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ON 4-DIMENSIONAL EINSTEIN MANIFOLDS
WHICH ARE POSITIVELY PINCHED

KwaN-SEOK KO

1. Introduction.
The purpose of this paper is to prove the following.

THEOREM. Let A be a closed oriented connected Einstein -
manifold whose sectional curvature k satisfies 1 > k > 6. Ifé§ > % 2
0.1176471, then M is topologically S* or +CP?2.

In [10], Seaman proved that if § > % ~ 0.1714 then 6
3 14329 /5741
pinched Riemannin 4 manifold is definite. Under this Seaman’s pinch-
ing condition, we obtained

(1) lo(M)] < 5x(M),

where o( M) is the signature of M and (M) is the Euler characteristic
of M [7]. It follows that the second Betti number satisfies by(M) < 1.
Since M is compact, even dimensional, oriented, and positively curved,
it is simply connected by Synge theorem. Freedman’s classification
theorem [5] states that smooth compact simply connected 4-manifolds
are classified topologically by their intersection form. Therefore M is
topologically a 4-sphere S* or a complex projective 2-plane +CP2.

We will apply Seaman’s method to the Einstein manifold with pinch-
ing hypothesis. This idea was originally due to Berger [3] in dimension
5 (later, Bourguignon [4] in dimension 4). First, we show that the man-
ifold is definite under the hypothesis of theorem, and then by adapting
Hitchin’s argument [6, 11] we have the same inequality (1). Then we
have the conclusion of theorem.
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We announce here that the pinching constant in the theorem lower
down to 0.1138113.

For a compact Einstein 4-manifold with nonnegative {(or nonposi-
tive) sectional curvature, Hitchin [6] proved that

9\ =
lo(M)] < G) (M) = 0.5543v(1).

2. Harmonic 2 form and Weitzenbock formula.
A harmonic 2-form X on a Riemannian manifold satisfies

1
(2) 0= SAIX[ + V|X [+ < RoX, X >,

where Rg is the Weitzenhock operator whose pointwise action is as
follows:

(3) < Ra(v1 Awg),wy Awg) >
=Ric(vy, w;) < vg, w0y > +Ric(vg, wy) < vy, 1wy >
— Ric(vy, wy) < va,wy > —Ric(vy,wy) < vy,wy >
— 2 < R(v1,v2)w1,wy >,

where v;, w; are tangent vectors, < -,- > is the inner product, Ric(resp.
R) is the Ricci (resp. Riemann) curvature tensor and we identify two
vectors with two forms via the inner product.

On an oriented 4-manifold M, one has the Hodge star operator *
taking two forms to two forms and satisfying 2 = 1, which yields the
splitting of these forms into the 41 eigenspace A%.

Given X4+ € A%, at any point p, there are orthonormal vectors ey, eg

such that x X
o X-—
m + K = \/561 A es.
Let T, M be the tangent space of M at a fixed point p € M.

Letting {ey, s, 3, €4} be a positively oriented orthonormal basis for
T,M, we have x(e; A es) = ez Aey. Let X be a two-form on a four-
manifold with X, X_ the self-dual and anti-self-dual components,
respectively. Then for X = X4 + X, we get

V3

2 ' \/5 '
X = “‘2_(|X+F + | X_])er Aey + ‘2—(|X+i —|X_DesAes at p.
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Using (3), it is easy to see that
< R X, X >,= |_Y!2(IL—_1:; + Ky +Nag+Kog)— 2R1234(|.X+|2 — |4Y4|2‘),

where K;; = (I(P)) is the sectional curvature of the plane e;Ac;(= P)
and
R,’jm =< R(eg,ej)ek,eg >,
If we assume that 1 > & > 4, then using the Berger’s inequality
|Rijri] < %—(1 — 6), we have a global estimate

g ) .
(4) < RpX, X >2 481X1° — 2 (1 - 8) [1X4 P = [X 7.

Kato inequality states that if X, 0, then one has |[V|X||? < |VX|?
at p.

On applying the conformal invariance of the middle dimensional har-
monic forms, Seamam [10] improved Kato’s inequality for 4-manifolds
in the following.

ProposITION 1([10]). Let M be a 4-dimensional Riemannian
manifold. Let X be a harmonic 2-form on M. Then X satisfies the
pointwise inequality

(8) (VX > S|VIX|2

[SVE VL

In order to obtain the theorem, we need the estimate about the first
eigenvalue A; of the Laplacian acting on functions of M.

ProposITION 2(LICHNEROWICZ[1]).  If the Ricci tensor R;j of M,
a compact Riemannian n-dimensional manifold with the metric tensor
0545 is such that 2-tensor

R;; — kg;; is nonnegative for some k > 0, then Ay > nn__frl_

ProposiTION 3. Under the hypothesis of theorem, the first
nonzero eigenvalue Ay of the Laplacian action on functions of M satis-

fles

4486

(6) Ay 2 3
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Proof. A 4-dimensional Einstein metric is a metric for which the
Ricci tensor R;; and the metric tensor g;; is proportional

5
T Yij

B = 1

where the scalar curvature S is a constant.

Singer and Thorpe’s characterization of an Einstein manifold is that,
for each tangent plane P, (P) = K(P1) where P+ is the oriented
orthogonal complement of P [11]. Hence S > 4 + 85. Combining the
Proposition 2, we get

4+ 86

AL 2 3

>

ol
| Uy

3. Euler characteristic and Signature.

We use the normal form for the curvature tensor at each point of a
4-dimensional Einstein manifold.

We regard the curvature tensor R as a self-adjoint linear endomor-
phism of the bundle A? of 2-forms defined by

1
R(eg A 6_?') = 5 Z R,ﬁjkjek Aep

relative to a local orthonormal basis {e;} of the 1 forms.
The Einstein curvature tensor R can be decomposed into the or-
thogonal components which have the same symmetries as R :

R=U+W

where W is the Weyl conformal curvature tensor, and U denote the
scalar curvature part. Singer and Thorpe showed that *Wx = W,
Therefore W decompose into W=, Here W+ and W™ are the self-dual
and anti-self-dual components of W, respectively.

The theorem on the normal form of R states that there exists an
orthonormal basis such that relative to the corresponding basis {e; A
eg,e1 Aes,e; Aeg, ez Aeg,eq Aeg, ez Aez} of A2 R takes the form

5 4]
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q 0 0 b] 0 0
where A= | 0 a 0 |,B=|0 0b; 0 |. The Bianchi identity
0 0 ay 0 0 b,

implies that
z b; = 0, moreover Z ;, = rlera,ce(R) = —‘gr It will be convenient
1=1 =
to regard @ = ((Ll,(ﬂg,(bg] a‘nd b= (b1, ba, b3) as vectors @, b € R3.
We malke use of this expression of R to write the formulas for the
integrands of the characteristic numbers :

A — : .-'Mi. 2 / 2
= [ xmav = o [ pweay,

1 e
J(M):p 2/M W2 = W |24V,
1 |
7(M) =py(M) = f p(R)V,
M

where p;(M) is the Pontryagin number of M.
With these notations above, we have

U+ W) _2Za +b3),
i=1
3
el =Z(ni +0;)%, where @} = a; — o, U = aldgeyzy,

=1

3
W% =D (af—b:)
i=1
3

5 .
IWHIP = [W|> =4 aibi =4 ab; (because » b; =0).
=1 =1

i=1

w

We obtain

(7) X(R) — pi(R) = ( Z(a +62)—4Z(zb)
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4. Proof of theorem.

We first show that the manifold satisfying the hypothesis of theorem
1s definite.

Assume that M is indefinite, then there exist nonzero harmonic 2-
forms X, and X_ so that

Jixa= [ixal

Now |X 4| are weakly differentiable [2]. From the variational char-
acterization of A, one has

(8) J 190 = 1208 2 [0 - o)
From (5), we get the following inequality in the sense of distribution
i 5 2 4 12
V(X4 ]~ X D7 < SV
Using this inequality, we obtain
12 3 ' o 2
9 Jroxez3a oz -1

We substitute (4}, (6) and (9) into (2) and integrate over M. Since
fMA X|? =0, we have

i 4 i : C iy
(10) 0 2/4613&1-—5(1—6)||.\+|2—Ik-|2|+(1+26)(1.1+;—IA-I)Z-

Let b= |X4|+|X-| 2 ||X4| - |X-|| = a. We may write the integrand
in (10) as
4 .
266% — é-(l —&)ab+ (1426 + 26)a’.
If @ = 0, then this is an obvious contradiction.

Suppose now that a # 0. A contradiction to M’s indefiniteness is
obtained if we can show that

| <=

(11)  66a® —4(1—8)a+3(1 +46) >0 where a=—>1.

o
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It follows from the discriminant of (11), we have (176 —2)(26 +1) > 0.
Thus we conclude that 1/ is a definite manifold if & > lzﬁ.

Next, we show that (1) holds for the Einstein manifold with given
conditions. Since the critical values of sectional curvature are positive,

the numbers {a;}?_, are all positive. Observing (7), it is easy to ma-

720 b,

i=1

jorize its quantity when variables {a;}, {b;} are subject

{v]-,;

(af + b%)
=1
3
to the constraints Z bre= () pnd A 2 s 0 =128
=1
In the Euclidean space R* consider two vectors & = (ay, a9, a3),

b= (by,b2,b3). Let 8 be the angle of these two vectors @ and b. Then we
3 ,

2% ab

= 2 1-06
sef =1 < cosf. Therefore we have cost < /§—="L_ In
fﬁ(a2-+b?) SV
E z | £F
fact, 31119 = 01142183 . tieins its minimum on the bmmdary

B f\/al +(L,+(L.3
of the domain {§ < «; <1]|:=1,2,3}, whence sinf >

\/5\/ +’62

Thus we obtain,
2 1-9¢

MRy <2/ - —.
P]( )_ 2 m

This is equivalent to the inequality

3 )
o194

2
(12) lo(M)| < (‘g) ﬁ\’(ﬂf[).

We conclude that (1) holds if § > . O

REMARK 1. We note that (1) holds for a negative Tz;[:—pinched
Einstein manifolcl.

8
REMARK 2. From (12) if we solve (%) S N %, then (1)

V1 + 262
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18

satisfied for the Einstein 4-manifold with 1 > & > 6 = 0.0761326 (or

—1< k< —6§~ —0.0761326).
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