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SOME EXISTENCE THEOREMS FOR TWO VARIABLE
FUNCTIONS ON TOPOLOGICAL VECTOR SPACES

SEHIE PARK

In this paper, from fixed point theorems recently due to the present
author [P2-4], we deduce some existence theorems for two variable
functions on topological vector spaces. Such existence theorems are
shown to be equivalent to known fixed point theorems and extend
previously known results of Park [P1], Takahashi [T], and Im and Kim
[IK].

Let X and Y be sets. A multifunction F : X — 2Y is a function
from X into the class 2¥ of nonempty subsets of ¥. For 4 X, let
F(A)=J{S(z):z € A}. For any B C Y, we denote

F*(B)={z€X:F(z)NB#0}and F*(B) = {x € X : F(z) C B).

For topological spaces X and Y, a multifunction F : X — 2Y is said
to be upper semicontinuous (u.s.c.) if (V) is open for each open set
V CY; lower semicontinuous (Ls.c.) if F~(V) is open for each open
set V C Y; continuous if it is u.s.c. and ls.c.; and compact if F(X) is
contained in a compact subset of ¥. A nonempty topological space is
acyclic if all of its reduced Cech homology groups over rationals vanish.

For topological spaces X and Y, we define

feC(X,Y) < f is a (single-valued) continuous function.

F e K(X,Y) <= Fis a Kakutani map; that is, ¥ is a subset of a
topological vector space and F is w.s.c. with compact convex values.

F € V(X|Y) < F is an acyclic map; that is, F is w.s.c. with
compact acyelic values.

The following is due to the author [P2, Theorem 7(iii)] and a par-
ticular form of [P3, Theorem 3(iii)].
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THEOREM 1. Let X be a nonempty convex subset of a locally con-
vex Hausdorfl topological vector space E. Then any compact map
F e V(X,X) has a fixed point.

Theorem 1 contains many particular cases and, for K instead of V,
it is known to be the Himmelberg fixed point theorem [H].

Recall that an extended real function f : X — R on a topological
space X is lower [resp., upper| semicontinuous (Ls.c.) [resp., ws.c.] if
{z€X:f(z)>r) [resp., {z € X : f(x) < r} is open for each r € R.

Theorem 1 has the following equivalent formulation of a form of
quasi-
variational inequality:

THEOREM 2. Let X be a nonempty convex subset of a locally con-
vex Hausdorff topological vector space E, Y a nonempty compact sub-
set of X, and f : X x Y — R an u.s.c. function. Let S : X — 2Y be
an u.s.c. multifunction with compact values. Suppose that

(1) the function M on X defined by

M(z)= sup f(z,y) for z€X
YyES(z)

is l.s.c.; and
(2) for each = € X, the set

{y € S(z): f(z,y) = M(z)}

is acyclic.
Then there exists an & € Y such that

3 e8(2) and f(#,&)= M(&).

Proof of Theorem 2 using Theorem 1. Note that the marginal func-
tion M in (1) is actually continuous. See [AE] or [Be]. Define a multi-
function T: X — 2Y by

T(z) ={y € S(z) : f(z,y) = M(x)}
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for z € X. Note that each Tz is nonempty and acyclic by (2). More-
over, the graph Gr(T) is closed in X x Y. In fact, let (24, Ya) € Gr(T)
and (Za, Ya) — (z,y). Then

f(fv“,y) = @f(xaaya) = EQEM(I&)
2 lim M(zq) > M(z)

and, since Gr(S5) is closed in X x Y, yo € S(zq) implies y € S(z).
Hence (z,y) € Gr(T). This also shows that each T'(z) is closed and
hence compact in Y. Therefore, T € V(X,Y) and hence, by Theorem
1, T has a fixed point & € Y; that is, # € S(&) and f(2,28) = M(x).
This completes our proof.

Proof of Theorem 1 using Theorem 2. Put S=F, YV = F(X), and
f(z,y) = 0 for (z,y) € X x Y. Then (1) and (2) hold automatically.
Therefore, by Theorem 2, F' € V(X,Y) has a fixed point.

REMARKS. 1. If X =Y, S(z) = X for z € X, and the set in (2) is
convex, then Theorem 2 reduces to Takahashi [T, Theorem 4], which
was applied to prove Fan’s generalizations [F] of fixed point theorems
of Schauder and Tychonoff. Fan’s theorems are now called the best
approximation theorems.

2. If S and f are continuous in Theorem 2, then (1) holds automat-
ically. See Berge [Be]. In this case, Theorem 2 replacing acyclicity in
(2) by convexity reduces to Im and Kim [IK, Theorem 1], which was
used to generalize an existence theorem of Kaczynski and Zeidan [KZ]
on non-compact infinite optimization problems. ’

3. In [IK], the authors gave an example showing that the lower
semicontinuity of S is essential. However, their example actually shows
that condition (1) is indispensable in Theorem 2.

4. If acyclicity in (2) is replaced by convexity, then Theorem 2 is
equivalent to the Himmelberg theorem [H].

If M is replaced by a constant function in Theorem 2, then we have
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THEOREM 3. Let X, E,Y, f, and S be the same as in Theorem 2.
Let ¢ be a real number such that

(1) f(z,y) < c for every (v,y) € X x ¥ with y € S(x); and
(2) for each z € X, the set

{y € S(z): f(z,y) =c}

is acyclic.

Then there exists an & € ¥ such that

€ S(2) and f(&&)=c.

REMARK. If X =Y, S(z) = X for z € X, and the set in (2) is
convex, then Theorem 3 reduces to Takahashi [T, Corollary 5].

If X itself is compact, then Theorem 2 holds for more general spaces
than locally convex spaces. In order to show this, we need the following
particular form of the author [P4, Theorem 5(vi)]:

THEOREM 4. Let X be a nonempty compact convex subset of a
topological vector space E on which E* separates points. Then any
F € V(X,X) has a fixed point.

From Theorem 4, we have

THEOREM 5. Let X and E be the same as in Theorem 4. Let
f:XxX — R be an us.c. function, and S : X — 2X an u.s.c.

multifunction with compact values such that conditions (1) and (2) of
Theorem 2 hold. Then the conclusion of Theorem 2 holds.

Proof. Just follow the proof of Theorem 2 using Theorem 4 instead
of Theorem 1.

REMARK. If E is locally convex, Hausdorff, and S(z) = X for z €
X, then Theorem 4 reduces to Takahashi [T, Theorem 4].

For the definition of an lc space, see [B, P1]. Note that an ANR
(metric) is an ¢ space and a finite union of compact convex subsets of
a locally convex Hausdorff topological vector space is an lc space.
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THEOREM 6. Let X be a compact acyclic Ic space, f: X x X - R
an u.s.c. function, and S : X — 2% an ws.c. multifunction with

compact values. Suppose that conditions (1) and (2) of Theorem 2
hold. Then the conclusion of Theorem 2 holds.

Proof. Just follow the proof of Theorem 2. Then the multifunction
T : X — 2% is acyclic-valued and has closed graph; that is, T' ¢
V(X, X). Therefore, T' has a fixed point by a well-known theorem of
Begle [B].

REMARKS. 1. If X is a compact convex subset of a locally convex
Hausdorff topological vector space E and S(z) = X for all z € X, then
Theorem 6 reduces to Takahashi [T, Theorem 4].

2. As for the case of Theorems 1 and 2, Theorem 6 is an equivalent
formulations of Begle’s theorem. Note that, for S(z) = X for z € X,
Theorem 6 reduces to Park [P1, Theorem 1.3].

3. Finally note that Theorems 1 and 4 hold for admissible multi-
functions of the form 27 and 2%, respectively, in [P3, 4]. Therefore,
some results in this paper can be improved by adopting more general
classes of sets instead of acyclic sets.
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