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SOME NOTES ON THE EXTENSION
OF B-VALUED INNER PRODUCT

AN-HyunN KM

1. Introduction.

B-valued inner product has been studied by Paschke([1],[4],[5],[6]),
Arveson. It is different from inner product in that codomain is a C*-
algebra and its axioms arc compatible with module action.

In particular, Paschke investigated the dual space X' which is com-
posed of bounded module maps of pre-Hilbert B-module X into a
C'*-algebra B(this has similar properties with dual space of a Banach
space). He has lifted the B-valued inner product on a pre-Hilbert space
X to a B-valued inner product on X' and connected with representa-
tion theory with respect to completely positive map([5],[6]).

In this setting, there are two ways of norming X', as bounded op-
erators from X into B, and inner product norm || - ||x' on the other.
In fact, these norms are identical([5],[Corollary 2.8]). Also we can con-
jecture problems that the B-valued inner product on X can be lifted
to a B-valued inner product on X”(the bidual of X).

After appropriate identification, we can regard X as a submodule
of X" ([Remark 2]), and this note is the investigation of the above
conjecture and structural relations of X, X', X", (X") ([Lemma 3.2],
[Theorem 3.6], [Theorem 3.7]).

2. B-valued inner product and its Extension to X .

Let B be a C*-algebra and X a right B-module. We will denote the
action of an element b € Bon v € X by a-b; it is assumed that X has
a vector space structure compatible with that of B in the sense that

Mz -D)=(Az)-b=wx-(Ab) forallz € X,be B,\ e C.
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DEFINITION 2.1. A pre-Hilbert B-module is a right B-module X
equipped with a conjugate-bilinear map {-,-) : X x X — B satisfying

'r,a) 2 Yo e X ;
= 0111}-’ if o =0
Yo.ye X
(- )J Ve,ye X, be B.

(
The map -} will be called a B-valued inner product on X.
2

product H Q B beconus a pre- Hllbmt B 13.10(1111(.‘. For, defining by
(£ ®a,b) = £ ab, then H 1 B becomes a right B-module.

Define (:,-) : HOB x H OB — B by (€ a,n Qb)) = (€)%
Then (£,£)a*a > 0, and (£,6)a*a =06 (£,€)=0oraa=0& £ =0
ora=(.

Also, ((€®a,n®b)" = (£,7)*(b*a)* = (1,)a*b = (n @b, G a).

(n®b)-c.{®@a) = (n@be, & a) = (1, )a*(be) = (n,€)(a*b)e =
(n®b,f®a)c

For a pre-Hilbert B-module X, define || - [|x on X by || = ||x=
I (2, ) /2.

ProposITION 2.3([5],(6]). || - ||x is a norm on X and satisfies:

(Dllz-blx<[lz x|  VYo,€eX, be B;

(2) (1,2)(z,9) < |y [5lee)  Vo,ye X;
@ ey Iz sl yllx  Veyex.

REMARK 1. Because of (1), X is a normed B-module, and a pre-
Hilbert B-module X which is complete with respect to || - || will be
called a Hilbert B-module. For a Hilbert B-module X . we let X  denote
the set of ’1.11 bounded B-module maps(i.e, B-linear maps) of X into
B. Then X' becomes a vector space if we define scalar multiplication
on A by (Ar)(z) = Ar(z)(re€ X,z € X,)\ € C') and addition maps
in X' pointwise. Also,

X' becomes a right B-module if we set (7 - bi(z} = 8*rla) for 7€
X' beBzreX.

ProPosITION 2.4([5]). Let X,Y be pre-Hilbert B-modules. For a
linear map T : X — Y, the following are equivalent: (1). T is
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bounded and T'(x - b) = (Tw)-b Ve e X,be B. (2). There is a real
number K > 0 such that (Ta,Tw) < K{z,2) Vee X.

REMARK 2. From the above proposition, for a hounded B-module
map T,

| T ||= inf{KV? : (Ta.Ta) < K{z,2) Ve e X}and X is pre-
cisely the set of linear maps 7 : X — B such that for some real
K >0, r*r(a2) < K{x.2) Vz € X. Each v € X gives rise to a map
# € X' defined by 2(y) = (y. )y € X)([Proposition 2.3]). The map
z — & is an isometric module map of X into X . We may thus regard

X as a submodule of X' by identify X with X.

THEOREM 2.5([5]). Let X be a pre-Hilbert B-moclule. The B-
valued inner product (-,-) extends to X x X in such a way as to make
X' into a Hilbert B-module.

By the above theorem, since X' becomes a pre-Hilbert B-module,
we can consider the following example:

EXAMPLE 2.6. Consider the right B-module B x X for any pre-
Hilbert B-module X. Take 7 € X (7 # 0) and ¢ >|| 7 ||+. Define
["‘]r.t : (BX*Y) X (B X-Y) — B ])Y [(CL, ’L),(b, y)]r,t = t%*a—&-b*v’(&f)—}-
T(y)*a + (z,y). Then

[(a,2), (b, y)]re = t*b*a+ 7(y)*a + b*7(x) + {2, y)
= [a*b+ a*r(y) + 7(x)*b + (y, z)]"
= [( b, y)a (C.'., I)]:,ﬂ

[(a2)- B, (5,9, = [(ab, - 23, (5,3)]
= 30 (ak) + b*r(x - k) 4+ 7(y)*(ak) + {x - k, y)
= 3 (b*aYe + b*r(2)k + r(y) ak + (x,y)k
= [(a, 2, (8, y)]k



102 An-ITyun Kim

Taking (a,2) € B x X, then,
[(a,2),(a,z)]r = t*a*a + a*r(x) + r(x)*a + (¢, 2)

> t2ara + a*r(x) + r(2) et || 7 ||;2 T(2)*r(x)
= t2a*a + a*r(2) 4 m(2)a + 1727 (2) 7 (2)
_ (m 41 ;t‘))*(taJr 1‘_17'(:1')) > 0.

If [(a,2),(a,2)],, =0,

[(a,2),(a,2)],, = t*a*a + a*r(x)*a + (=, )
= (ta + f_l-r(:c)) (ta, + t_lr(m)) =0

(i.e. equality holds in each above step). In particular,
( |~ ||;2 - t‘z)r(m)*r(m} =0, and so (e,7) = (0,0), thus [,/], ,isa
B-valued inner product on B x X.

LEMMA 2.7. Let| - ||,, be a norm on B x X gotten from the above
inner product. Then || 7-b+§ || <[l (b,y) ||,, VeeX, beB.

Proof. Forallz € X,

10,2 I, = 11 1(0.2), (0,)] M = || {z,2) I''* = || & || -
Forz,y € X, b€ B, we have
| (r- 04+ 9)(2) || =[| () + (=, ) ||
=[ [(0,2), (b.y)l e IS 11 (Os2) {|, - I} () |I.-.e
= |l @ x|l (0,9) |, ([Proposition 2.3]).

O

COROLLARY 2.8([5]). The operator norm and inner product norm
in X' are identical.

Proof. By the above theorem, X' is a Hilbert B-module. Letting ||
- ||x» denote the operator norm on X', we have, forr € X andz € X,
(@) r(z) = (r,8}(&,7) < || 7 ||?¥r($,a:)([Proposition 2.3]), therefore
| 7 1€ | 7 |l ([Remark 2]). On the other hand, || 7 % < || 7 ||,
forcing || 7 |l =I 7 |l -
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3. The extension of B-valued inner product to X .

LEMMA 3.1. If X is a normed B-module, there exists an mocule
map of X into X

Proof. For # € X, define ¢ + X — X'(2 — ) by B(T) =
r(z)*(r € X’) Thon 1'(7' b) =[(7 - b)z]* = [b*7(2)]" = r(2)"b = &()b,
i 2(r) (=1 =( ||:H () [[< oo,

and so & € A Mso (." DY (r)=1(x - 0)" = [r(x)b]" = brr(e)t =

(r)=(2 - b)(r
Thus plx b)) =g (;r) - b (i.e. module map).

LEMMA 3.2. If X is a normed B-module, then there is a bounded
module map of X into X,

Proof. ForT'€ X", define [’ on X' by I'(x) = [(2)(2z € X), then
D(z-0) =T[(x-0)] =T(&-b)=T(&)-b=I(a) b ie T X).
Now define amap ¥ : X' — X'(I' — '), then since
(T3 +Ta)(x) = (T + [)(&)
= T1(#) + Ta(#) = [1(x) + ()
and
(T b)(x) = (T~ b)(8)
=T(&) b=T(z) 0,

IT) g =UIT@) g <IT [lxef &1
Thus ¥ is a bounded module map( in fact, ¥ is an isometry[Lemma

3.4]). O

Now we 1ntr0duce the concrete extension of B-valued inner product

on X to X

As a previous statement, the method of extension is similar to that
of Paschke’s.

Define (-, -} : p. gl byd L, ) = ®(I"). Then it is clear that
this map is conjugate bilinear and will be a B-valued inner product on

X"([Lemma 3.5],[Theorem 3.6]). For z,y € X, (&,7) = y((;)) =
i(2) = 80)* = (.2 = (2, 9)

So (-,-) is an extension of the original inner product on X.
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LEMMA 3.3. Let ¥ be a submodule of X' containing X. For any
FeY ,wehave | F|y=| Fls |-

Proof. We may assume without loss of generality that || F ||y = 1.
Define 7 € X by r(z) = F(i){r € X). We have || 7 ||y*< 1 and
must establish the reverse inequality. Take ¢» € ¥ with || ¥ || < 1
and set ¢ = F(y). For brevity, let [-,-] denote the B-valued inner
product [, ]y1 on B x X defined in Example 2.6 and let || - || be the
corresponding norm on B x X. For a € B.x € X, we have, using
Lemma 2.7,

| ca+r(2) ||=|| F(-a+ ) [[S| a4+

v <[ e, ) ],

so the map (a,2) — ca + 7(2) of B x X into B is a bounded module

map of norm < 1 with respect to the inner product [+, ]. By Remark 2,

we have (ca + 7(z))*(ca + 7(x)) < [(a,2),(a,z)] for all a € B,z € X.

That is,

a*c*cata*c*r(x)+7(x) catr(z) r(z) < a*ata () (2) at(z, 2).

Setting a = —2i(«) and collecting terms, we obtain, for all z € X.
dp(z)*c*ep(z) + (x)*r(x) < (@, z) + 2(P(a)*c*r(x) + 7(z) cpp(x)).

But $(z)*c*r(z) + r(z)*er(x) < r{z)*c*er{z) + r(=)r(z),
2(z)*c*ep(z) < (z,z) + T(2)*7(z) < (14 || 7 |3 )z, z) Ve e X.

Hence || % - ¢* || < 272(1+ || 7 ||%)Y/? and consequently, using
I F lly=1,
I B ) =l ee* =l e IP<IF lly | - ¢ llx
=[| - c* xS 27V | 7 |5 )Y
This holds for any 1 € Y with || ¢ || y» < 1; since || F' ||y = 1, we must

therefore have 1 < 271/2(14 || r ||§(,)1/2, which forces || 7 || > 1.
This completes the proof. O
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LEMMA 3.4, The map ¥ in Lemmna 3.2 is an isometry.

Proof. For any F € X', || F || y=| Fle | (¥ = X' in Lemma
3.3). Since I(x) = D(#)(+ € X)for T € X", | T |lyv=|l Tl |I=
(RN NP

By elementary calculation, we can get the following Lemma.

LEMMA 3.5. (I,T) > 0 and || {I,T) |= | T ||3+ forall Te X"

THEOREM 3.6. Let X he a pre-Hilbert B-mocule. Then the B-
. . o i o,
valued inner product {-,-) on X extends to X x X in such a way as

to make X' into a Hilbert B-module.

Proof,
(T-b, &) = @((PT b)) = ([ b)
= (I = (I, ®)b
Also, (T+ & T+®) >0, (['+i® T +i®) >0 ([Lemma 3.5)).

(P+&C+®=({+8T+)"
=(T,[) + (T, ®)" + (&, )" + (3, ®).

Thus
(F?@)'I'(@*F) = (F,@>*+<@,F>* (*)a

(D,®) — (®,T) = —([,®)" + (&, )" ().

Adding (%) and (%), ([, @) = (®,T)". Thus (,) becomes a B-valued
inner product on X with aid of Lemma 3.5. Also, by Lemma 3.5.
since norm on X gotten from this inner product coincides with the
operator norm || - ||y#, X is a Hilbert B-module with respect to the
inner product we have introduced. O

THEOREM 3.7. Under the same situation, there exists a module

isomorphism of (X") onto X'

Proof. For F € (X", define rp € X by rp(e) = F(z) (¢ € X)
and for € X', define F, € (X”)’ by =) (e X”). i.e.,

¥, (X)) — X'(F - rp)
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W 2 X (_Y'IJI(T — Fy)
Then

‘IH(F . b){l) = T[?.[,(.‘t‘) = (F 8 b){?)

Also

I (E) | =l 7 ([ o= sup{ll 7r(e) s || = <1}
= sl F(@) I3 116 1< 1)
=|| Flx =l F ll(xy ([Lemma 3.4]).

For ¥, the same are true, and we have &, (II‘Z(T))(T) = Uy(7)(2) =
i(r)" = r(z),
\IJQ(\I‘l(F))(i') - ri?(‘Iﬁ(F)) = U;(F)(x) = F(&). Thus they are

inverses of each other. O
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