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ON n-ROOT COMPACT HYPERGROUP

MYEONG-HWAN KM AND JAE-WON LEE

0. Introduction.

The most important step on the way to the central limit theorem
on the locally compact space is the embedding of an infinitely divis-
ible measure into a continuous one-parameter convolution semigroup.
The class of root compact groups enables us to describe the domain of
validity for the theorem asserting the closedness of the infinitely divis-
ible probability measures in the semigroup of all probability measures
and for the fact that every infinitely divisible measures is submono-
geneous embeddable. From these circumstances the class of root com-
pact hypergroups provides a useful framework within which to study
the embeddability on the semigroup of infinitely divisible probability
measures. In [1], W. R. Bloom showed that this idea can be related to
divisibility in the underlying hypergroup ( see lemma 1.2 below). In
this note we shall find conditions on the n-root compact hypergroup.

I. Preliminaries.

Let G be a locally compact space. By M!(G) we denote the space
of probability measures on G furnished with the weak topology To,.
The Dirac measure in a point z € G will be abbreviated by e;. Then
G is said to be a weak hypergroup in the sense of Jewett [4] if the
following conditions are satisfied :

(H1) There exists a mapping (z,y) — &, * £, from G x G into M!(G)
which is continuous and satisfies the equality
(1.0.1) (Ee*ey)*e, = *(gy %¢;) for all z,y,2 in G.
(H2) For any z,yin G supp(e, * &), the support of &, * &, is compact.
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(H3) There exists a homeomorphism « — z~! from G into G such that for
all z,y in G, the equalities z = (z7!) 7! and (e, *ey) ™! = gy-1%€,1
hold.

(H4) There exists an element e in G such that e, x £, = €, x €. = ¢, for
all z € G.

The mapping “+” introduced in (H1) is called the convolution in G

. it can be extended to a convolution in the set M®(G) of all bounded

measures on G. The homeomorphism z — z~! introduced in (H3) is

called the involution of G ; it can also be extended to M®(G). Naturally

the element “e” defined in (H4) is said to be the unit element of G. A

- weak hypergroup G is called a hypergroup if the following additional
conditions are satisfied :

(H5) For any z,y in G, e €supp(ez*egy-1) iff z=y.

(H6) The mapping (z,y) + supp(e; * £y) from G x G into R(G), where
R(G) is the space of all nonempty compact subsets of G, is contin-
uous.

A hypergroup G is said to be a commutative if e; * e, = €, * ¢,
for any z,y in G. Given f € C%G) and z,y in G, we write

(102) flarn = [ fz)eveylda)

where z *y is considered as the set supp(e,*£y). If A and B are subsets
of G then the set 4 * B is denoted by

(1.0.3) A wB = U supp(ez * €4)

TEA
yEB

If H is a compact subhypergroup of the hypergroup G and z € G,
then the sets H « {¢} * H := HuzH form a decomposition of G, and
G//H = {HzH : = € G} has a natural convolution. This set G//H
will be called double cosets of H. Then with the normalized Haar
measure wy on H and following operators :

EHzH * EHyH = / € HytyHWH(dt) forany z,y€ G
H
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(H:nH) = Hz 'H,

each double coset G//H is compact hypergroup furnished with the
quotient topology and the identity element is H = HeH (cf: [4]; The-
orem 8.2B). For z, y € G write 2 ~ y if there exist zq,22,--+ ,2z2n € G
such that y € Z,,* {2 } *Z !, where Z,, = {21} * {22} *- - - * {2, }. The
relation ~ is a equivalence relation on G (cf : [1]; Lemma 3.1). We
write

C:={yeG:y~z}

for the conjugacy class of G containing z. Then we can convert the
set C; into following :

Co = J{Znr{2}+ 27" : 2, = {1} * {22} %+ {za),
ZiEG,i:l’Q,--- ,n,nEN}

A hypergroup G is called class compact if all of its conjugacy classes
are relatively compact, in other words, the closure of C is compact for
any = € G.

DEFINITION 1.1. Let n € N. A hypergroup G is called n-
root compact (written G € R, ) if the following condition holds : For
every compact C C G there exists compact C, C G such that all finite
sets { 1,29, ,2, } In G with z,, = e satisfying

(1.1.1) {ei}+Cx{a;}xC[V{au;} xC # ¢

for 1 + j < n are contained in C,.

Write R:=(),,»; Rn for the class of all root compact hypergroups.
G is said to be strongly n-root compact if G is n-root compact with
a subset C, = Cj independent of n. For each I C M!(G) and every
compact C' C G, write

(1.1.2) R(n,K) = {pe MY(G): u" € K},
(1:d=3) R(n,u) = {ve MYG): v* = p},

(1.1.4) clin — {zeG: {z}"cC).
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LEMMA 1.2. ([1]; Theorem 4.4) Let G be a hypergroup and
consider the following conditions :
(i) GER, ;
(i) R(n, K) is relatively compact for each relative compact K C M(G)
(iii) cl/n is compact for every compact C C G.
Then (i) = (ii) = (iil). If, in addition, G is class compact and has
a compact invariant neighborhood of e, then (iii) = (i) also holds.

II. Main result

We now meet the conditions satisfying the n-root compactness of a
hypergroup G. Our following statements are the extension to a hyper-
group for the n-root compact locally compact groups.

THEOREM 2.1. Let G be a hypergroup, H a compact normal
subhypergroup of G, the mapping = : G — G//H given by n(z) =
HzH a continuous epimorphism from G onto G//H. Then G € R, iff
G//H € R.,.

Proof. Suppose that G € R, and G' = G//H. Choose a compact
subset D of G' and write C = m~1(D). Then C is a compact subset of
G ([4); Theorem 13.1.c). For any finite set {1,z2, -+ ,Zn} in G with
Tn, = €, put
(2.1.1)

{Hz;H}* D+ {Hz;H}*D [ |{Hzir;H} *D# ¢ for i+j<n

‘We shall prove that, for all finite subset {HzH, HzoH,--- ,He,H} C
G' with Hz,,H = H, there exists a compact subset D,, of G' satisfying
the equation (2.1.1). But then from (2.1.1),

¢ # {m(z:)} * 7(C) * {m(z;)} ¥ n(C) [ {w(zi+;)} * 7(C)
= n[{a;} * H« Clxn[{z;} = H+ C] (| wl{wiy;} * H % C]
=n[{e:} * HxCx Hx{z;}« H+C] [ | n[{ziz;} x H  C]
=H+{e}+H+«CxHx{o;}xs HxCxH(|H*{zi;}xHxC* H

by the normality of H
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={ei} » H*+C+ Hx{o;} x Hx Cx H( ({zi4;} x B> * C + H.
Smce H is a subhypergroup of G, it follows that
(2.12) ¢ # {w:}(H+CxH )+ {2;}x(HxCx H) (| {2ig;}+(H+CxH).

Moreover since H and C' are compact, so is H * C  H, there exists a
compact subset C, of G containing {z,zs, -+ ,2,} with 7, = e that
satisfies the equation (2.1.2). Now define D, := #(C,), then D, is
compact and contains a finite subset {7(x1),7(z2), -+ ,m(2z,)} of G,
and hence satisfies the equation (2.1.1).

Suppose that G' € R,, and C is a compact subset of G. Then D =
m(C) is compact in G', so that for any finite subset {Hz,H,Hz,H,. ..
yHa,H} with Hx, H = H, there is a compact subset D, of G' satis-
: fying
r (2.1.3)

{HeiH}* D+ {He;H}« D[ {HaipjH}xD# ¢ for i+j<n.

Let, now, C, = 77!(D,,), then C, is compact (by [4],Theorem 13.1.c),
and let any finite subset {21,249, - ,2,} C G satisfy

(2.1.4) {2} +Cx{z;}+C({rij} *C# ¢ for i+j<nm,
where x,, = . Then we have
6 #7l{rd # C # {ay}x € Yaieg) # C]
(2.1.5)
Cwl[{z:} * C* {;} » Cl [ [{ziz;} * C]
= {m(xy)} * D * {mw(x;)} * D ﬂ{ﬂ'(l‘prj)} ol
and hence, {7(x1),m(22), -+, 7(2,)} C Dy, so (i v Bk €& @

Moreover from the definition of r, m(z,) = Hxn,H = H, and therefore
4 z,=c¢. |}

THEOREM 2.2.  Let G be a class compact hypergroup with a
compact invariant neighborhood of e, H an ascending system of normal




38 Myeong-Hwan Kim and Jae~Won Lee

subhypergroups in R, with G = U{H : H € H} such that for every
H € H there exists only a finite number of elements in G//H whose
order divides n. Then G € R,..

Proof. Without loss of generality, let C' be a G-invariant compact
subset of G and assume that e € C, C = C~! where C~! = {y :
er*xey=¢, forall z e C}. Put cl/n = {ze G : {z}" C C} for
n > 1. It is sufficient to show that cl/nis compact in G by lemma 1.2.
Choose H € H such that C C H, and denote the natural projection 7 :
G — G//H, given by n(z) = HzH. Then, by assumption, there exists
a finite subset {z1, s, - ,z,} in G such that #(z,),7(z2), - 7(z,) €
G//H are elements whose order divides n. Let z € C 1/n Then
{z}™ C C C H, and hence {n(z)}" = Hz"H = n(e). Thus thereis a
j€{1,2,--- ,r} withz € Hz;H, and by the normality of H, z € z; H?
or ¢ € z;H. Hence there are an h € H and an invariant compact
subset D of G such that h = :cxj_l andl e nah s e € D,
Then h € {z}D C CD and {h}™ C CD™", and since CD™ is compact
there exists an H' € H with H ¢ H', CD™ C H'. The set D'/" :=
{h€ H' : {h}" C CD"™} is compact since H' € R,. But h€ H C H'
and {h}* C CD", hence h € DY/, So & = hz; € DY/™ x {z;}, or
cl/n ¢ - Dl/n & {z;}. Therefore c1/7 is compact. O

References

1. W. R. Bloom, Infinitely divisible measures on hypergroups, Probability Measures
on Groups (Proc. Sizth Conf. Oberwolfach 1981) Lec. Notes in Math. no 928.,
Springer-Verlag Berlin, 1982, pp. 1 - 15.

2. H. Heyer, Probability measures on locally compact group, Springer- Velag Berlin,
1977.

., Probability theory on hypergroups : A Survey, Probability Measures on
Groups VII (Proc. Conf. Oberwolfach 1983) Lec. Notes in Math. no 1064.
Springer -Verlag Berlin, 1984, pp. 481 - 550.

4. R. I. Jewett, Space with an abstract convolution of measures, Adv. in Math. 18
(1975), 1 - 101.

)

Myeong-Hwan Kim
Department of Mathematics
Kangweon National University

Chooncheon 200-701, Korea




ON n-ROOT COMPACT HYPERGROUP 39

Jae—Won Lee

Department of Mathematics
Sung Kyun Kwan University
Suwon 440 - 746, Korea




