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ON THE SEMIHOMOGENEOUS
PARTIAL DIFFERENTIAL EQUATIONS

RAaKJoONG KM

§1.INTRODUCTION

Hoérmander{1], Scheurer[3] obtained two kinds of theorems called the
uniqueness theorems and the existence theorems from which we can
deduce the regularity theorems with respect tothe partial differential
operators of homogeneous type and Isakov([2] obtained the same results
with respect to partial differential operators of semihomogeneous type.

In this paper we are concerned with the partial differential operator:

(1.1) P(e,D,) = Z (z)D; +Z I)D2+Zb e(2),

where a;,b;, and ¢ are contained in Loo(9), and each a; € CY{Q).
We assume that all coefficients are real valued functions defined in a
bounded open set Q C R"™.

Now we introduce some notations and pseudo-convex surface with
respect to semihomogeneous partial differential operators. For some

multi-indices m = (my, -+ ,my,) of positive integers with
D<miEme L Mgy <My =+ =My,
and @ = (@, - ,a,) we write |a : m| = E a;/m; and D¥ =
=1

DI*D3* ... D3~ where D; = —i 0/0z; = —i 0;. Let

Rlw. D) = Z aq(z)D

|| <1

Received September 5, 1994.
This work was supported by Hallym University Research Foundation.

21



22 Rakjoong Kim

We then denote the principal part of R(z, D) and its principal symbol

by
Z ae(z)D? and Z aq(z)¢%,

|a:m|=1 |oim]=1
respectively.

DEFINITION 1.1. We say that a partial differential operator
Mo, D)= Z aq(z)D? is (d-)semihomogeneous of degree M if the
lo:m|<1
principal symbol py(z,€) = Z aq(x)E® of P satisfies that

|arm|=1

pM(z’tdlé'l’tdsza' = 1tdn£‘n) = tMpM(Iaf)

for t > 0 and (z,£) € R} x R}, where d = (dy,--- ,dy), dj = mu/m;
is an n-tuple of positive numbers.

We note that the partial differential operator (1.1) is semihomo-
geneous of degree 2 with d = (2,...,2,1,...,1) and that ps(z,£) =

Z ae(z)™ with my = <+ = my—1 = I, my = +++ = my = 2.
|om =1

We shall denote by [¢]4 the function defined implicitly by the relation

n_og2
Z [ﬂ%d; = 1,if £ # 0 and [0]4 = 0. The function [¢]4 is semihomoge-
J=1 151d
neous of degree 1. Thus there exists a constant C' > 0 satisfying

ot Zl‘fj,l/dj < [ﬂd = G Z I‘Ell/dj.
j=1 =

DEFINITION 1.2. If f(z,£), g(z,€) be C' functions. The semiho-
mogeneous Poisson bracket of f,g is defined by

~ n ﬂﬂ_gf_@
90 =2 56,52, ~ By 38,
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We assume that ¢ be a real valued function in C*(£2) such that

vg¢5(0; ,Uaaqqsv"' )8‘n¢)
in Q.

DEFINITION 1.3. Let ¢ € C™(Q) with V  ¢(x0) # 0. The hypersur-
face

S ={¢(z) = ¢(0)}

is called pseudo-convex with respect to P at zq if
(1) It is not characteristic of P,

(2) For all £ € R™ \ 0 py(wo,€) = {p2, d}q(z0, &) = 0 implies

{p2, {p2, 8} ¢} o(z0,6)> 0.

§2. RESULTS

2.1. Energy Inequality with Weight.
We estimate the L? norm with weight expré, 7 € R with respect
to P; by means of commutator |, ].

LEMMA 2.1. There exists a constant C > 0 such that for u € C°

(21)
/|P2(m,D)u[2 exp 27 dz > T/ST(:U,,D)MF dx

— ([ L+ €B) 10©)? da + 77 olP)

n
where [£]4 = Z iEj|mf/”"“, v=u exp 7¢ and S.(x, D) is the semiho-
=1 :
mogeneous partial differential operator of degree 2:

(2.2) s+(z, 5) = {pZ: {p2, ¢}q}q i 1—2"{{?32} G’J’}qa {{p2, é}qa ¢}q}q-
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Proof. Let v =u exp 7¢. Then it follows that
/|P2(m, D)u|*exp 27¢ dz = / [(exp 7¢ Po(z, D) exp —7¢) v|* da
- / \P,(z, D)ol dz.

It is obvious that P.(z, D) = Py+7[d, Pg]—#w’?}[gé, (¢, P2]]. Let Q(z, D)
be the partial differential operator with symbol {p;,¢},. We then
obtain [¢, P;] = i Q1(z, D) — Pa(x, D)¢. Since

{{p2. 8}, 0}y = Z 3@(% w5 o pale 5) )%é(ar),

Jk=g
it follows that [¢, [¢, P2]] = —Qo(x) = —2pa(z, V¢(z)). So we have
2
P(z)(z,D) = Py(z, D) +i7Qi(x, D) — = Qu(z) — 7 Py(z, D)¢.
On the other hand It is not difficult to show that
(2.3) /|P (¢, D) of*dz > - /|L (2, D) v de — e 7 o]

Where c=Maz, |Py(z,D)¢| and L, (z,D) = Py(z,D) +iQ(zx,D) —
= Q(] z). If L¥(z, D) is the adjoint of L,{x, D) with respect to inner
product [u vdz, it follows that

(2.4)
/IL,.(.T,D) v|?de = f(|L,.(:c,D) v — |L¥(x, D) v|*) de

/[L* 2:00) . Llay D] vods.

Since coefficients of Py are real, we have

L:(x,D) =Py(z,D) — it Q(z, D) — 7 o(z) + Ri(z, D)
— 7 Ro(),
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where
By(z,D) = Py (2, D) — Py(z,D),
R()(‘.L‘) = Qf(x, D) = Ql(m,D)

We note that r1(z,¢) contains no variables ¢;, Ij =1,...,¢—1. and
that the principal symbol of

i [Pg(m,.D), Ql(maD)] + 7-2_2 i [Q1($a>D)a QO(T)}

equals

T2
s.,.(x,f) ~— {P%{P% qﬁ}q}q + E’ {{pzv ¢}97{{p2’ ¢}§" ¢}q}q'

Thus there exists R(z, D) of order < 1 such that

2 .

i [P, D), Qu(e, D)+ i [Qu(z,, D), Qo(w)] = S.(, D)+Ri(z, D).
It is easy to show that there exist R, RY, Ry semihomogeneous of
degree < 2, <1, 0, respectively such that

[Ra(z,D)—i T Ro(z), L.(z,D)] = Ryj(z,D)+ 7 R{(x, D)

+ 7% R{(x).

Thus the Poisson bracket [L%(z, D), L.(z,D)] equals
(2.5) 21 S;(z, D) + Ry(z, D) + 7 R{'(z, D) + r* Ry(z),

where R{'(z, D) = 2 R{(z, D) + R{(z, D). Consequently from (2.3),
(2.4), (2.5) we have

(2.6)
f|P2($,D) ul? exp 2rd dz > 7 /ST (z,D) v o dzx

—l—1 RY(z,D) v v dz + s RY'(z,D) v v dz
Dl % 2%

+ TZ/R’O’(x) v ¥ de —c 72 ||v]%.

The inequality (2.1) follows from Cauchy-Schwarz inequality and semi-
homogeneity of Ry, RY', R}.
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LEMMA 2.2. Let the real valued function ¢ € C'°°(Q) satisfy V¢ #
0 in Q. Then it follows that

(27)

Pa(, €)= pa(e,) = S{{p2, S}a 0}a+i T {2, By
(2.8)

P T
ST(:Ea 6) S e awjé)wk 863 p2($:(;)a§k p2(w1(:)

1 SN, d
‘7:' Im JZ:; 6_% p2(m7 C)a_f_-; pZ(xs C)a
where ( = £ 411V, é(z).

REMARK 2.3. It is obvious that
1
Sr (mr 6) = '7__' {Re P2 (:I,‘, C): Im P2 (:L'a C)}q

{p2 (_.'L'., C)) P2 (_Ia C)}Q

_ L
T 24t

2.2. Carleman Estimates.
We note that pa(z, () is the symbol of L, (z, D) and pa(z, () =0

if and only if p, — % {{p2, ¢}, ¢}g = {p2, ¢}, =0. From Lemma
(2.1) and Lemma (2.2) we obtain:
THEOREM 2.4. We assume that

(2.9) p2(z, E4+it Vg ¢(2)) =0=> s, (z, ) >0.

Then there exist a constant K > 0 and a real number 7y > 0 such that

(2.10) 7° f|u|2 exp 2r¢ dz + 7 Z /|Dju|2 exp 27¢ dz
J=q

<K /IPg(a?,D) ul? exp 2r¢ dz
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for all u € C§°(Q) and for T > 7.

Proof. We assume that 8,¢(zo) # 0. By invariance of the condition
(2.9) under the diffeomorphism z = z(y) with z;—(®0)j =y, §=
1,...,n =1 we may assume that ¢(z) — $(zo) = z, and ¢(zy) = 0.
From (2.9) it follows that s.(0, £) > 0 in a set V = {(¢, DNI¢la =
1 po(z,() = 0} where N = (0,--- ,0,1) and { = £ +i7N. By conti-
nuity and semihomogeneity there exists a constant € > 0 such that

(211) C <800, £+ 22EY).
[<1Z

Thus for v = u exp 7¢ € C§(Q) we multiply (2.11) by [8(¢)|? ard
integrate, which gives

(212) (21)" / €2 [5(6)]? de < C1{ / $:(0,D) v 5 da
T (2m) / (€172 Ip2(0, Q)P [5(E)* de).

It is not difficult to show that
(213} +* [|u|2 exp 27¢ dx—!-z f|Dju[2 exp 27¢ dz
i=q
<em™ [15 5P ¢
Thus our theorem follows from (2.1), (2.13) for sufficiently large .
COROLLARY 2.5. There exist positive constants K and o such that
7 /]u‘z exp 2r¢ dz + 7 Z /|D¢.,-u,l2 exp 27¢ dz
i=q
<K /|P(m,D)u[2 exp 27¢ dz, -

forallu € C§° and 7 > 7.
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THEOREM 2.6. We assume that ¢ is pseudo-convex with respect
to P at x¢. Then it follows that

T’ _/Iu|2 exp 2r¢ dz + 7 Z /{Djulz exp 27¢ dz
i=q
<K {fIJ-D(:r:,D)ul2 exp 27¢ dz + 7° /|u|2 exp 27¢ dx}.

Proof. From the fact that there exist positive constants C;, C3 and
C5 such that

[€)3 < Cy 5:(0, )+ Ca M +C3 1°

(<13

our theorem follows.
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