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THE COMPLETION OF SOME
FUZZY METRIC SPACE

Hee Cuan CHoI

1. INTRODUCTION.

D. Dubois and H. Prade introduced the notions of fuzzy numbers
and defined its basic operations [2]. R. Goetschel, W. Voxman, A.
Kaufmann, M. Gupta and G. Zhang have done much work about fuzzy
numbers [3,4,5,7].

Let R be the set of all real numbers and F*(R) all fuzzy subsets
defined on R. G. Zhang [7] defined the fuzzy number @ € F*(R) as
follows :

(1) @ is normal,

(2) for every A € (0, 1], ax= {x|a(z) > A} is a closed interval,
denoted by

a3, af].

Now, let us denote the set of all fuzzy numbers on the real line R
defined by G. Zhang as F(R).

The purpose of this paper is to prove that the fuzzy metric space
(F(R), §) can be completed by using the equivalence classes of Cauchy
sequences, where p is defined by

aa, b) = U Allay — b7 ,sup |a — by |V et — o).
A€[0,1)

In section 2, we quote basic definitions and theorems from [7,8] which
will be needed in the proof of main theorem. In section 3, after defin-
ing the fuzzy isometry and the completion concepts, we prove main
theorem :

" The fuzzy metric space (F(R), 5) has a completion (F(R), ﬁ) which
has a subspace X that is fuzzy isometric with F(R) and is dense in
F(R). This space ('F(R),E) is uniquely determined up to a fuzzy
isometry.
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2. BASIC DEFINITIONS AND RESULTS.

In this section, we quote basic definitions and results without proof
from [7,8] which will be needed in the proof of main theorem.

Let R be the set of all real numbers and F*(R) all fuzzy subsets
defined on R.

DEFINITION 2.1. Let @ € F*(R). a is called a fuzzy number if
@ has the properties :

(1) @ is normal, i.e., there exists z € R such that a(w) =1,
(2) whenever A € (0, 1], then ay = {z | @(z) > A} is a closed interval,
denoted by [a}, af].

Let F(R) be the set of all fuzzy numbers on the real line R.

By the decomposition theorem of fuzzy sets,

a= U AMay,af]
A€fo,1]

for every @ € F(R). If we define @(x) by

a(z) =1 forz =k,
=0 fore#%k (keR),

then k € F(R) and k = Uxep, 1Ak, k).

_ DEFINITION 2.2. For every &,b,¢é € F(R), we say that & = & +
b if for every A € (0, 1], ¢ = ay +by and ¢ = af +b}. We say
that é=a—b if forevery A € (0, 1], ¢y =aj —b} and cf = af —b7.

DEFINITION 2.3. Forevery k € R and every @ € F(R), we define

ki= | Alkay,kaf] if k>0,
A€[0,1]

= |J Alkaf,kay] if k<O
A€[0,1]

Note that we can find in [6] the definitions of multiplication, division,
maximal and minimal operations of the fuzzy numbers.
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DEFINITION 2.4. For &,b € F(R), we say that & < b if for every
L A€E(0,1], a, £ by anda’\<b+ Wesaythata<b1fa\band
there exists )\ € (0, 1] such that a < by or a)\ < b+. We say that
a=bifa<b and b <a.
DEFINITION 2.5. A fuzzy distance of fuzzy numbers is a function

p: F(R) x F(R) — F(R) with the properties :

(1) #(a,b)>0, p(a,b)=0 iff a=?,

(2) p(a,b) = p(b, a), N 3

(3) whenever & € F(R), we have 5(&,b) < j(d,¢) + (¢, b).

If p is the fuzzy distance of fuzzy numbers, we call (F(R), ) a fuzzy
metric space.

We define

pa, b)= |J Alay -ty I, 258 la = b [V lay =6yl (%)
Agfo,1]

for any &,b € F(R), where V means max.

THEOREM 2.1. [§] ﬁ{&,E) defined by the equality (%) is a fuzzy
distance of fuzzy numbers.

THEOREM 2.2. Whenever @, b,¢ € F(R), k € R, we have
(1) pa+b a+e=4pe, @),
(2) pla—0b,a—8)=p(b, @),
(3) p(b—a, é—a)=p(b, o),
(4) 5(ka, kb) = |k| 5(a, b).

DEFINITION 2.6. Let {@,} C F(R), @ € F(R). Then, {d,} is
said to converge to d in fuzzy distance p, denoted by

lim @, =& or @a,—ad asn — co,
N—co

if for arbitrary given € > 0 there exists an integer N > 0 such that
i, a) < & for n>N.
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THEOREM 2.3. [7] Let {a,},{b,} C F(R), a,b € F(R), k € R.
If
lim &, =d and lim b, = b,

then
(1) lim (dn+bp)=a+b (the same order of sign),
(2) Tim ka, = ka

DEFINITION 2.7. Let {d,} C F(R). Then {a,} is called a
Cauchy sequence, if for any ¢ > 0 there exists an integer N > 0 such
that 5(dn, @) < € for n, m > N.

DEFINITION 2.8. If a fuzzy metric space has the property that
every Cauchy sequence converges, the space is called a complete fuzzy
metric space,

THEOREM 2.4. ( Cauchy criterion for convergence ). Let {a,} C

F(R). Then {a,} is convergent in fuzzy distance p if and only if {a, }
is a Cauchy sequence.

3. MAIN THEOREM.

In this section, we prove that the fuzzy metric space (F'(R), p) has
a completion (F(R), 5).
DEFINITION 3.1. Let X; = (X1, d1), Xg = (X3, d3) be fuzzy
metric spaces. Then,
(1) A mapping f of X, into X, is said to be fuzzy isometric or
a fuzzy isometry if f preserves fuzzy distances, that is, if for
all &, § € X1, da(f(2), £(7)) = da(5, §), where £(%) and £(§)
are the images of & and §j respectively.
(2) The space X is said to be fuzzy isometric with the space X,
if there exists a bijective fuzzy isometry of X; onto X,. The
spaces X7 and X, are then called fuzzy isometric spaces.

DEFINITION 3.2. The complete fuzzy metric space (X1,d,) is
said to be a completion of the given fuzzy metric space (Xy,dy) if

(1) (Xl,cfl) is fuzzy isometric with a subspace (X, (51) of (Xl, cfl),
(2) X is dense in X4, i.e., the closure of X, X=X,
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MAIN THEOREM. The fuzzy metric space (F(R), 5) has a
. completion (F(R), ) which has a subspace X that is fuzzy isomet-
ric with F(R) and is dense in F(R). This space (F(R), /) is uniquely
determined up to a fuzzy isometry, that is, if (F(R), p) is another com-
pletion having a dense subspace Y fuzzy isometric with F(R), then
F(R) and F(R) are fuzzy isometric.
Proof. The proof is somewhat lengthy. We divide it into four steps
(a) to (d). We construct :
(a) F(R)=(F(R), p), o
(b) a fuzzy isometry f of F(R) onto X, where X = F(R).
Then we prove :
(¢) completeness of E(R),
(d) uniqueness of F(R) except for fuzzy isometries.

(a). Construction of F(R) = (F(R), 5).
Let {#,} and {&]} be Cauchy sequences in F(R). Define {#,} to
be equivalent to {Z]} written {Z,} ~ {2}, if

lim (%, #) =0. (1)

Let F(R) be the set of all equivalence classes £, §j, - -- of Cauchy se-
quences thus obtained. We write {Z,} € # to mean that {%#,} is a
member of & (a representative of the class ). We now set

where {Z,} € & and {§,} € §. We show that this limit exists. By the
triangle inequality, we have

AEn, Gn) < p(E 0y Em) + HEmy Gm) + 8(Gms Fn),
AZmy Gm) < B(En, Em) + p(Zny Gn) + 5(Fm, Gn)-

Hence, because 3(Zn, Un), 5(Zm, §m) are fuzzy numbers, we obtain

ﬁ(ﬁ(‘%nv gn)a ﬁ("‘%m} gm)) S 5(51’“ iﬂ"n‘.) + ﬁ(gma gﬂ) (3)
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Since {&,} and {{i,} are Cauchy sequences, we can make the right
side as small as we please. This implies that the limit in (2) exists
because (F(R), §) is complete.

We must also show that the limit in (2) is independent of the partic-
ular choice of representatives. In fact, if {#,} ~ {#",} and {#.} ~ {§.},
then by (1), (3),

A(A(Eny Tn), p(Eh, §5)) < pEn, &5) + Ain, 75) — 0

as n — oo, which implies the assertion

lim §(&n, gn) = hm p(mn, i

n—oo

We prove that § in (2) is a metric on F(R). Obviously, ¢ satis-
fies p(%, y) > 0 (see Definition of (&, @)) as well as p(#, £) = 0 and

(&, §) = p(§, #). Furthermore,

A3, 9)=0 = {E)~{f} = =7

gives ﬁ(ﬁ, J) =0& & =3, and the triangle inequality for j follows

from
A(&En; n) < p(En, 2n) + p(Zn, §n)
by letting n — oc.

(). Construction of a fuzzy isometry f : F(R) — X C F(R).

With each @ € F(R) we associate the class & € F(R) which contains
the constant Cauchy sequence {d, &,---}. This defines a mapping f :
F(R) — X onto the subspace X = f(F(R)) C F(R). The mapping f
is given by @ + & = f(a), where {&, &, ---} € &. We see that fis a
fuzzy isometry since (2) becomes simply

p(a, b) = p(a, b),
here b is the class of {iin} where §j,, = b for all n. Any fuzzy isomerty
is injective, and f : F(R) — X is surjective since f(F(R)) = X. Hence
X and F(R) are fuzzy isometric.

We show that X is dense in F(R). We consider any & € F(R). Let
{z,} € &. For every £ > 0 there is an integer N > 0 such that

p(&n, EN) <€/2 for n > N.
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Let {#n, Zn,---} € &n. Then 5 € X. By (2),
A&, &n) = lim p(&n, En) <e/2<e.
n—0co

This shows that every e-neighborhood of the arbitrary # € F(R) co-
tains an element of X. Hence X is dense in F(R).

(¢). Completeness of F'(R).

Let {#,} be any Cauchy sequence in F(R). Since X is dense in
F(R), for every #, € F(R) there is a 2, € X such that

o 1
A(2n, 2n) < - (4)

Hence, by the triangle inequality,

P(Zms 2n) < PG, Em) + p(Em, &) + (En,s n)
< ! + (& my &) + L

L ose ayel

m— n

and this is less than any given ¢ > 0 for sufficiently large m and n
because {Z,} is a Cauchy sequence. Hence {Zp,} is Cauchy in X.
Since f : F(R) — X is fuzzy isometric and %,, € X, the sequence
{2m}, where Z,, = f~1(3p), is Cauchy in F(R). Let 2 € F(R) be the
class to which {Z,} belongs. We show that & is the limit of {£,}. By

(4),

e

< 7 + 0(2n, 2). (5)

—

Since {Z,} € € F(R) and 2, € X, so that {Z,, Z,,---} € Z,, the
inequality (5) becomes

a4 1 . e

p(&n, £) < 7 E ﬂlgnoo P(Zn, Zm)

and the right side is smaller than any given £ > 0 for sufficiently large
n. Hence the arbitrary Cauchy sequence {#,} in F(R) has the limit
¢ € F(R), and F(R) is complete.
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(d). Uniquenesq of F(R) except for isometries.

If (F(R), 5) is another completion with a subspace ¥ dense in FI(R)
and fuzzy isometric with F(R), then for any #, § € F(R) we have

sequences {Z,}, {§n} in ¥ such that &, — & and Un — ¥. By the
triangle inequality, we have

P&, §) S B(&, &n) + p(Ens Tn) + H(iins §)

for every n, where { &, &, - -} € &, and { §n, Gno+ - } € §n. Since it
is true for every n, it is true in the limit as n becomes infinite, which
yields

A&, §) < lim 5(Zn, §n).

But A&y §n) < o(En, &) + (2, §) + (7, Gn)
which yields the reverse inequality. Hence
5(577 y) = nl_if'olo ﬁ(fn, n)-
In a completly analogous manner, we can also show that
p(#, 9) = lim p(Zn, §n).
n—oo

Consequently,

o

(2, 9) = plz, y),

that is, the distance on F(R) and F(R) must be the same. Hence F(R)
and F(R) are isometric. [

=t
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