit in (1) as
n — 0o, we get the inequality (iii).

Now let S : B — C be another additive mapping satisfying

1._
[f(x) = S(@)]| < §<P(:E,af,0,0)
for all x € B.

|h(z) = S(2)|| = %Hh(%) - S(2')|

1 1
< @Hh(?lﬂf) — f(2'z)| + ng(Qle) — 5(2')|
21 _
< 55@

which tends to zero as | — oo by (i). Thus h(z) = S(z) for all z € B.
This proves the uniqueness of h.
By the assumption, for each p € T*,

1£(2"p) = 2pf (2" )| < (2" 2,27 12,0,0)

(2'z,2'2,0,0),
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for all x € B. And one can show that
lf(2"2) = 2pf (2" )| < (2" 12,2712, 0,0)
for all 4 € T! and all z € B. So
1£ (2" pa) = pf (22| <[ f(2"pa) = 20 f (2" @)l + [|20f (2" @) — pf(2"2)]|
<2p(2" "z, 2" 2,0,0)

for all 4 € T! and all € B. Thus 27" f(2"uz) — pnf(2"z)|] — 0 as
n — oo for all u € T and all z € B. Hence

h(pz) = lim f@pa) _ . pf(2)

= ph(z)

for all 4 € T! and all z € B.
Now let A € C (A # 0) and M an integer greater than 4|A|. Then
< 1

1 < 1—2 =3 By [3, Theorem 1], there exist three elements

{11, po, i3 € T* such that 32 = jy + po + p3. And h(z) = h(3- $r) =
3h(3x) for all € B. So h(3x) = $h(x) for all z € B. Thus
M _ A A M A

h(Az) = h(g : 3Mx) =M - h(é : 3M$) = ?h(?.ﬁx)

M M
= gh(/ﬁlx + Ho + paz) = g(h(ulx) + h(paz) + h(psz))
M M A
i hMz) = — .34
3 (1 + po + ps)h(x) 3 SM (z)
= Ah(z)
for all z € B. Hence

hax + By) = h(ax) + h(By) = ah(z) + Gh(y)

for all a, 8 € C(a, 8 # 0) and all z,y € B. And h(0x) = 0 = Oh(z)
for all x € B. So the unique additive mapping h : B — C is a C-linear
mapping.

It follows from (2) that

(3) h(z) = lim CakD

n—oo 22n

for all x € B. Let x = y = 0 in (ii). Then we get
1 (zw) = f(2) f(w)]| < ¢(0,0, 2,w)
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for all z,w € B. Since

1 1
—(0,0,2"z,2"w) < —p(0,0,2"z,2"w),
922n mn
1 n n n n 1 n n
lF(2 - 20) — F2) (@) < 510(0.0,2"2,2)
1
(4) < 2—ng0(0,0, 2"z, 2"w)
for all z,w € B. By (i), (3), and (4),
22n oM, N
hew) = lim L2 gy L2020 270)
n—00 on on n—00 on n—00 on
= h(z)h(w)

for all z,w € B. Hence the additive mapping h : B — C is an algebra
homomorphism satisfying the inequality (iii), as desired. O]

COROLLARY 2.2. Let f : B — C be a mapping with f(0) = 0 for
which there exist constants § > 0 and p € [0,1) such that

1S (patpy+zw) —pf (€)= f (y) = F () (w) | < O ]P+{ylP+ =]+ [|wl]])

for all p € T! and all x,y,z,w € B. Then there exists a unique algebra
homomorphism h : B — C such that

1f(@) — hz)]) < =22

2-2p

[Eas
for all x € B.

Proof. Define ¢(z,y, z,w) = 0([[z||” + [[y||” + [|2[|" + [|w][|?), and apply
Theorem 2.1. O

THEOREM 2.3. Let f : B — C be a mapping with f(0) = 0 for which
there exists a function ¢ : B* — [0, 00) satisfying (i) such that

(iv) f(pz 4+ py + 2w) — pf(x) — pfly) — f(2) f(w)]| < p(z,y, 2,0)

for p = 1,4, and all z,y,z,w € B. If f(tx) is continuous in t € R for
each fixed x € B, then there exists a unique algebra homomorphism
h : B — C satisfying the inequality (iii).
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Proof. Put z = w = 0 and = 1 in (iv). By the same reasoning as the
proof of Theorem 2.1, there exists a unique additive mapping h: B — C
satisfying the inequality (iii). By the same reasoning as the proof of [5,
Theorem], the additive mapping A : B — C is R-linear.

Put z =w =0 and g =7 in (iv). By the same method as the proof
of Theorem 2.1, one can obtain that

if(2"x)

h(iz) = lim J(2"ia) = lim = th(x)

n—o00 n n—oo on

for all x € B.
For each element A € C, A\ = n + iv, where n,v € R. So
h(Az) = h(nz + ivx) = nh(z) + vh(ix) = nh(z) + ivh(z)
= A\h(x)
for all A € C and all z € B. So

h(ax + By) = h(az) + h(By) = ah(z) + Bh(y)

for all a, 8 € C, and all =,y € B. Hence the additive mapping h : B — C
is C-linear.
The rest of the proof is the same as in the proof of Theorem 2.1. [

3. Stability of algebra *-homomorphisms between C*-algebras

In this section, let B be a unital C*-algebra with unitary group U(B),
and C a C*-algebra.

We are going to show the generalized Hyers-Ulam-Rassias stability of
algebra x-homomorphisms between C*-algebras.

THEOREM 3.1. Let f : B — C be a mapping with f(0) = 0 for which
there exists a function ¢ : B* — [0, 00) satisfying (i) and (ii) such that

(v) 1f(2"u®) = f(2"u)"|| < (274, 2"u, 0,0)

for all u € U(B) and n = 0,1,---. Then there exists a unique algebra
x-homomorphism h : B — C satisfying the inequality (iii).

Proof. By the same reasoning as in the proof of Theorem 2.1, there ex-
ists a unique algebra homomorphism h : B — C satisfying the inequality

(iii).
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It follows from (i) and (v) that

pa) = fim HE) — i O — gy LECE — (i LE20)-
= h(u)*

for all w € U(B).

Now let x € B (x # 0) and M an integer greater than 4||z||. Then
|&] < 3§ <1—32 = 3. By [3, Theorem 1], there exist three elements
uy, us, uz € U(B) such that 377 = u1 + ug + uz. So

M
?h(uf + uj + uj)

= —(h(u}) + h(ub) + h(u))

(up +uz +uz)) =

«| =

3
- %(h(ul)* + Auz)" + h(us)”)
M

= —(h(uy) + h(uz) + h(us))*

3
M M
= ?(h(ul + uo + U3))* = h(?(ul + uo + U3))*
= h(z)"
for all x € B. Hence the algebra homomorphism h : B — C is involutive,
as desired. Il

COROLLARY 3.2. Let f : B — C be a mapping with f(0) = 0 for
which there exist constants 6 > 0 and p € [0,1) such that

1f (e + py + 2w)—=pf(x) — pf(y) — f(2) f(w)|
< Ol + [ly[|” + [=11” + flw?),
[f(2"u") — f(2"u)*|| < 22770

forallp € T', allu e U(B), n =0,1,---, and all z,y, z,w € B. Then
there exists a unique algebra *—homomorphjsm h : B — C such that

1/ () = h(@)]| < [Eig

2 —2p
for all x € B.

Proof. Define ¢(z,y, z,w) = 0(|[z[|” +[[y[|” + ||z||” + [|w]"), and apply
Theorem 3.1. O
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THEOREM 3.3. Let f : B — C be a mapping with f(0) = 0 for which
there exists a function ¢ : B* — [0,00) satisfying (i), (iv), and (v). If
f(tx) is continuous in t € R for each fixed x € B, then there exists a
unique algebra x-homomorphism h : B — C satisfying the inequality
(iii).

Proof. By the same reasoning as in the proofs of Theorems 2.1 and
2.3, there exists a unique algebra homomorphism h : B — C satisfying
the inequality (iii).

By the same method as in the proof of Theorem 3.1, one can show
that the algebra homomorphism h : B — C is involutive, as desired. [

4. Stability of algebra x-homomorphisms between
JB*-algebras

The original motivation to introduce the class of nonassociative alge-
bras known as Jordan algebras came from quantum mechanics (see [6]).
Let 'H be a complex Hilbert space, regarded as the “state space” of a
quantum mechanical system. Let L£(H) be the real vector space of all
bounded self-adjoint linear operators on H, interpreted as the (bounded)
observables of the system. In 1932, Jordan observed that L(H) is a
(nonassociative) algebra via the anticommutator product x oy := %
A commutative algebra X with product x o y (not necessarily given by
an anticommutator) is called a Jordan algebra if 2% o (zoy) = o (z?oy)
holds.

A complex Jordan algebra B with product z o y, unit element e and
involution = — x* is called a JB*-algebra if B carries a Banach space
norm || - || satisfying ||z o y|| < [|z[| - [ly|| and [[{zz*z}|| = |lz|°. Here
{zy*z} ;=20 (y* oz) —y*o(zo0x)+ zo (xoy") denotes the Jordan
triple product of x,y,z € B. Throughout this section, let B and C be
JB*-algebras.

We are going to show the generalized Hyers-Ulam stability of algebra
x-homomorphisms between JB*-algebras.

THEOREM 4.1. Let f : B — C be a mapping with f(0) = 0 for which
there exists a function ¢ : B* — [0, 00) satisfying (i) such that
1f (ue + py + z ow) = pf (2) = uf(y) = f(2) o f(w)]| < (2, y, 2,w),
(vi) 1 (") = f(@)"]] < p(x, ,0,0)



Almost homomorphisms between Banach algebras 9

for all € T! and all z,y,z,w € B. Then there exists a unique algebra
x-homomorphism h : B — C such that satisfying the inequality (iii).

Proof. By the same method as in the proof of Theorem 2.1, one can
show that there exists a unique algebra homomorphism A : B — C
satisfying the inequality (iii).

It follows from (i) and (vi) that

f(2"7) fF(22)) _ f(2"$)*_(1. f(2")

h(z*) = lim = lim ————= = lim ———— = (lim )
n—oo n n—oo n n—oo on n—oo on
= h(x)*
for all z € B. Hence the algebra homomorphism h : B — C is involutive,
as desired. O]

COROLLARY 4.2. Let f : B — C be a mapping with f(0) = 0 for
which there exist constants 6 > 0 and p € [0,1) such that

| f(px + py + z0ow) — pf(z) — pf(y) — f(2) o f(w)]
<02 )” + lyll” + [|2]” + [lw]]”),
1f(z") = f(z)"|| < 20||x[[

for all p € T' and all x,y,z,w € B. Then there exists a unique algebra
«x-homomorphism h : B — C such that

20
I1£() = h@)] < 5=

[k
for all x € B.

Proof. Define @(z,y) = 6(a|l” + llyll” + 2] + Jw]?), and apply
Theorem 4.1. O

THEOREM 4.3. Let f : B — C be a mapping with f(0) = 0 for which
there exists a function ¢ : B* — [0, 00) satisfying (i) and (vi) such that

| f(pa 4 py + zow) — pf(x) — pf(y) — f(2) o fw)]| < p(x,y, 2, w)

for p = 1,1, and all x,y,z,w € B. If f(tx) is continuous in t € R for
each fixed x € B, then there exists a unique algebra x-homomorphism
h : B — C satisfying the inequality (iii).

Proof. By the same reasoning as in the proofs of Theorems 2.1 and
4.1, there exists a unique algebra x-homomorphism h : B — C satisfying
the inequality (iii), as desired. O
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