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THE CHOQUET $-INTEGRAL WITH RESPECT
TO NON-MONOTONIC FUZZY $-MEASURES

LEE—CHAE JANG AND JoONG-SUNG KWON

1. Introduction

In T. Murofushi , M. Sugeno and M.Machida ([1],[2],[3]), L.M. De
Campos and M. Jorge Bolafios[4], they discussed some properties of the
Choquet integral with respect to non-monotonic fuzzy measures. Fur-
thermore, T.Muroshi, M.Sugeno and M.Machida[5] investigated the
Choquet integral with respect to non-monotonic fuzzy measures of
bounded variation. In addition, L.Jang and J. Kwon [6] studied some
properties of non-monotonic fuzzy measures of ®-bounded variation.

In this paper, we introduce the concept of non-monotonic fuzzy
measures of ®-bounded variation, where & = {¢,} is a sequence of
increasing convex functions, defined on the nonnegative real numbers,
such that ¢,(0) =0 and ¢,(z) >0forz >0andn=1,2,---. We say
that @ is a ®*-sequence if and only if ¢,4+1(z) < dn(z) for all n and z
, and a ®-sequence if in addition 3, ¢n(z) diverges for z > 0. These
definitions were introduced in M. Schramn [7]. Throughout this paper
we assume that (X, F) is a measurable space.

In section 2, we will define a non-monotonic fuzzy ®-measure and
the Choquet ®-integral. In section 3, we discuss some properties of the
Choquet ®-integral with respect to non-monotonic fuzzy ®-measures.
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2. Definitions and Preliminaries.

The fuzzy measure and fuzzy integral, defined on a classical o-
algebra, were introduced by M. Sugeno [8].

DEFINITION 2.1 ([5],[6]). A fuzzy measure on (X,F) is a real-
valued set function A : F — R* satisfying
(i) A($) =0
(ii) A(A) € A\(B) whenever A C B and A, B € F where RT = [0, 00),

the set of nonnegative real numbers.

Note that in this paper, we do not deal with fuzzy measures A for
which A(X) = co. In T. Murofuschi, M.Sugeno and M. Machida [5],
they discussed non-monotonic fuzzy measures, which are set functions
without monotonicity.

DEFINITION 2.2 ([5],[6]). A non-monotonic fuzzy measure on (X, F)
is a real-valued set function A : F — RY satisfying A(¢) = 0.

Let ® = {¢,,} be either a ®*-sequence or a ®-sequence. In [6], the
total ®-variation ®V(p) of u on X is defined by

®V(u) = sup {Z@I#(Ai) —u(Aim1)||¢=40C--- CAn=X, } ,

=1

where {A;}™, C F. A real-valued set function p is said to be of
®-bounded variation if and only if ®V(x) < co. We remark that if
® = {¢,} is the uniformly equicontinuous on R, that is, there is a
positive constant M, independent of n € N and z,y € R, such that

19’511(37) - an(y)I -8 M"T: - y\



Choquet ®-integral with respect to non-monotonic fuzzy ®-measures 213

then, the Proposition 2.5([6]) implies that a monotonic fuzzy measure
) is of ®-bounded variation. We denote the set of monotonic fuzzy
measures on (X, F) by FM(X,F) and the set of non-monotonic fuzzy
measures of ®-bounded variation on (X, F) by @BV (X, F). Then, the
Theorem 2.9([6]) implies that @BV (X, F) is a real Banach space with

|- lle , where
- : [od
lulle = inf{k >0 : &V (k) <1)
for every p € ®BV (X, F).

DEFINITION 2.3 ([6]). For every pu € ®BV(X,F), we define

|ule(A) = sup {Zfﬁiﬂ#(ﬁli) —w(Ais))|¢ =40 C---CAn= A}

ug(A) = sup {z $i([u(Ai) — p(Ain)F)|¢ =40 C-- CAn= A}

ty(A) = sup {Z bi([u(Ad) — (A1) )¢ = A0 C -+ CAn= A}

where {A;}2, C F, [r]t = max{r,0} and [r]” = max{-r,0}. We
call |i|e, pd, and uz, the total ®-variation, positive total ®-variation,
negative total ®-variation of u, respectively.

DEFINITION 2.4 ([6]). Let & be either ®*-sequence or ®-sequence
and let pu be a non-monotonic fuzzy measure on (X, F) of ®-bounded
variation. Then ug is defined by

pe(A) = uf(A) — pz(A), for every A€ F

In this case, we say that ue is a non-monotonic fuzzy ®-measure on
(X, F).

3. Characterizations of Choquet ®-integrals.
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T.Murofushi, M.Sugeno and M.Machida[5] introduced the Choquet
integral with respect to non-monotonic fuzzy measures. And also, they
discussed the Choquet integral with respect to non-monotonic fuzzy
measures of bounded variation. In this section, we define the Cho-
quet ®-integral with respect to non-monotonic fuzzy ®-measures and
investigate some characterizations of the Choquet ®-integral.

DEFINITION 3.1. The Choquet ®-integral of a measurable function

f+X — R with respect to a non-monotonic fuzzy ®-measure g is
defined by

(C)/fdurb = /OO pe s(r)dr

—Cco

whenever the integral in the right-hand side exists. Here, ug f(r) is

defined by
pef(r) = { re({z | f(z) > r}), forr >0

pe({z | f(z) > r}) — pe(X), forr<o.

We note that u;}'ff and pg ; are defined by

pgs(r) = { #f({x | f(z) > r}), o for r >0
re({z | f(z) >r}) — pz(X), forr <.

and
pa({z | f(z) >r}), forr >0
palle | £(z) > r}) - ug(X), forr <0,

respectively. Since puge(A) = pd(A) —pz(A) for each 4 € F, it is easy
to show that

pos(r) = {

©) [ faus =(©) [ auf ~(©) [ ra.

A measurable function f is called ®-integrable on X if the Choquet
®-integral of f exists and its value is finite.
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PROPOSITION 3.2. Let ¢,(z) = z for all n and let f: X — R bhe
a measurable function. Then we have

(© [ fiuo = (©) [ s

where (C) [ fdu is the Choquet integral of f with respect to a non-
monotonic fuzzy measure (.

PROOF. Since ¢,(z) = « for all n,

pes(r) = { pe({z | f(z) > r}), forr >0
! po({z | £(2) > r}) = pa(X), for r <0,
:{ﬂ({1‘|f($)>r}), forr >0
u({z | f(z) > r}) — u(X), forr <O0.

= pg(r) for each r € R..

Hence, we have

-0

©) [ fdus = [ pastryi
:/j; uf(r)dr=(0)ffdu-

From Proposition 3.2, we note that if ¢n(z) = x for all n, then a
measurable function f is ®-integrable if and only if it is integrable.

PROPOSITION 3.3. If ug, vg are non-monotonic fuzzy ®-measures,
if a and b are real numbers, and if f is a measurable function, then

(©) [ sdtaps + bua) = a(C) [ faus +5(0) [ save

PROOF. If r > 0, then we have
(ape +bvg) s (r) = (aps + bve) ({z | f(z) > r})

=aps({z | f(z) >r})+ bve({z | f(z)>r})
= (ape)f(r) + (bve)s(r)
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If r < 0, then we have

(aps + bra), (7)

= (ape + bua) ({z | f(x) > r}) — (apis + bug) (X)

= alus ({z | F(x) > r}) — pa(X)] +blva ({z | F(x) > r}) — va( X))
= (apa)#(r) + (bre)f(r)

Hence, for all r € R,
(ape +bve) (r) = apas(r) + bres(r).

Therefore, we obtain
(©) [ fd(as +bva)

= (C) fm(am g

— 00

= (C) /m () Saple)a

—co

= a(C) /_O:O pe f(r)dr +b/m ve (r)dr

—0Q

= a(C) / fdue + H(C) f fdve.

Now the following are some properties of the Choquet ®-integral.

PROPOSITION 3.4. For every A € F, (C) [1ladus = pa(A).
PROOF. Assume that r > 0. If » > 1, then we have

pe({z | 1a(x) >r}) = pe(¢) =0
If 0 <r <1, then we have

pe({z [ 1a(z) >1}) = pe(4).
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Assume that r < 0. Then we have
pa({z | La(z) > r}) = ua(X).
And hence, we have
pae({r | 1a(z) >r}) — pue(X) =0, foreach r <O0.

Therefore, we obtain

(C)/ ladue = foo a1, (r)dp

—co

1 1
= / B, (P)aF= / pa(A)dr = pe(A).
0 0

Let us consider the Choquet ®-integral of a nonnegative simple func-
tion. Every nonnegative simple function f on X can be represented

by
(3.1) = ailip:
1=1
where0 < a; < --- < ap, <oco, DiND;=¢fori#jand X =ULD;.

PROPOSITION 3.5. Let f be a nonnegative simple function as in
(3.1). Then

(€) /fducb = Z(af —ai—1)pe(A;)
=i

where A; = UR_; Dy fori=1,2,--- ,n and ap = 0.

ProoF. If r < 0 = aq,

per(r) = pe({z | flz) >r}) — pa(X) = pe(X) — ue(X) =0.
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Ifa; 1 <r<a;foreachi=1,2,--- ,n, then

par(r) = pe({x | f(z) > r}) = pa(UT_;Dy) = ne(A;),

since A; = UR_,Dy for i = 1,2, - ,n. Therefore, we obtain
(C)ffd,uq, = / o f(r)dr
= [ hostrrar
0

oo
an

- Z/ ,Laq,f(r)(lr+/ e f(r)dr
=1 Bi-1

=y / pa(A;)dr
i=1 " %=1

= Z(ai —a;—1)ue(A;).

We denote by B(X, F) the set of bounded measurable functions on
(X, F). Then B(X, F) is a real Banach space with respect to the norm
defined by

I£1l = sup |f(2)] .
zEX

And also, we denote by B*(X,F) the set of nonnegative bounded
measurable functions on (X, F),

PROPOSITION 3.6. If f € B¥(X,F) and a is any nonnegative real
number, then

(C)/afdu@ :a(C)fftl;L¢.
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PROOF. If @ = 0, then af(x) = 0 for each * € X. So, we have

S [ nalla ] af() > 1)) forzi20

Patan(r) = { ua({z | af(z) > r}) — pa(X), forr <0,
n(9), om0

{ w(X) — (X)), forr <0.

0 for each r € R.

Il

Hence

(C}/flfd#q: = f_o; Ha(af)(r)dr =0 = fi(c)/fd.ucp-

If a > 0, we have

. { pe({z | af(z) > r}), forr >0
sen na({z | af(w) >r}) = pa(X), forr <O0.
:{uq,({"c|f > L1, forr >0
pe({z | flz) > L}) — pe(X), forr <0.
o ()
Hence

© [etaue= [~ uewpiriir

—co

= roor
:af mf(g)d;

Il
2
8
=
&
~
—
w
~—
L,
1¥2)

where s = L,
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ProPoOSITION 3.7. If f € BY(X,F), then
(C)/fd,uq; =/ pe f(r)dr.
0

PrOOF. For r <0,
pas(r) = pole € X | (&) > 1} — pa(X)
= pe(X) — pe(X) =0

Hence

© [ fdns = [ postriar

—o0

o0 0

:/ gm.ﬂr)dr—%—/ ,u.q,f(r')dr
0 —0o0

=/ pe f(r)dr
0

PROPOSITION 3.8. If f,g € BY(X,F) and f(z) < g(x) for every
x € X, then

© [ saut < () [ adus.

Proor. For each r > 0, we put
Ar={z e X | f(z) >r}and B"={z € X | g(z) > r}.
Hence we obtain
”gf(r)
=ug{z e X | f(z)>r)
= ug (A7)

- {Z bi[W(A]) — w(AL_ D) p=AfC---C AL = 4}

< sup {Z $i([u(A]) = n(AL_D]T)

— “gg)
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where {Ar}r, € F. Therefore, we have

(1)

(ii)
(iii)

[1]-

(2].
[3].

[4].
[5].
[6].
7).

© [ raus <€) [ oui:

We remark that
by the similarity of the proof of the proposition 3.8, it is easy to
show that

(C)ffdu; S(C’)fgﬂg-

under the same hypotheses ;

in general, it is not true that (C) [ fdue < (C) [gue, whenever
f,g € BY(X,F) and f(z) < g(z) for every © € X ;

from the proposition 3.6, the Choquet

®-integral functional on BY(X, F) satisfies positively homogeneous.
Here, the definition of positively homogeneous was introduced by T'.
Murofushi, M. sugeno and M. Machida [5].
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