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ON WEAK-MIXING PROPERTY

YoNG SuN CHo AND Hyun Woo LEE

1. Introduction.

Let (X, B,m) be a probability space and let T : X — X a measure-
preserving transformation. We introduce some results related ergod-
icity and mixing property of T. We try to extend 1-fold ergodicity
and 1-fold mixing to r-fold ergodicity and r-fold mixing. We shall use
the result, about sequences of real numbers, to obtain formulations of
r-fold weak-mixing. We show that for a measure-preserving transfor-
mation T, r-fold weak-mixing properties of T' are equivalent to r-fold
strong-mixing properties of T'x T. Now, we shall introduce the concept
of r-fold weak-mixing property and r-fold strong-mixing property. We
show that basic properties of 1-fold mixing keep same properties in the
case of r-fold mixing. We shall use that U is defined on functions by
Uf=foT, Vf € LY(X,B,m), p> 1.

2. r—fold mixing.

DEFINITION 1. Let T be a measure-preserving transformation
of a probability space (X, B, m) and let r > 1.
(a) T is r-fold ergodic if YAg, Ay,---, A, € B,

n

1 ‘ : _
lim =~ > m(ANT™ A1N---NT " 4,) = m(Ag)m( A1)+ m(A.,).
i=1

(b) T is r-fold weak-mizing if YAg, A1, -+, A, € B,

; 1 " .y —i —ri g
nlE}goE Zl [m(AgNT A N---NT™TA4,)
—m(Ag)m(Aq) - m(4,)]
=0.
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(¢) T is r-fold strong-mizing if YAy, 41,---, A, € B,

.
lim  m(AoNT ™4y n---NT- 0+t gy = T m(4;)

Ny, Ny —00

THEOREM 1. Let T : (X.B.m) — (X,B,m) be a measure- pre-
serving transformation.
(i) The following are equivalent :

(1) T is r-fold ergodlic.

(2) For all fy, f1,-- - fr € L™ X, B, m),

HILEOEZ/ fOszl U”fr dm = H/fj.dm

(ii) The following are equivalent :
(1) T is r-fold weak-mixing.
(2) FOI' aﬂ fﬂafl) Tty .f?" € LT‘+1(‘Y1 B? 7n)7

nll_{rgo ;z‘ f(fo[f’fl U’"‘f,,)dm - H f fidm|=0.

(iii) The following are equivalent :
(1) T is r-fold strong-mixing.
(2) For all fD‘fla i & 'rfv' € LT+1(X1 Ba m),

hrn /( Foll"ify oo PRV £ g = H/-fjdm.
r—+00O j:()

Proof. (1),(ii) and (iii) are proved by using similar methods of [4].

REMARK. Every r-fold strong-mixing transformation implies r-

fold weak-mixing and every r-fold weak-mixing transformation implies
r-fold ergodic.



On Weal-Mixing Property 109
This is because if {a,} is a sequence of real numbers then

lim a, =0

HN—ox

implies
n—1

g .
5 2 adi=i0

and this second condition implies

We shall use the following result, about sequences of real numbers,
to obtain other formulations of r-fold weak-mixing.

THEOREM 2. If{a,} is a hounded sequence of real munbers then
the following are equivalent :

(i)
1 n—1
lim — i =0
nl—l‘léo n Z Ja i

=0

(ii) There exists a subset J of Zt of density zero

(e, (cardmaht_v{J n{0,1,--,n— 1})) =),

n

such that lim, .. a, =0 provided n ¢ J.

(iii)
n—1
1
lim — |ai]® = 0.
= I =0

Proof. See [7].
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THEOREM 3. If T is a measure-preserving transformation of a
probability space (X, B.m), the followings are equivalent:
(i) T is weak-mixing.
(ii) For all Ag, Ay.--+ , A, of B there is a subset J(A4q, Ay,-+ . A,) of
Z% of density zero such that

lim m(ANT A N--NTT™A) = m(Ag)m(A)---m(A
n¢J(Ap, Ay, Ar)
n—oco

(iii) For all Ag, A;,-- -, A, of B we have

- 1 n - .
nh_xgc ~ Z Im(AgNT*A;N---NT™TA,)
=1

— m(Ag)m(Ay) - - - m(A4,)[?
=),

Proof. Apply Theorem 2 with

an=m(ANT A NT 2" 4,N---NT™ ™A, ) —m(Ag)m(A1)---m(A4;).

The following theorem gives a way of checking the mixing properties
for examples by reducing the computations to a class of sets we can
manipulate with.

THEOREM 4. Let (X, B, m) be a probability space and let T be a
semi-algebra that generates B. Let T : X — X be a measure-preserving
transformation. Then T is r-fold strang-mixing iff

VOU,Cla Y CT € T’

im  m(ConT~™CyN.--NT-mttn)c,)
= m(Cy)m(C1) - - - m(C).

Proof. See [4].
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3. r—fold weak—mixing.

We have main result. This result connects r-fold weak-mixing of
T with r-fold ergodicity of T' x T Also, this result relates to r-fold
weak-mixing of 7' with r-fold weak-mixing of T' x T

THEOREM 5. If T is a measure-preserving transformation on a
probability space (X, B.m) then the followings are equivalent:
(i) T is r-fold weak-mixmg .
(ii) T x T is r-fold ergodic .
(iii)) T x T is r-fold weak-mixing .

Proof. ((i) = (iii)). Let Ay, Ay, -+, 4, € B, By, B1,--+,B, € B.
There exist subsets Ji(Aq, A1, ,4r), Jo(By, B1, -+, By) of ZT of
density zerc such that '

lim m(AoNT™"Ay N+ T Ay) = mAo)m(As) - m(4r

n—oo

and

lim m(BoNT™"ByN---NT7"™B,) = m{By)m(By) - m(B,).

ﬂ¢J2
Then
lim (mxm){(4y X Be)N(T xT) ™(A; x By)N-
néhu 2

n—oQ

N(T x T)""™(A, x B,)}

= lim m(4eNT™4;N.-.-NT7™A4,)
H$J1UJ2

m.(B() N T_nBl n---nN T‘rnBr)
=m(Ag)m(4;) - - m(A)m(Be)m(B,) - - m{B,)
= (m x m)(A4g X Bo)(m x m)(A1 x By)---(m xm)(A, x B;).
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By Theorem 2 we know

n

JL‘%O}?; ((m x m)[(Ao X Ba) N (T x T)"(Ay x B,)N- - -
N(T x T4, x B,)] = [J(m x m)(4; x B;)|
71=0

= 0.

Since the measurable rectangles form a semi-algebra that generates
B x B, Theorem 4 asserts that T x T is r-fold weak-mixing,.

((iii) = (ii)). It is clear that (iii) implies (ii).

((i1) = (i)). Let Ag, 41, -+, A, € B. We shall show

n—co 11 4

T s ; :
lim — Z{m(AgﬂT_’A]ﬂ---ﬂT_”AT)—m(.40)111(.417)---m(44r)}2 = ),
i=1

We have

L > m(A4NT 4 NN T4,
n

i=1

= %Z(m x m){(Ae x X)N(T x T)" (4, x X)N---
=1
N(T x T)""(4, x X)}
= (mxm)(Ag X X)(mxm)(A; x X)---(mxm)(4, x X)
=m(Ao)m(A;) - m(4,).
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Also

n

1 : :
= > (A NT 4 n--NT A4,
=1

= %—Z(m x m){(dy x 4o) N (T x Ty R AT e
=1
N(T x T) "4, x 4,)}
—(mxm)(Adg x Ag)mx m)(4d; x 4;) -
(mx m)(4, x 4,)

=m(A)2m(4)? - m(4,)2.

Thus

R . .
- Z{m(Ag NT*A N NTA) — m(Ag)m(4;) - - - m(4,)}?
=1
P . .
==Y {(m(AeNT 4 N NT™4,))
=]

n 4
—2m(Ao NT A N---NT A )m(Ap)m(A1) - - - m(4,)
+ m(Ao)*m(A)? - m(4,)?)}
— 2m(Ag)*m( A1) - m( Y. e L. 2:71(440)2771(A])2 a2
=10

Therefore T is r-fold weak-mixing by Theorem 3.
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