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MIRIMANOFF’S POLYNOMIAL, BERNOULLI
NUMBERS AND FERMAT QUOTIENTS

JAE MooN KiMm

§1. Introduction

Let p be an odd prime and F, be the finite field with p elements.
Let f(t) = M,—;M be a polynomial in Fp[t]. The polynomial f(¢)
was first introduced by D. Mirimanoff in 1905 to show the following
criterion on Fermat’s last theorem(F.L.T.) (see [1]) : if p does not di-
vide Bp_r or B,_g, then the first case of F.L.T. holds, where B, is the
nth Bernoulli number. He also used the same polynomial f(t) to prove
the following striking theorem: if 2P~! # 1 mod p?, then the first case
of the F.L.T. holds. The only two exceptions for p <3 x 10% are 1093
and 3511. This theorem was first proved by A. Wieferich and thus
named as Wieferich criterion. But Mirimanoff’s proof is substantially
simpler and more instructive. Actually he derived many more proper-
ties of f(t) and proved that if 3?=1 # 1 mod p?, then the first case of
the F.L.T. holds. A computation shows that for p = 1093 and 3511,
37~ # 1 mod p®. This guarantees that there are no integer solutions
of 2 + y? + 27 =0 and p{ zyz for all p < 3 x 10°.

For an integer a with (a,p) = 1, Fermat little theorem says that
a?”! = 1 mod p, hence aP~! — 1/p is an integer. We denote this
integer by ¢,(a) and call it the Fermat quotient of a with base p. Thus
we can rephrase Mirimanoff’s result as follows: if either 7(2) or ¢,(3)
is not congruent to 0 modulo p, then the first case of the F.L.T. is
true. After Mirimanoff’s work on F.L.T. with his polynomial f(¢),
many other distinguished mathematicians such as Frobenius, Vandiver
and Morishima extended Mirimanoff’s result by studying vanishing of
Fermat quotients g,(a) mod p for various prime p’s and a’s.

In this paper, we introduce a new polynomial g(t) in F,[t] given by
g(t) = (1 =t)P 2+ 2(1 —t)P~3 4 ... 4 ?}T' We will also view g(t)
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as a polynomial in Z,[t] whenever necessary, where Z, is the ring of
p-adic integers. Here %, for 1 < k < p— 1, means the multiplica-
tive inverse of k in F, (or Z,). This polynomial g(t) is very closely
related with the Mirimanoff’s polynomial f(¢). Indeed we will show
in section 2 that f(¢) = tg(1 —¢) mod p. Thus values of g(t) are
related with Fermat quotients. For instance, by letting { = —1, we
have —g(2) = f(-1) = pr;Q = 2¢,(2) mod p. Therefore the Fermat
quotient ¢,(2) =0 mod p iff ¢(2) =0 mod p.

The aim of this paper is to examine properties of the polynomial ¢(#)
and to study special values of ¢g(¢). They will turn out to be related
with Bernoulli numbers and Fermat quotients. This paper is organized
as follows. In the next section, we prove various properties of g(t).
The relations between ¢(t) and f(t) will be also discussed in the same
section. In section 3, we study two applications of ¢(¢). One of them
is to express certain generalized Bernoulli number in terms of a value
of ¢(t). The other is to examine the vanishing of the Fermat quotient
¢p(l) in terms of values of g(t), where [ is a prime such that p = 1
(mod 1). To be precise, we will show that ¢,(I) = ZsiR g(s) (mod p),

371

st=1
where R = {w € Z, | wP™! = 1} is the group of all p — 1th roots of
1 in Zp. This can be thought of as a generalization of the following
congruence discovered by Eisenstein (see[2]):

1 1 1 1 1
=={(1l—-=+=-—-=+ - — —— d p).
7p(2) 2( 2+3 4-1- p1> (mod p)
Indeed, if | = 2, the sum }_,er ¢(s) involves only one term ¢(—1).
Y2
But g(—1) = —19¢(2) = ¢,(2) mod p (proposition 1), which is clearly
congruent to %(1 = % + % e i g e plT]) modulo p.

§2. Mirimanoff’s polynomial f(¢) and ¢(¢)

In this section, we will describe some properties of g(t). We will see,
in proposition 1, that ¢(¢) comes from the Mirimanoff’s polynomial
which has been exhaustively studied since 1910’s. The Mirimanoff’s

polynomial f(t) is defined by f(¢) = &M as a polynomial in
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F,[t]. In the following lemma, some properties of f(t) are given. For
- many other features of f(t), we refer [1].

Lemma 1.
(1) #f(3) = ~f(2)
(2 f0=1) = f0)

P

(3) fly=-Y_ :—_ti (mod p).

=1

(Proof) (1) and (2) can be easily checked from the definition of f(t).
We will prove (3).

(1=t - (1=

f(t) = >

DL Oy -a-w)
P
= GG i
- . .
But

G _pp-1- (=it

p p-il
p—1 p—-2 p—1+4+1 1
- 1 2 - i=1 .i
= (-1)*'—1% (mod p),

since 1’%]“ = —1 (mod p) when (p,k) = 1. Thus,

p—1

£(6) = (-1 D' (mod p)

By using these properties, we obtain the following congruences for

g(t).
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ProPosITION 1.

(1) tg(1—¢) = f(t) (mod p).
(2) tg(1—1) =(1—1t)g(t) (mod p).
(3) g(t) =1""1g(3) (mod p).

(Proof) (1) By (1) and (3) of the above lemma, we have

1 1
tg(l =) =t(tP 2 =P34 ——
g9( o= 2 + +p_1)
1 11 1 1

=P b Dby wifmal o
(t+2t2+ +pﬁ1tpfl)

= —tpf(%) (mod p)
= f(2).

(2) By lemma 1,(2) and proposition 1,(1) above, we obtain
tg(l—t) = f(t) = fF(1-¢t) = (1 - t)g(t) (mod p).

(3) By applying above consequences appropriately, we get

1 1.1 SR |
(1= (9) = 7)) =~ 5(3) = (1 = Dg(}) = (1 - 7 g(3).
Hence ¢(t) = t”_ig(%) (mod p).
Let R={w € Z, | w?~! = 1} be the group of p — 1th roots of 1 in
the ring of p-adic integers Z,.
COROLLARY. Fors € R, ¢(s) = g(1) (mod p).

8

(Proof) Put ¢ = s in the congruence (3) of the above lemma. Since
s?71 =1, we have g(s) = g(%) mod p.

PROPOSITION 2. Let s # £1 be any p — 1th root of 1 in Z,. Then

9(s) + g(=s) = g(s*) (mod p)




Mirimanoff’s polynomial, Bernoulli numbers and Fermat quotients 147
(Proof) Since (1 — t)g(t) = f(¢) (mod p), we have

g(s) +g(—s) = 1) + =) (mod p)

:1~.s 1+ s
B (I—s)P—(1—s?) (1438)"—(1+sP)
a p(l—s) p(1+s)
_ (1—s)P—1—1+(1+s)P-1—1

P P
(=8P (14 s)P -2
B P

Since (14 s)?7! =1 (mod p) by Fermat little theorem, we have
(=8 1=1)((1+s)" ' =1)=0 (mod p?).
From this, we obtain

(1= +(1+s)P ' -2=(1-s)P"1-1 (mod p?).

Hence ( 2)p .

1—s4)P=" -1
g(s) +g(—s) = ’ (mod p).
On the other hand, since %7 = s?,
1—s2)? — (1 - s%)
g(s*) = ( o1 s7) (mod p)
_(1=shy-1
. )

Therefore, g(s) + g(—s) = g(s?) (mod p).

§3. Generalized Bernoulli numbers and Fermat quotients

In this section, we study two applications of the Mirimanoff’s poly-
nomial g(t). First, we relate certain generalized Bernoulli number with
a special value of g(¢). Let p be an odd prime such that p = 1 (mod 5)
and let x be the nontrivial even character of Gal(Q({5)/Q), where (s

1s a primitive 5th root of 1, i.e., x = R is the quadratic character.
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PROPOSITION 3. Letw be the Teichmiiller character of Gal(Q(¢,)/Q) ~
(Z/pZ)*. Then,

(p=6)/5 4
E mod p.
] 5k +2

]

Bl,xw_l =

(Proof) For any Dirichlet character p, we know By, = —};Eizl ap(a)
where f is the conductor of the character p (see [3]). Since the con-
ductor of the character yw™" is 5p, we have

Z axw ' (a)

<a<lbp

1
B xw-t =
5p0
1 :
= ) (ep+yx(ep+y (@ +y).

P 0<z<4
0<y<p—1

Since zp+y = ¢ +y mod 5, and since zp +y =y mod p, we obtain

1 =
By o = ¢ Y (ep+y)x(x +y)w (y)
S5
1 i 1 _
=i Y, axztye T () + o > yx(z+yw M)
0<e<4 p 0<z<4
0<y<p—1 0<y<Lp—1

= S ]

But Zogxgx(m +y)=0,and wl(y) = y~' modpif (y,p) = 1.
Thus,

By ot

1 1 1 e

=: ). ax(z+y)+g S w ) Y x(z+y) (mod p)
0<z<4 Y 9P gcy<p 0<z<4
1<y<p—1

=z ¥ oY e+,

1<y<p-1"7 0<z<d
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Since x is the quadratic character (g), we have y(1) = x(4) =1, and
x(2) = x(3) = —1. Hence
0 if y=1or3 (mod?5)

Z zx(z +y) = 5 if y=2 (mod 5)
R ~5 if y=4 (mod 5).
Therefore,
1 1
Byt == > =54+ ), =-(=5)| (modp)
1<y<p-1 Y 1<y<p-1 Y
y=2 mod 5 y=4 mod 5
1 1 1 1 1 1
=(§+$+ +m>+(r§ ———— pfg)
=(1+3+ - )+( LI +1) (mod p)
2 7 p—d p—4 p-=9 2
»=9)/5 4
= ;) Bk+2°

This completes the proof.

Let s be a primitive 5th root in Z,. In the following theorem, we
interpret By ,,-1 by the special value g(—s).

THEOREM 1. g(—3)2 - gBwa—iz (mod p).

(Proof) First, we calculate sg(1 — s). Since s°® =1 in Z,,
for any integers k and :. Thus, we get

35k+i

= g*

1 1
sg(l—s) =871+ 58"+ +
P
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LetAz-z—ll_--l—i_'_%-ku-—f-ﬁfori:l,&?),él,& Then we have
the following congruences
i 1 1
. PR Wt TOUUE. CNNE. . S0
3 3+8+ +p—3
1 1 1
=—|——+t—+ -+ )=-4 d
1 1 1
A==+ = —
4 4+9+ +p—2
1 1 1
=—| ——+ —— - -4 d
1 1 1
A o el <
5 5+10+ + 1
= (L 1) = —4; (mod p)
=——— =— mo .
p—5 p—10 : ¢

Hence we have A3 =0, Ay = —A; and As = —A; mod p. Therefore,
sg(1—s8) = Ay + Ags + A3s® + Ays® + Ass
= Ay 4 Apst — Ay8° — Ays (mod p)
= A1(1 —s) — Az5*(1 + 5)(1 — 5)
=(1-s)(A; — P, - AQSS).
Since (1 —s)g(s) =sg(1—s) modpforse R={weZ,|wP ! =1}

and since 1 —s # 1 mod p for the primitive 5th root s in Z,, we
conclude that

g(s) = A; — Azs® — Aps®  (mod p)

for the primitive 5th root s € Z,.

If s is a primitive 5th root in Z,, then s* is also a primitive 5th root
in Z,. And we know that g(—s) = g(s?)—g(s) (mod p) by proposition
2 of section 2. Thus

9(~s) = g(s*) - g(s) (mod p)
= (Al = A284 = AQSB) = (A]_ = A252 o5 A253) (mod p)
= A2(32 + 5% — st —5).
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Since (s? 4+ s® — s* — 5)? = 5 and since A3 = 3By -1 (mod p) by
~ proposition 3, we have

5
g(—s)2 =A% 5= Z(Bl,xw—l)z (mod p)

as desired.

Finally we prove a criterion on the vanishing of the Fermat quotient
gp(1), where [ is a prime satisfying p = 1 (mod I).

THEOREM 2. g,(I) = Z g(s) mod p.

SER
3#£1

st=1
(Proof) Let s # 1 be a p— 1th root of 1 in Z, and put ¢ =1 — s in the
equation (1) of proposition 1. Then we get

(1-s)g(s) = f(1—3s)

= f(s)
() e
P
_(-sp-(-s)
p
Hence g(s) = -(—1—-_-1)-:——-:—1— mod p.
Therefore

(1—s)1=14g(s)p mod p’

Now let s # 1 run over all /th roots of 1 in Z, to obtain

H (1-s)Pt= H (14 g(s)p) mod p*.

sSER SER
s'=1 s'=1
s#1 8#1

Since the left hand side is [P~1, we have

Pl=14 ( Z g(s))p mod p®.
SER

=1

s#1

IP=

Therefore ¢,(1) = ;71 =5 g(s) mod p.
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