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AN EXTENDED JIANG SUBGROUP
AND ITS REPRESENTATION

Moo HA Woo AND SoNG Ho Han*

0. Introduction.

F.Rhodes [4] introduced the fundamental group o(X,z¢,G) of a
transformation group (X,() as a generalization of the fundamental
group of a topological space X and showed that o(X, z, G) is isomor-
phic to m(X,z¢) x G if (G, G) admits a family of preferred paths at
e. B.J. Jiang [3] introduced the Jiang subgroup J(f,zo) of the funda-
mental group of a topological space X.

In this paper, we introduce an extended Jiang subgroup J(f, zo, G)
of the fundamental group of a transformation group as a generaliza-
tion of the Jiang subgroup J(f,z,) and give a necessary and sufficent
conditon for J{ f,z¢,G) to be isomorphic to J(f,z¢) x G.

1. Preliminaries and main results.

Let (X, G, 7) be a transformation group, where X is a path con-
nected space with zo as base point. Given any element ¢ of G, a path
f of order g with base point 24 is a continuous map f : I — X such
that f(0) = zy and f(1) = gao. A path f; of order ¢g; and a path f5
of order gy give rise to a path f; + g1 f2 of order g;¢g, defined by the
equations

fl(z‘s)s 0<5<1/2

(fi+g1f2)(s) = { g1f2(2s = 1), 1/2<s<1.
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Two paths f and f' of the same order g are said to be homotophic if
there is a continuous map F : I2 — X such that

F(s,0) = f(s), 0ss=1,
F(s,1)=f'(s), 0<s<1,
Fl0.1) =a2p. 0<t<d,

Flity=igzy, - D =tE

[

The homotopy class of a path f of order g was denoted by [f : gl.
Two homotopy classes of paths of different orders g; and g3 are distinct,
even if g1z9 = gazo. F. Rhodes showed that the set of homotopy classes
of paths of prescribed order with the rule of composition * is a group,
where * is defined by [f; : g1]*[f2 : g2) = [f1 + 91f2 : 9192]. This
group was denoted by o(X,zo,G), and was called the fundamental
group of (X, G) with base point zy.

Let f be a self-map of X. A homotopy H : X x I — X is called
an f- cyclic homotopy [3] if H(z,0) = H(z,1) = f(z). This concept
of a topological space is generalized to that of a transformation group.
A continuous map H : X x I — X is called an f-homotopy of order
g if H(z,0) = f(z), H(z,1) = gf(z), where ¢ is an element of G. If
H is an f-homotopy of order g, then the path o : I — X given by
a(t) = H(zg,t) will be called the trace of H.

The trace subgroup of f~homotopies of prescribed order is defined
by J(f,z0,9) = {[a : g] € o(X, f(z0), G) | there exists an f-homotopy
of order g with trace a}.

In particular, J(1x,z9,G) was defined by E(X,20,G) in [5] and
J(f,z0,{e}) was also defined by J(f,zo) in [3]. From this fact, we say
that J(f,z0,G) is an extended Jiang subgroup.

It is easy to show that an extended Jiang subgroup J(f,z0,G) is a
subgroup of (X, f(z0), G).

Let (X, G) be a transformation group and XX be the space of all
continuous mappings from X to X with compact-open topology. Let
G act on XX continuously by 7'(f,¢) = gf. Then (X*,G,n') is a
transformation group .

Let P: XX — X be the evaluation map given by P(f) = f(=).
If X is a locally compact,then the evaluation map P is continuous.
Since P(gf) = gf(zo) = gP(f), where g € G and f € X*,(P,15) :
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(XX,G) — (X,G) is a category mapping. Thus we know that P, :
o(XX,1x,G) — (X, z,G) defined by Pulov i gl = [Pow 1.4 18 a
homomorphism

There is a natural homeomorphism ¢ : (XX)! — X X*I given by
#(f)(z,s) = f(s)(z) for z € X and s € I.

Note that f ~ f' if and only if ¢(f) ~ ¢(f'). Motivated by the fol-
lowing theorem, we can consider J(f, zg, G) as a generalized evaluation
subgroup of the fundamental group of a transformation group (X, G).

THEOREM 1. Let X be a pathwise connected CW-complex. Then
P,o(X%, f,G) = J(f,20,G).

Proof. By the above remark, the path o : I — XX of order ¢ with
base point f corresponds to the f-homotopy ¢(a) : X x I — X of
order g¢.

For every element [« : g] € o(X¥, f,G), P.a:g]=[Poa:g]and
there exists an f-homotopy ¢(«) of order ¢ with trace P o a. Thus
P.la: gl € J(f,29,G).

Conversely, for each element [a : g] of J(f, o, G), there exists an f-
homotopy F' : X xI — X of order g with trace . Since ¢ : (XX)I
X*>*1 is a homeomorphism such that GCH i 8) = (f(s}) (
is a path of order ¢ with base point f in XX, for ¢~1(F )

X¥* such that ¢5 HF)0 )( ) — F(t 0) = f(= )and ¢~ UF )(1)(5': =,
Fle, Lizegfia). "Flhus [~ J] belongs to a( X+, f,G). Since P o

“1(F)(s) 6~ 1(F)(s)(xo)
= F(z9,s) = a(s), we have [a : J} € P.o(X~,f,G). This completes
the proof.

The Jiang’s result ([3], Lemma 2.1) can be generalized as follows.

THEOREM 2. Let f and k be self maps of X.

(1) J(k, f(20),G) C J(k o f,0,G).

(2) If k is a homomorphism of(X,G), 1.e., kg(x) = gk(z) for any
element g of G, then k.(J(f,20,G)) C J(ko f,z0,G) where
krla : g] = [ka : g] for any element [ : g] of J(f, 2o, G).

Proof. (1). Let [a : g] be an element of J(k, f(20),G). Then
there exists an k-homotopy H : X x I — X of order g such
that H(z,0) = k(z), H(z,1) = gk(z) and H(f(zo),t) = a(t).
Therefore there exists a homotopy H' = Ho (f x 1;) : X x
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I — X such that H'(z,0) = H(f(z),0) = kf(z), H(z,1) =
H(f(z),1) = gkf(z) and H'(zo,) = H(f(zo)t) = alt).
Thus [« : g] belongs to J(ko f,zq,G).

(2). Since k: (X,G) — (X, G) is a homomorphism, k in-
duces a homomorphism k. : 0(X, f(20),G) — o(X,kf(z0),G).
Let [@ : ¢] be an element of J(f,z9,G). Then there ex-
ists an f-homotopy H : X x I — X of order ¢ such that
H{z,0) = f(z),H(z,1) = gf(z) and H(zp,t} = a(t). Fhere-
fore there exists a homotopy K = ko H : X x I — X such
that K{z,0) = k o H(z,0} = kf(z), K(z,1) = ko H(z,1) =
kgf(z) = gkf(z) and K(zo,t) = kH{zy,t) = ka(t).

Thus k,[a : g] belongs to J(ko f, zg, G). Therefore, we show
that

ko(J(f, 0, @) C J(k o f,z0,G).

COROLLARY 3 [3]. Let f and k be selfmaps of X. Then

I(k, f(20)) C J(ko f,z0),
kx(J(f,20)) C J(k o f,z0).

If we take a map i, : J(f,z9) — J(f,20,G) such that
t«]a] = [a : €], then we can identify J(f,zo) as a subgroup
of J(f,z0,G). In this case, J(f,zo) is a normal subgroup of
J(f,l‘g, G)

In (4], F.Rhodes showed that if A is a path from z4 to 1,
then X induces an isomorphism A, : o(X, zo,G) — o(X,z1,G)
such that A ja: gl =[Ap+a+gX:gl

THEOREM 4. Assume that X is a pathwise connected CW -
complex. Let (X, G) be a transformation group. If X is a path
from zg to zy in X, then the induced homomorphism (fX).
carries J(f,zo,G) isomorphically onto

J(fr21,G).

Proof. Since (fA). : o(X, f(20),G) — o(X, f(21),G) is
an isomorphism, it is sufficient to show that (fA).(J(f, 0, G))
is a subset of J(f,z1,@G).

Let [a : g] be any element of J(f,zo,G). Then there ex-
ists an f-homotopy W : X x I — X of order g with trace
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a. Consider a homotopy H : X x 0\Jz; x I — X given

by H(zx,0)

@ andH(zq1,t) = Ap(t). Then there exists a

homotopy H : X x I — X such that I:.i’(x,O) = z and
H(zy,t) = H(z1,t) = Ap(t). Define K : X x I — X by

Hizat]=

fH(z,3t), 0<t<1/3
W(H(z,1),3t — 1), 1/3<t<2/3
gfH(z,3(1 - 1)), est=1

Then K is an f-homotopy of order g, for

IK(ry,t)=

FH(zy,3t), (e T b
W(H(z1,1),3t — 1), 1/3<t<2/3
gfH(21,3(1 - 1)), 93 <t<
FAp(3t), 0<t<1/3

a(3t — 1), 1/3<t<2/3
gfA(3t —2), 23t

FAp+ a+ gfA)2).

Thus (fA)u([e: g]) = [fAp+a+gf): g] belongs to J(f,z;,G).
So, the induced homomorphism (f)), is an isomorphism from

J(f,ﬂJo,G) to J(f,.Tl,G)

THEOREM 5. If two functions f,k : X — X are homo-
topic, then J( f,zq,G) and J(k,z9,G) are isomorphic.

Proof. Let H : X x I — X be a homotopy from f to k
and P(t) = H(xo,t). Then P is a path from f(z¢) to k(zo).
It is sufficient to show that Po(J(f,z0,G)) C J(k, ¢, G).

Let [a : g] be any element of J(f,z9,G). Then there ex-
1sts a homotopy W : X x I — X such that W(z,0) =
f(z),W(2,1) = gf(a) and W(zg,t) = a(t). If we define a
homotopy K : X x I — X given by

K(z,t) =

Hiz,1-31), 0<t<1/3
Wi(a,3t — 1), 1/3 <t <2/3
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then: Kiz,0)=H(z,1).= klz); Kz, 1) =tgH{z A —#qk(z)
and

H(zo,1—3t), 0<t<1/3
K(zo,t) =< W(zq,3t—1), 1/3<t<2/3
gH (29,3t — 2), Vil 7 e IS

Therefore [Pp + a + ¢gP : g] belongs to J(k,zo,G). Therefore
Po(J(f,z0,@)) is contained in J(k,zg,G).

CoRroOLLARY 6. If f,k : X — X are homotophic, then
J(f,zo) and J(k,zq) are isomorphic.

THEOREM 7. If f : X — X is a homeomorphism, k is a
self map of X and f(zo) = k(zo), then J(f,zo, Q) is contained
sk, 70, G):

Proof. Let [« : g]| be any element of J(f,zo,G). Then there
exists an f-homotopy H : X x I — X of order g with trace
a. If we define K : X x I — X be a homotopy such that
K= H o(ifc kogily)thén

K(z,0) = H(f k(2),0) = k(z),
K(z,1) = H(f " Ka),1) = gk(z)

and

K(zo,t) = H(f'k(z0),t) = H(f " f(z0),1)
- H(:L‘o,t} = Cu(t).

Therefore [a : g] belongs to J(k, zg, G).

COROLLARY 8.

If f,k: X — X are homeomorphisms and f(z¢) = k(zo),
then J(f,z0,G) is equal to J(k,zo,G). In particular, J(f, zo)
is also equal to J(k,zq) for homeomorphisms f and k.

If f: X — X is a homeomorphism and f(zy) = zq, then
J(f,z0,G) is equal to E(X,z,G).
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In [4], a transformation group (X,G) is said to admit a
family K of preferred paths at z¢ if it is possible to associate
with every element g of G a path k, from gz to zg such that

| the path k. associated with the identity element e of G is 2
‘ which is the constant map such that 24(t) = z¢ for each t € I
and for every pair of elements g, h, the path kg5 from ghzg to
! xg is homotopic to gk, + k.

DEFINITION 1. A family K of preferred paths at f(zg) is
called a family of preferred f-traces at x¢ if for every preferred
path kg in K, k,p is the trace of f-homotopy of order g.

THEOREM 9. Let (X,G, ) be a transformation group. If
! (G,G) admits a family of preferred paths at e, then (X,G)

admits a family of preferred f-traces at zq for any self map f
of X.

Proof. Let H be a family of preferred paths at e in (G, G).
Define K = {ky|kys(t) = ho(t)(f(z0)),hy € H}. Let F: X x
I — X be the map such that

F(e,) = n(f(z), hopl(t)), p(t) =1 1.
So,

é Aﬂmm—wum ﬂD—h()()=ﬂﬂ
By Pz, 1) = n( f(z), hy(0)) = B,(0)f(z) = g f{z)

and

F(z0,t) = 7(f(20), hep(t)) = hyp(t)f(w0) = kypl(2).

E | Thus, F' is a f-homotopy of order g with trace k,p. So, K
| is a family of preferred f-traces at zq.

LEMMA 10. Let (X,G) be a transformation group and let
f:X — X be a self map. If k is a trace of a f-homotopy
of order g, then for every loop a at zg, fa is homotopic to
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k+ gfa + kp. In particular, if f is a homeomorphism and a
is a loop at f(z¢), a 1s homotopic to k + ga + kp.

Proof. Let H : X x I — X be a f-homotopy of order ¢
with trace k£ and « be a loop at xy. Define F: I x I — X by

k(4s), 0<s<t/4
F(s,t) =< H(a((ds—1)/(4 — 2t)),1), t/i<s<(4-1t)/4
kp(4s — 3), (4—1)/4<s<1.

Then F is well defined and
F(s,0) = H((s),0) = (fa)(s),
F(s,1) = (k + gfe + kp)(s).

In particular, suppose that f is a homeomorphism. Define
F:XxI— X by

k(4s), 0<s<t/4
F(s,t)=§ H(f'a((4s —t)/(4 - 2t)),2), t/a<s<(4-1)/4
kp(4s — 3), (s

Therefore E(S,U) S H(F als) 0= fir7als))=0ns).

( k(4s), Osis =44
F(s,1) = H(f(a((4s - 1)/2)),1), 1/4<s<3/4
kp(4s — 3), St g o]
k(4s), 0<s<1/4
=1 9ffH(a((4s - 1)/2)), 1/4<s<3/4
kp(4s — 3), 3/4<s<1,
k(4s), 0<s<1/4
= ¢ g9a((4s —1)/2), 1/4<s<3/4
1 kp(4s — 3), 3/4<s<1,

= (k + ga + kp)(s).

So, a is homotopic to k + ga + kp.
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THEOREM 11. A transformation group (X,G) admits a
family of preferred f-traces at zo if and only if J (f,z0,G)
] is a split extension of J(f,2q) by G.

Proof. Suppose (X, G) admits a family K = {k,|g € G} of
l ] preferred f-traces at zg. Consider the sequence:

0 = J(f,20) —2 J(f,20,G) 25 @ — O,

where ig([a]) = [a: €] and jgla: g] = g.

Since i is a monomorphism, jg is a epimorphism and
Ker jg = Imig, the sequence is a short exact sequence. De-
fine ¥ : G — J(f,2,G) by ¥(g) = [kgp : g]. Then 3 is a

homomorphism. Indeed,

¥(9192) = [kg, 0,0 * 9192]
! = [(91kg, + kg, )p : 9192]
| = [kg,p + g1kg,p = 9192)
| = [kgp: g1] * [kgyp : g2
‘ = 1b(g1) * ¥(g2).

i By definition of ¢, we have jg ot = 1g. Thus J(f,z9,G) is a
Ry split extension of J(f,z,) by G.
; | Conversely, suppose J( f, zg, G) is a split extension of J( £, zg)
1 by G. Then there is a monomorphism ¥ : G — J(f,z,G)
such that jgo¢ = 14.
Let H = {aylayp is a representation path of ¥(g)}. Since
p(e) = [f(xo) : €] and ¥(g192) = ¥(g1) * ¥(g2), ag is a?ath
P from gf(zq) to f(zg) for each element ¢ of G and «a, = f(zg)
| and «y, 4, is homotopic to gjay, + a,,. So, H is a family of
preferred f-traces at @g. Therefore, a transformation group
1 (X, G) admits a family of preferred f-traces at zg.

THEOREM 12. Let f : X — X be a homeomorphism.
A transformation group (X,G) admits a family of preferred
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f-traces at o if and only if there exists an isomorphism ¢ :
J(f,xo,G) — J(f,zq) x G such that the diagram commutes

J(f,:b‘u,G)

i

0 — J(fz) |8 G —— 0.

N

J(f,l‘()) x G

Proof. Let K = {kslg € G} be a family of preferred f-
trace at xg. Define ¢ : J(f,zo,G) — J(f,20) x G by ¢([a :
9]) = ([a + k4], g). Let [o : g] be an element of J(f,zq,G).
Then there exists a f-homotopy H : X x I — X such that
H(z,0) = f(z),H(z,1) = gf(z) and H(zo,t) = a(t), and k,p
is a trace of f-homotopy J : X x I — X of order g.

Define F: X x I — X by

H(z,2t), gt

Jleg = { J(z,2(1 — 1)), 1/2 <t <1.

Then F is a cyclic homotopy with trace a + kg, for

F(2,0) = H(z,0) = f(z), F(a,1) = J(2,0) = f(z),

o _{H(%»t), 0<t<1/2
el J(z0,2(1 - 1)), e Ty
= (a+ kg)(1).

Thus [a+k,] belongs to J(f,zo). Let [a : g] = [o' : ¢']. Then a
is homotopic to o' and a+k, is also homotopic to a'+k,. Thus
¢ is well-defined. Suppose ¢([a : g]) = ¢([a’ : g]). Then a +k,
is homotopic to a' + k4. This implies that a(= a + k, + k,p)
is homotopic to &'(= &' + ky + kgp). Therefore ¢ is injective.
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For any element ([a}, ¢) € J(f,z0) X G, there exists a cyclic
homotopy H : X x I — X such that H(z,0) = f(z) =
H(z,1) and H(zo,t) = a(t).

Since {ky|g € G} is a family of preferred f-traces at zg, there
exists a f-homotopy W : X x I — X such that W(z,0) =
f(z), W(z,1) = gf(x) and W(zo,t) = kyp(t). Define

H(z,2t), 0<t<1/2

Bl )=
@) {W(m,‘lt—l), 1/2<t<1,

then F(zg,t) = (a + kgp)(t). So, there exists an element [« +
kgp: gl in J(f,xo,G) such that ¢([a + kep: ¢]) = ([a + kgp +
kgl,9) = ([ee],¢). Therefore, ¢ is surjective.

Next, we show that ¢ is a homomorphism. Let [a; : g1] and
[ag : g2] be elements of J(f,zq,G). Then

O([er = ga] * [z 1 g3)) = d([ay + groz : g192])
= ([Q’] +g10(2 + kg1§2]79192)'

while

$([ar 2 g1]) 0 ¢([ava : g2]) = ([ar + kg, ], 91) 0 ([a + kg, ], 92)
= ([o1 + kg, + a2 + kgz]aQ]Q?)-

Since ay + kg, is a loop at f(zg) and kg, p is a trace of a f-
homotopy of order g1, a2 + kg, is homotopic to kg, p+ g1(az +
kg,) + kg, by Lemma 4-2.

Therefore, we have

a1+ kg + s+ kg, ~ar+ kg, + kg p+ gi(az + kg, )
+ 'l“‘yl ~ag + gl(aﬁ + ‘I“‘gz) + k{n ~ a1+ g10 +g1kg2
+ kg, ~ a1+ gra + B

This implies that ¢ is a homomorphism.
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Conversely, given a commutative diagram with exact rows
and ¢ which is an isomorphism :

J(f,l‘o,G)
iG/‘ Ngile ‘

O sy (e lﬁs G,

LN w//‘ iy |

J(f,&?o) x G

define ¥ : G — J(f,xo,G) to be ¢! 04;. Use the commu-
tativity of the diagram to show jg o3 = lg. Then there is a
monomorphism ¥ : G — J(X, 29, G) such that jgoy = l¢.
So, J(f,rq,G) is a split extension of J(f,z¢) by G. By Theo-
rem 11, (X, G) admits a family of preferred f-traces at zo.

COROLLARY 13. Let f: X — X be a homeomorphism. A
transformation group (X, G) admits of preferred f-traces at zg
and G abelion if and only if O — J(f,z¢) — J(f, 20, G) —
G — O is a split exact sequence of Z-module.
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