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A STUDY ON THE SUBMANIFOLDS
OF A MANIFOLD GSX,

KEUMSOOK S0o* AND JUNGaMI Ko

1. Introduction.

On a generalized Riemannian manifold X,,. we may impose a par-
ticular geometric structure by the basic tensor field ¢y, by means of
a particular connection I'y”,. For example, Einstein’s manifold K
is based on the Einstein’s connection Iy, defined by the Einstein’s
equations.

Many recurrent connections have been studied by many geometers,
such as Datta and Singel([1]), M. Matsumoto, and E.M. Patterson.

The purpose of the present paper is to introduce the concept of the
g-recurrent connection and to derive some generalized fundamental
equations on the submanifolds of a generalized semisymmetric g-
recurrent manifold GSX,,.

All considerations in this present paper deal with the general case
n > 2 and all possible classes and indices of inertia.

2. Preliminaries.

Let X, be a generalized n-dimensional Riemannian manifold re-
ferred to a real coordinate system y”, with coordinate transformation
y” — y¥, for which

(2.1) Det(g%) =)

The manifold X, is endowed with a general real nonsymmetric ten-
SOr ¢au, Which may be split into a symmetric part hy, and a skew-
symmetric part kyy, :

(22) Ixrp = h‘)\u + k)\,u
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where

(23) G = Det(gan) # 0, H = Det(hy,) # 0.
Hence, we may define a unique tensor 2*” by

(2.4) hauh? =6,

and X, is assumed to be connected by a real nonsymimetric connection
Iy, with the following transformation rule:

B Dg" ay,{i 3y7 azya-
2_ F v = —— - —_—),
( 5) fAhp ayn(ag,\ 837“ ;8’Y+ 8?}’\837")

This connection may also be decomposed into its symmetric part
Ay, and its skew-symmetric part Sy,”, called the torsion tensor of
FAUgf.:

e = Bolu 55,

where
(25) A)\yg: - F(Au,u.)a SA#V = I‘[/\Ulf‘]‘

Now, we will define a manifold GSX,,.
It is well-known that a connection I'\’, is said to be semisymmetric
if its torsion tensor is of the form

(27) SA}LV = oé[v}\Xp}

for an arbitrary vector X, # 0.

A particular differential geometric structure may be imposed on X,
by the tensor field gy, by means of the connection Iy, defined by the
following g-recurrent condition:

(2‘8) Dw.ﬁ',\;c = —4Xwg)\;l-

Here, X, is a non-null vector and D, is the symbolic vector of the
covariant derivative with respect to the connection I'y",.
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DEFINITION 2.1. The connection I'y", which satisfies (2.8) is called
a g-recurrent connection.

DEFINITION 2.2. A connection which is both semisymmetric and
g-recurrent is called a GS connection.

A generalized Riemannian manifold X, on which the differential
geometric structure is mmposed by ga, through a GS connection is
called an n-dimensional GS manifold and will be denoted by GSX,,.

The following theorem has heen proved([6]).

THEOREM 2.3. If the svstem (2.8) admits a solution I'y',, in GSX,,,
it must be of the form

(2.9) F,\V“ — {,\u“} + 2§K_Y“.

3. The induced connection on X, of X, (m < n).

This section is a brief collection of basic concepts, results, and no-
tations needed in the present paper. It is based on the results and
notations of Chung et So ([4]).

AGREEMENT 3.1. In our further considerations in the present pa-
per, we use the following types of indices:

(1) Lower Greek indices «, 3, 7,..., running from 1 to n and usecd
for the holonomic components of tensors in X ,,.

(2) Capital Latin indices A,B,C,..., running from 1 to n and used
for the C-nonholonomic components of tensors in X, at points
of X ...

(3) Lower Latin indices i, j, k,..., with the exception of z, y, and
z, running from 1 to m(< n). '

(4) Lower Latin indices 2, y, z, running from m + 1 to n.

The summation convention is operative with respect to each set of
the above indices within their range, with exception of z, y, =.

Let X, be a submanifold of X,, defined by a system of sufficiently
differentiable equations

(3.1) ¥y’ =y¥ (2}, ., 2™)
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where the matrix of derivatives

dy”
By = Ozt

is of rank m. Hence at each point of X,,, there exists the first set
{BY,N"} of n linearly independent nonnull vectors.
-

The m vectors BY are tangential to X,, and the n — m vectors N

€T

are normal to X, and mutually orthogonal. That is

(3.2) hapBENP =0,  hoyNONP=0 forz#y.
r z y

The process of determining the set {N"} is not unique unless
X
m=n-1.
However, we may choose their magnitudes such that

(3.3) hagNoNP =¢,
where €, = +1 according as the left-hand side of (3.3) is positive or
negative.
Put
v B?? if A= 1,...,m(x 7)
(3.4) BA=ynv, itA=m+1,..n(=2).

Since {EY4} is a set of n linearly independent vectors in X, at points
of X,n, there exists a unique second set {E{} of n linearly independent
vectors at points of X, such that

(3.5) ELAEY = 8%, BAES = 64,
Put

' Bi, ifA=1,..,m(=1)
(3.6) B { *

]ff;\, if A=um + Liwan(= )

(3.7) BY = BiBY.
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Then, we can see that the following relations hold in virtue of (3.5):

i ] £ 2 £
(38)  BLB§ =6, N.N=6;, BiN®=N.Bf=0,

) EN xr
(3.9) B{=065—3 N\N*, B§N,=Bi{N“=0.
£ €T
£
In virtue of (3.8), we note that the vectors B form the second set
of linearly independent vectors tangential to X,,. We also note that

the set {f\rf A} is the second set of n —m nonnull vectors normal to X,
which are linearly independent and mutually orthogonal. Now, we are
ready to introduce the following concepts of  C-nonholonomic frame
of reference and induced tensors.

DEFINITION 3.2. The sets {E%4} and {Ej}} is referred to as the C-
nonholonomic frame of reference in X,, at points of X,,,. This frame
gives rise to C-nonholonomic components of tensors in X,,.

If T} - are holonomic components of a tensor in X, then at points

of X, its C-nonholonomic components T are defined by
(3.10) T G, B s

In particular, the quantities
(3.11) Tl ey - SO (O

are components of a tensor in X, and are called the components of
the induced tensor of Ty on X, of X,,.

Therefore, the induced metric tensor ¢g;; on Xy, of ¢y, in X, may
be given by

(3.12) gij = gap BEBY.
In virtue of (3.5), we know that
(3.13) Y e O T -

As a consequence of (3.13), we have

how = hi;BiBi + Y esNaN,

(3.14) 3
RN = h9B}BY + ) si,]:”\]l”’.

As another consequence of (3.13), we have
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THEOREM 3.3. At each poiut of X,, any vector X in X,, may be

. xr
expressed as the sum of two vectors X; B} and ) X, N, the former
£

tangential to X,, and the latter normal to X,,.  That is
(3.152) Xn= XiBi+ S XN,
x
or equivalently,
(3.15b) X" =XB'+ Z X*N"
where

Xi = ‘YG‘B?’ ‘Xpﬂ' == ‘YQ‘NQ*. ‘YJ‘ = EJ?X;F

Xi=X°Bi, X*=X°N,.

Furthermore, X;(X?) are components of a tangent vector relative to
the transformations of X,,, while X,(X®) is invariant relative to the
transformations of X,, and X,,.

4. The induced connection on X,, of GSX, (m < n).

DEFINITION 4.1. If I'y*, is a connection on X,,, the connection ﬂ-kj

defined by
0B}  9%y”
k. _ npkiny 7. BeB? Ja= = = )
(41) Fz > B'}(sz + F“Y ‘HB! BJ" )’ BU - a.TJ o aﬂ‘iamj

is called the induced connection of I'\*,, on X,,, of X,.

The following statements have been already proved([3]):

(a) The torsion tensor Sij"' of the induced connection Fikj is the
induced tensor of the torsion tensor Sy,” of the connection I'\*,. That
is

(4.2) Si;* = Sag"B{ B} BS,.

(b) The induced connection {;*;} of {»”,} is the Christoffel symbol
defined by h;;.  That is

G i
(4.3) {,‘Lj} = ;)"hkp(ajhjp + ajhip - aphij)'
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THEOREM 4.2. On an X,, of GSX,,, the incduced connection Fikj is
of the form

(4.4) ¥ = {5) + 288 x;.

Here {ikj} are the induced Christoffel symbols defined by (4.3) and
X is the induced vector on X,, of avector X, #0 determining
I'\,. Thatis
(4.5) X; = X.BS.

Proof. In virtue of (4.1). (4.3), (2.10), and (3.5), we have (4.4).

0
Let D; be the symbolic vector of the generalized covariant derivative
with respect to the a's.  That is

(4.6) D;Bf = BY + I's™,B{ B] — I'¥; Bg.

Then the vector D;Bf in X, is normal to X,, and is given by Chung

et al ([3]).

r
(4.7) D,Bf =3 02,N°
where
Q T
(4.8) 2i; = —(DJ.,-B?)NQ.

X
And we know that the tensors §2;; are the induced tensors on X, of

T
the tensor DgN, in X,,. That is
€T I B
(4.9) Dy = (DN BEBY.

€Z
The tensor §2;; will be called the generalized coefficients of the second
fundamental form of X,,.
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i
THEOREM 4.3. The coefficients {2;; of the submanifold X,,, of GSX,
are given by

&r &€r

(4.10) £2;; = (VpNa)BEBY

where ¥/ 3 denotes the symbolic vector of the covariant derivative with
respect to { .}

Proof. In virtue of (2.10). (4.9),and (3.8), the relation (4.10) follows:
2i; = (DsNo) BEB®
= (9N — I3 N,) BB?
= [0pNa — ({o™9} + 260X 5)N | BE B
= (9pNo — {a"4}0N,) BE BY — 2X3NoBSBY

T o ﬁ
= (vsN.) BB,
REMARK 4.4. The following identity

(4.11) 15jB$‘ = - Zflgff"’ where jizj = (Vﬁ&QI)B?Bf

z

(Generalized Gauss formulas for an X,,, of GSX,,)

is a direct consequence of (4.10).

In our subsequent considerations, we frequently use the following
C-nonholonomic components:

(412) ki = —kpi = 'I‘:aﬁquNﬁ = g“’ﬁB?N'B'

THEOREM 4.5. On an X,, of GSX,, the induced tensor of D,gx,
may be given by

(4.13) Dwg,\ﬂB?B}‘Bﬂ = Dygi; + QZ ko(j Agres
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where Dy is the symbolic vector of the covariant derivative with respect
to F}‘

Proof. In virtue of (3.12), (3.9), (4.11), it follows from (3.11) that

0
Digi; = Dyyi;
0 N
= Dk(g)\g.tBi Bﬁ )
o A o 5 g 5 0 \
= (Dkgz\ff)Bj Bj. + .(f/\,u[(DkB-j )B; + Bt’ (DRB; )}

-
= (Dw.(’,f/\ﬂ )B?BTBZ‘ . g)‘”(z fli];j}‘T/\B‘::_‘ + Z jl";k'f_\_,,”tB?)

Zr

= (Dugan)BMBYBY — ks, Z(giikBjJ}”‘ + A BIN")

T

= (Dng;e)BiI\B.ﬁrBr‘ = Z('—Aikkja: + ﬁjkku)
T
— (Dwg/\;t)B?B;LBLI: o Zkr[_;/lz].k

The following theorem is an immediate consequence of (4.13).

THEOREM 4.6. On an X,, of GSA,U a necessary and sufficient con-
dition for the induced connection I' : to be g-recurrent is

ZA.’L[I L—O

Now we are going to derive the generalized Weingarten cquahon:-

for an X,, of GSX,,.
Let

o

(4.14) M®=D;N*,
JJ_! xr
Then the relations (3.15) give

4.15 MY = M'B® MYN©Q
4:12) iz jx ‘+Zj:u y
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where
M* ="M*B}, =(D.,N*)B.B]
jr e d xr oo
(4.16) y v ,
MY =MYN, = (D,TN")NGB?.
JL JT €T x
THEOREM 4.7. On an X, of G§X,,, the induced vector fu” of ﬂ/f"’

is given by
(4.17) M= e eh ™ A,
Proof. In virtue of (2.14), (3.2), (3.3), (4.11) and (4.16), we have
M= (é)jfl[ﬁ + rﬁ,zﬂy )B;B)
= (v»N”)ByB]
= &, hi™ (7, N )B%, B}

= {-:Ihtm'/lmj.

THEOREM 4.8. On an X, of GSX,, the C-nonholonomic compo-

nents MY of M°’ are given by
iz

(418) M7= ey HyB] +260X; where H,=c,(v,N)A
Proof. In virtue of (2.10), (3.8), (4.16), we can obtain (4.18).
M? = (D,N")NyB]
= (0,07 + ({5} + 268X, )N N B
= (V+N*)N,B] + 2X,N"N,B]
= (V,N®)N;B] +2X,61B]

Y
= ey H,B] + 261X
1
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TnrEoOREM 4.9. On an X, of GSX,, we have generalized Wein-
garten equations on an X, of GSX,:

Iﬂ)‘ T __ ]im ll \Be . ¥ BY 25U X AN O
(4.19) AV = (eeh™ 4 j)BE + ) (4 H, B; + 261;)N°.

L 4
y
Proof. Substituting (4.17), (4.18) into (4.15), we have (4.19).
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