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THE MANN ITERATIVE PROCESS
FOR QUASI-CONTRACTIVE MAPS
IN UNIFORMLY SMOOTH BANACH SPACES

KYUNG SEOK YUN AND JONG AN PARK

1. Introduction.

If I{ is a nonempty subset of a normed linear space, and T is a map
of K into itself, then T is called quasi-contractive [ 8 ] if there exists a
constant k € [0,1) such that

IT2 = Ty|| < kmax {|lz —yll lle - T, Iy - Tyll, = — Tyl |y - T[]}

for all z,y in K.
Mann iteration process (see e.g. [ 4] ) : the sequence {z,} is
defined as follows:
(1) rg € I,
(2) Zpp1=(1—cp)zn +cpTan,n >0,
where (i) 0 < ¢, < 1; (i) impe ¢n = 0 (i) 3.°° ¢, = o0.

Oihou [6] considered the Ishikawa iterations, which are more com-
plex than the Mann iterations, for the approximations to a unique
fixed point of the quasi-contractive maps in Hilbert spaces. Recently
Chidume and Osilike [ 1 ] obtained the generalizations of Oihou in
uniformly smooth Banach spaces which have modulus of smoothness
of power type ¢ > 1. Weng [ 10 ] applied the Mann iteration to the
map which satisfies the dissipative type condition in uniformly smooth
Banach spaces.

In this paper we consider the same problem for quasi-contractive
maps in uniformly smooth Banach spaces. Reich [7] obtained an in-
equality for the norm by using A-function in uniformly smooth Banach
spaces. By using this inequality we have the lemma about the inequali-
ties for the norm in uniformly smooth Banach spaces and the following
conclusion; On some conditions Mann iterations converge to the fixed
point of a quasi-contractive map in uniformly smooth Banach spaces.

This paper is the thesis for the Degree of Master in Kangweon National Univer
sity (1992) .
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2. Convexity and smoothness.

In this section we connect the smoothness of the norm of a Banach
space X and the convexity of the norm of the dual of X which is
denoted by X*.

The set of real numbers is denoted by R. And the unit sphere
(the unite solid ball) of X and X* are denoted by S(X)(B(X)) and
S(X*)(B(X*)) respectively.

é: X — R is said to be convex if

d(Az 4+ (1 = N)y) < Ag(z) + (1 — A)s(y),
where 0 < A < 1.

THEOREM 1 [ 9, p4 |. If ¢ : I C R — R Is convex, then ¢ Is a
Lipschitz function on any closed interval in the interior of a interval I.

Proof. First we claim that ¢ is bounded below on the closed interval
[a,b] in the interior of I. Clearly ¢ 1s bounded above on [a,b] by
M = max {|6(a)], |¢(b)]}. Hence

a+b 1 b 1 b b—
é( '2” )§§¢(a+ +t)+§¢(%-~t),ltls—zg-
Therefore
b a+b +b a+b
BT+ 2 20(557) — o — ) 2 ()~ M.

So we conclude that ¢ is bounded on closed intervals. For any closed
interval [a,b] C I°, which is the interior of I we can choose € > 0 such
that a —e € T and b+ e € I. Then ¢ is bounded on [@ — €,b+ ¢]. For
any z,y(#) in [a, b] we let

€ ly —z|
y—z) A= —————.
ly—ﬂ?l( ) e+ |y —z|

Then z € [a — e,b+¢ and y = Az + (1 = A)z. So d(y) < Mo(z) —
¢(z)) + ¢(z). From this

z=Y+

$(y) — ¢(2) S MM —m)

< |£:—ml(]\/f —m)

< ‘A’Iy o mlﬂ
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where M (and m ) are the upper bound (lower bound) of ¢ on [a —
¢,b+¢] and K = (M —m)/e. Hence ¢ is a Lipschitz function on [a, b).
O

THEOREM 2 (5, p37]. If ¢ : X — R is convex, where X is a normed
linear space, then ¥(t) = (¢(z + ty) — ¢(z))/t(t # 0) is nondecreasing.

Proof. Case 1) 0 < h < k. We can choose A € (0,1) such that
h =(1— A)k. Then
¢(z + hy) = ¢(z + (1 - A)ky)
=¢(Az + (1 = A)(z + ky))
SAg(z) + (1= A)g(z + ky).

Therefore

¢z + hy) — ¢(z) < (1~ A)(¢(z + ky) — ¢(z))
Hence

by = L) Z8e) oo+ by) = dto)

Case 2) h < k < 0. By choosing A € (0,1) such that k = (1 — A)h
we obtain ¢ (h) < (k).

Case 3) h < 0 < k. We can choose [ > 0 such that A < —] < 0 <
[ < k. Then

= (k)

8(s) = 950z ~ ) + 2z + 1)

ISVE

1
< 5@ = ly) + 36(a +1y)

Hence
(d(z) — ¢(z — ly)) /1 < (¢(z + ly) — ¢())/1
Therefore
(=) < (1)
And by Cases 1), 2) we have

p(h) < ¥(k).
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O
Example 1. Let ¢(z) = ||z||. By Theorem 2

e tyll —
eyl =l eyl = el

exist
i--?0+ t i—0~ t

for all z,y € S(X). If the two limits are equal, then norm || - || is said
to be Gateaux differentiable.
Example 2. If the norm || - || is Gateaux differentiable, then

2 _ 2 =
B P 1 B N
t—0 t t—0 t

The duality map J : X — 2% is defined by

J(e) = {z* € X*| <z,2" >= |ll%, llz"]| = [lll}.

By Hahn-Banach theorem J(z) # @ for any € X. The Banach space
X is said to be strictly convex if for any z,y € S(X)(#)

125 <

The Banach space X is said to be uniformly convex if for any € > 0
there exists §(¢) > 0 such that if ||z — y|| > ¢,z,y € S(X), then

llz + yll < 2(1 = é(e)).
Clearly the uniformly convex Banach spaces are strictly convex.

LEMMA 1 [ 2, p20 ]. For any choice j(z) € J(z) and A > 0,2,y €
S(X),

e + Ayl = llzll o <w,5(z+Ay) >

<y, >< =
v,3() ; e+ %]

Proof.

by idle) === Ayi(e) >
=<z + Ay, j(z) > —|lz||
< lle + Aylllli ()] = =]
= ||lz + Ayl = [|=]]




The mann interactive process for quasi-contractive maps 11

A<y i(@+Ay) > =<z + Ay, j(z+ Ay) > - < z,j5(z + Ay) >
> [lz + Ayl1? = llzlllle + Ayl
= llz + Ayl (llz + Ayl — ||=]}).
O

Clearly we know that if X * is strictly convex, then J is single-valued.
We obtain the following converse if X is reflexive.

LEMMA 2 [ 2, p24]. If a Banach space X is reflexive and J is single-
valued, then X* is strictly convex.

Proof. Suppose we have ||(1 + j2)/2|| = 1 for some 71,72 € S(X*).
Then, by James’ theorem there exists ¢ € S(X) such that

< g 1t

5 =1,
Therefore . .
_ J1 J2

1;<.1",§>+<$, 5 >

On the other hand, < z, % >< % and < z, % >< % Hence < z,7; >=
1 and < 2,72 >= 1. Since J is single-valued and j;,j, € JEz), 1 =0,
]

THEOREM 3 [ 2, p22]. The followings are equivalent:
(1) J is singule-valued ;
(2) J is norm to weak-star continuous from S(X) to S(X*);
(3) The norm of X is Gateaux differentiable on SEX )

Proof. (1) = (2) Suppose {z,} converges strongly to z in S(X).
Then {J(z.)} C S(X*). Since the unit solid ball of X* is weak-star
compact by Banach-Alaoglu’s Theorem, we can choose a subsequence
{J(zn,)} which converges weak-star to j € X* and ll7]] < 1. Therefore
<Zn,—2,J(2n,) >= 0. Sol- < 2,J(2p,) >= 0. Hence < z,j >=1
and il = 1. By (1) j = J(x).

(2) = (3) By Lemma 1 it is clear.

(3) = (1) By Lemma 1 we have, for j € J(z)

iz + tyl| — ||
l

[z + Ayl — |||

<<y,] ><

e T—_——
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for 1 < 0,A > 0. By (3)

e e 4 Ayl el
(v,5) = hm 3

Hence, for any j1,j2 € J(z), we have j; = jz on S(X). So ji =j2. U

THEOREM 4 [ 3 ]. If the dual X* of a Banach space X is uniformly
convex, then the duality map J : X — X* is uniformly continuous on
any bounded subset of X.

Proof. Suppose on  the  contrary that there  exist
M(> 0),e(> 0), {un}, {va} in X such that lunll < M,|lva]| < M
and |lup, — vyl — 0 and

1 (un) = Ton)ll > €
We may assume that u, # 0and v, # 0. Let z, = un/||un| and
Yn = Va/||vel|. Then ||z, — yn|| — 0. On the other hand
< tny J(zn) + T(yn) > = lea]*+ < 20, J(yn) >
o= ”.’Bn“2 + Hyn”2+ < T — Yny J(yn) >
>2- H-rn - yn“
Hence i ;
< a2 (@n) + I(gm)) >2 1= 5ln =l
So 1 :
“'.;(J(a:ﬁ) +J(y DI 21— §Hrn — Yall

Since X* is uniformly convex, J(z,) — J(yn) converges strongly to 0
in X*. Hence

J(tn) = J(va) = [[unll(J(za) = J(yn))
+ (wnll = lval) I (yn),
Since {un}isbounded and |[un|—|lval| — 0, we obtain a contradiction.
We say that the norm of a Banach space X is uniformly Fréchet
differentiable ( away from 0 ) whenever
e + Ayl — ll=|

lim

A—0 A
exists uniformly for z,y € S(X). O
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THEOREM 5 [ 2, p36]. The followings are equivalent:

(1) The dual X* of a Banach space X is uniformly convex;
(2) The norm of X is uniformly Fréchet differentiable.

Proof. (1)=(2). By Lemma 1,

iz + Ayll = [l=]|

| J(z + Ay)
A

[ T——
|z + Ayl

~ <y, J(z) >| << - J(z)>.

By Theorem 4 J is uniformly continuous on S(X). Hence for any € > 0
there exists é(€) > 0 such that if ||z’ — y'|| < 6(e),z’,y’ € S(X), then
1/(=") = J(y")l| < e. So we choose §'(> 0, depends on 6(e)) such that
if 0 < E)\] < &', then

T+ Ay
—z|| < é(e)
| v R I
Then
ol 2l o]
1111
A—0 /\

converges to < y, J(z) > uniformly for z,y € S(X).

(2)=(1). Since the norm of X is uniformly Fréchet differentiable,
for any € > 0 there exists §(¢) > 0 such that for any z,y € S(X) and
A > 0(A < é(e))

g(”f,y,)\) e Q’(-T,y, _’\) < 33

where ,
e + Ayl - llzll— < Ay, J(z) >

| Ay]|

g(‘q’-ayu’\) =
Hence
e+ Ayl + [l = Ayl < 2[|z]| + €]|Ay]|.

Therefore there exists 6 > 0 (depends on € ) such that for any z € S(X)
and y(||y|| < &),

€
ke +yll +llz —yll <2+ Zyll-
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For any f,g € S(X*),|lf — gll = €, we choose y € X, ||yl = % such
that

eb'
Sillf =02 T
4
Then
If+gll= sup <z, f+g>
z€S(X)
= sup <z+y f>+<z-y,9>—-<y f—-g>
zeS(X)
ed €
S et
<2—|—42 1
€
=2(1 - —=4§&.
(1- =6
O

A Banach space X is said to be uniformly smooth if X* is uniformly
convex. We define for positive ¢

|z +tyl? — ll=]?

B(t) = sup (12220

-2 <y, J(z) >zl <1, llyll < 1}

By Theorem 2 f(t) is nondecreasing and sup, ,es(x) Iz + ty[|* — |||
is convex. Therefore by Theorem 1 f3(t) is continuous. And for ¢ >

1-P(et) =-cB(L).

THEOREM 6 [ 7). If X is uniformly smooth Banach space, then
lim,_,o+ A(t) = 0 and

e +yl? < llell* + 2 <y, J(2) > + max {||z], 1}yl 8C1lv])

forallz,y € X .
Proof. Fort > 0, let

a(t) = sup {[[/(z) = J(W)Il : ll=]l €2, [lyll <2, [l= - yll < ¢}.

Since X * is uniformly convex, by Theorem 4

li t) =0.
A o)
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Let F(s) = ||z + sy||?/2. Then

F(s+ k) = F(s) = =(la + (s + R)y|]? — e + sy)

— ]

= 5(llz + sy + hyl| — ||z + syl|)-

(llz + sy + hy|l + [l + sy||)
Hence

lz + sy + hy|| — ||z + syli)
h

F'(s) = Jim [l + syli(
=<y, J(z+3y)>.
Therefore )
F(t) — F(0) = / <y, J(z +sy) > ds
0
Hence for z,y € B(X)

= + tyl|* — |l=||”
t

2 i
—2<y.J(m)>=?/ <y, J(z + sy) — J(z) > ds.
0

Fort <1
At) <
Hence lim,_o+ 3(t) = 0. So we define 3(0) = 0. Fort > 0,z,y € B(X)

“ta(t) = 2a(t)

| 2

=+ tyll” = fl2)f* = 2 < ty, J(2) >< tB(2).
Hence for any = € B(X),y € X,
o+l = ll2[* - 2 <y, J(z) >< |yl Bl

If ||z|| = 1, then

2+ yll* = llel* =2 <y, J(2) >< [l=llllyl1B(y])-

Hence

lz +ll® < ll2fl* +2 <y, J(2) > +max {|l2[}, 1}yl B(ly]]).
O
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LEMMA 3 [ 10]. Let {Bn} be a nonnegative sequence satisfy

6n+1 S (1 = 6n)ﬁn + on

with
5, €1[0,1],) 6i=o00
i=1
and
i o2 =0
n—oo 611 ’
Then
lim B, =0

Proof. Let %f = €,. Then

Bt < (1 =6,)((1 = 8a1)Bn-1 + 0n-1) + 0n
=(1=6,)(1 = 6a1)Bn-1+ (1 —8a)on_1+0a
<(1=68,)(1 = 6n1)(1 = 6n—2)Bn—2
+(1=6)(1=6n-1)0n_2+ (1 —bn)on_1+n.

By induction

Barr < [M7-i(1 = 6; )18k + Z(H:‘;j-{-l(l — 6i)) - 9;.

j=k

So
Bt < M1 = 618k + D (&I 11 (1 = 6:)) - ¢

j=k

Since 1 — §; < exp(—4;) for any 7,

M7y (1—6) S exp(— ) &)+ (%)
j=k
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And we prove by induction that

Z((g O (1~6) <1 (#%).

Ifn=%h+1, then dn—1(1 — 8,) + é, < 1. If the above inequality
(**) holds for n, then we let A, = 2?:&» 6;(1 =~ bj41)--+(1—=46,). B
induction hypothesis A,, < 1. Then

n+41

n+1 Zé (1_ J+1) (1"6n+1)

—Zé (1=6j41) (L= bny1) + bta

= (1 o 5i1+1 )-An + ‘5-n+1
< 1.

Hence for any ¢ > 0 there exists k& such that ¢, < ¢ for n > k. Hence
for sufficiently large n

0 g 671—*—1 S €.
O
3. Main results.
We obtain the following inequality in uniformly smooth Banach
space.

LEMMA 4. Let X be uniformly smooth Banach space. Let 8 be
given in Theorem 6. Then

1A + (1 = Myll* < @ = yll* = Aly - =
+ Amax {[ly[[, 1}|=|| (]|«

+ Amax {[ly[l, 1}z =yl B(Ml — yl),
where 0 < A < 1,2,y € X.

Proof. By Theorem 6,
Az + (1= Nyll* = lly + Mz — )|
< yll2 +20 <z -y, J(y) >
+ Amax {||yl, 1}z — yl|B(All= — yl))
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On the other hand, by Theorem 6, ||y — z||? < ||y]I*> — 2 < z,J(y) >
+max {|ly[|, 1}||=[|B(||z|]). Hence

Az + (1 = X)yll* < [lyll® = 2Mlyll = Ay = =|*
+ AMlyll* + Amax {|lyll, 1} |=[|B([l=I))
+ Amax {||lyll, 1}z — y[lB(Alle =y
< (1= Nyl = AMly — =||?
+ Amax {|ly[l, 1}l=l|B(llz}))
+ Amax {|lyll, 1}z — yllBAl= — yD-

O

In [ 8 | Rhoades prove that a unique fixed pont for
a quasi-contractive map exists. We obtain the conclusion that Mann
iterative process converges to a unique fixed point of quasi-contractive

map in uniformly smooth Banach space. The proof of Theorem 7 is
based on the idea of Chidume and Osilike [1].

THEOREM 7. Let X be uniformly smooth Banach space with 8
satisfying B(t) < ct(c > 0). Let T be a quasi-contractive map from

B(X) to B(X) with constant k < /5. And we define 2,41 = (1 -
2¢c

cn)tn + cnTz, where 0 < ¢, £ 1, limp_ocpn = 0 ey, = o
Then {z,} converges to the unique fixed point for T

Proof. Let z* be a unique fixed point for T. Then

J@as1 = 21 = 1 = en)@n — &%) + ea(T2n — 2°)|?
< —cnllzn - 2*||? = eallzn — Tzall?
+ 2en[|Tzn — 27| B([[T2n - 27])
+2¢nllzn — Tza|Blenlzn — Tanl|)
< (1= ca)lfon — "2 = cullen = Tl
+ 2enk2(|T2n — 2all* + 20 — 2] P)c
+ 2eaB(2en) 2 — Taal.
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by the definition of quasi-contractive map T and the monotone map 5.
Hence

[Tnt1 -2 “2 (1 —ca(l - 2&%¢ ) llzn — 2*|?
+ cn(2k%c = 1) ||T2r — 202
+2e28(2¢a) [|[Tan — @n].
Since k < \/—,
oass = 21 < (1= ea(l = 2K20))J2m — 2|2
+ 2¢nB(2¢n)|| T2 — T4l

By letting 8, = ||zn — 2*||* and Lemma 3, we have 3,, — 0. Therefore
r, —z*. O

Remark. In Theorem 7 if ¢ = 0, then the theorem holds for any
k €[0,1). In Hilbert space we notice that 3 is constant zero.
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