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A STUDY ON THE ALGEBRA OF P-VECTORS
IN A GENERALIZED 2-DIMENSIONAL RIEMANNIAN
MANIFOLD X,

JunaMmI Ko* AND KEUMSOOK So

1. INTRODUCTION

Let X5 be two-dimensional Riemannian manifold referred to a real
coordinate system z“, which obeys only coordinate transformations
¥ — T¥, for which

o (@) e

and is endowed with a real nonsymmetric tensor gy, which may De
split into its symmetric part %, and skew-symmetric part Ea:
(1 r)) Jap = h,\# + L)\,u
where
(1.3) g= Det((gxu)) #0, = Det((hr,)) <0, t= Det((kr,))
We may define a unique tensor h** by
(1.4) haph? = 6%
which together with hy, will serve for rasing and/or lowering indices
of tensors in X3 in the usual manner.

In our subsequent considerations, the following scalars and tensors
are frequently used;

t
(1.5) g=5 k=g
(1:6) g=bh+t
(1.7) Oy =g, (P>k2; ="Rsky (p=1,2,-)
(18} £=07 >0, k:%<0 , where = k;q
4 29‘2
(1.9) Det(Pka,) :%—<0 , e = — b >0
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(1.10) &2 = %_

(1.11) k2= LFPLY; , M= _f?-z;Q’ K= gl = hiaQ
(112) @) = @z _ H%f , O o g

(113) Py = b0 @y 5ol g O, = h{;QQ

Furthermore, we use Fe1o2an (€ay az--ary, ) a8 the contravariant (cova-
riant) indicator of weight 1(-1).

The eigenvalue M and the corresponding ecigenvector «” in X,
defined by

(1.14) (Mhyx —k,))a? =0 (M : asclar )

are called basic scalars and basic vectors of X, respectively.
There are exactly two linearly independent basic vectors a* satisfy-
ing (1.14) , where the corresponding basic scalars M are given by

(1.15) M=-M=V-E

It is well-known that the basic vectors rlz” and g." are null-vectors

and not perpendicular.

2. SOME ALGEBRA oF @k, , IN X,

THEOREM 1. In X, .
(2-1) Det(((g)k)\,u)) = k3h

Proof.

(3)]“# — (2),1;5\%0#
= kZkS Ry,
= hﬁakaAhabkﬁbka;z

Hence,
B3 Qs
Det(Mky,) = R i kh > 0.



A study on the algebra of P-vectors 225

THEOREM 2. In X,, the components of tensors may be given by

hq2023
C(22)a Opl=_Op2= —1;2
hq,Q° hqe Q28
(2.2)b (3)“:—“1;,1—2 Ok ==
(2.2)c 3)L = Ok, =0 i
Q
(2.2)d Pk, = Oy, = T
Proof.
(3);"% — (2)'1\:0]‘71 — (2).11:1}1\31 (Q]k%k%
05 h282 hq12923
:(___) _ N2 ) (= ?122
b ) y
(pt= (2),(‘*!.2 = Oplp? + @p2id
huﬂ h1193
=(—— ..Jr.[):_
(- tu, =
(3)k = (Z)k“k = (z}kfkm -0
@y = Phkas = Phikyy
QZ Q.‘S
= ()=
b )
REMARK 1.

(2.3) Det((ky,) = k%) in X,
We note that

Det(Vky,)

(B)kll (3)k12 .
(3)k21 (3)k22 a

REMARK 2. In X,,

(S)k/\.ﬂ = —kka,

From the fact that ky; = kgy = 0 , we have

3 2
By = —% = %)Q = —kQ = —kkig
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DEFINITION 1. The eigenvalue M and the corresponding eigenvec-
tor A" in X, defined by

(Mhyy — @, )A” = 0 (M : a scalar)

are called 3-scalars and 3-vectors, respectively.

THEOREM 3. In X, there are exactly two linearly independent 3-
sclars M given by
Proof.

Ew'ﬂEuﬁhwa (S)k#‘g - Ew#Ew’@ (S)kﬁ =k Ew#ewﬂ (3)k£
95 Q3
— fJ 6};’ (S)Lg . h (3).135 = h(h—zhlz = [j_2h12)
=0
Now,
2 Det(Mh,» — k)
— pwupaB (tha _ (3)kua) (E?fh'uﬁ _ (3);‘7“‘8)
— S
=275 - 2 MEWﬁ:ﬂﬂfﬂm,i;”kMg + 2Det(( Pk, ,))
=2M b+ 2% = 25 (M + &%) = 0

Therefore,
M = v/ —k8

THEOREM 4. The basic vector ofgz” and ch” of Xy are also 3-vectors
of AYZ.
Proof. ¥k, 0¥ = Dk ko a” = k] kgkax 0¥ = Mak§ kaa
= M?%kaxa® = M3h,za”
1 1 1

Therefore a” is the 3-vector with 3-sclar A given by
?

M= M = +(v=F) (i = 1,2)
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3. SOME ALGEBRA OF (Pky, IN X,

THEOREM 5. In X,, we have
(31a Wk, = (~k)% Fha (pieven)

BLb Py = (=k)T ky, (p: odd)
Proof. By induction on p , the theorem may be proved.

THEOREM 6. Det(Pk,,) = k?§ in X,

Proof.
(case 1) p is even
(P ()}, - ,k)? h (- f\) hia
Det((Pky,) = | (21t 12' . . = k7
)"L) {p)k21 (p)kn (— ) hai (_k)% has

(case 2) p is odd

[+

I

Det(((p)k)m)) ‘( "‘) 'Tvn (—k) 7 Iy

(— ‘l«) 1121 ("‘]‘7)7’;—1 kg
= (=&t = RPTIQ2 = RPTURE) = &MY

REMARK 3. Another proof of Theorem (3.2) may be obtained as in
the following,
By induction on p,
in case of p = 1, Det((k,\“)) = ft= Q%= kb
Assume that the theorem is proved for p — 1.
i.e. Det(((P~V) el = B3
Now, using the 1nduct10n hypothesis
Det(((p )) = Det(("~ I)Laka,u)) = JDet(((""ﬁl]k,\ﬁh"‘*e.lzﬂ“u )

2
= (B = ki = b =
Hence the theorem is proved for all p.

THEOREM 7. In X,, the components of tensors may be given by

(3.3)a (P)Az =Ml =9 (p : even)
b1 Q
(33)b k2 = (—p)"F g2 = (—p)"F (At ~
- -1 hao (2
Dt = (k)T B = (=BT (= 222)  ( p:odd)

b
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(3.3)c @l = P2 = (_p)% (p : even)
(33)d @kl 4+ P2 — 0 (p: odd)
Proof. Let p be even.
(«) By induction on p,
in case of p = 2, we have mkf =0 Dby (1.12).
Assume that the theorem hold for p — 2,
i.e. we assume that P"Pk2 = 0
Now,
(P)k? — (P—l)ki\rkg
= {n=2lpipe 52
=D (R 4 ) (O = 0)

" h12§2, , h1182 h1192, , h12Q
(34) =Rl - M ) ()
b b b y
=0
(¢) By induction on p,
in case of p = 2, we have (g]k% = —k = (—.’c)%
Assume that the theorem hold for p — 2,
i.e. we assume that 2L = (fk)ﬂgﬁ
Now,
(P}k.ill — (P—Z)Lfkgk;
= P=Dplporl 4+ PDplEok]
= Uk kG (v by ())
(3.5) = 7Dk} k1K) + K] K3
=2 . hijofd h11Q2 . haaf2
= (BT TP+ (O
. p-2 (huhzz - (hlz)g)ﬂz
= () [ |
b2
e=2z . Q? 22 z
— ()T () = (BT (1) = (b

Hence the theorem holds for all even numbers p.
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DEFINITION 2. The eigenvalue H and the corresponding eigenvector
. P¥in X, defined by

(3.6) (Hhyx — P, ) P? =0 ( H : ascalar)

are called p-sclars and p-vectors, respectively.

" THEOREM 8. (1) In X, , there is exactly one p-scalar H , given by
2

H = (—k)? ( p:even).

(2) In X5, tbere are exactly two p-scalars H , given by

H = (- k)2 (p:odd).

Proaof. (1) Let p be even.

w Wit )1,
E #Eaﬁhua (P)k#ﬁ = E“"E,g (p g\.g
(3.7) = b E“"eug (”]kﬁ =5 55 (}’)]\'ﬁ
=5 (P)kg = 2(—)!:)‘121

using (3.3)c.
Now,

2 Det(H h,x — Pk,»)
= E“*E°P(H hye — Pk )(H hug — Php)
= 2H% — 2H E“*E®h,ePk,, + 2Det(Pky,)
(3.8) = 2H%9 — 2H(2(-k)? ¥) + 2k”H
= 25 (H® — 2H(-k)? + k?)

2. 2
= 25 (H - (=R)%)
Since the characteristic equation of (3.6) is

(3.9) Det(H hyx — Pk,,) = 0.
Note that H = (—k)% is a double root of (3.9).

(2) Let p be odd.
EwrEeBp, (p)kﬂﬁ — f](p)kg -0 (- (3.3)d)
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2 Det(H huy — @k,,)

= PREE (I b, =

(P)kwa)(H hup — (P)k#ﬁ)

= 2H’h — 2H E“*E°Ph,, Pk, 5 + 2Det(Pk,,)
= 2H?*h — 0 + 2&kPh

(3.10)

Il

0

2h (H? + kP)

The characteristic equation of (3.6) is
(311)  Det(H hyr — P,,) =
so that H? = —kP satisfies (3.11) , that is

H = + (-k)t.

0,

‘THEOREM 9. The basic vectors a” (i
T

vectors of X,.

Proof. We claim that
(3.12) Pk, a" = MPh,\a”

Indeed , by induction on p

= 1,2 ) of X, are also p-

»

in case of p=1, kyxa®* = Mh,ra” (. (2.8))
Suppose that (p_l)k;\ciz" = ijl hy,\clg:"
Then ,
(p)ku)\"-}u _ {p_l)kfka)\cit”
= Mp_lka,\c}“ (by induction hyphothesis)
= Mp_l(Mh,,A(;_z”)
= Mphyagy

Therefore , a* is the p- vector with p - scalar H given by

z
2

H=MP=(—k)?%
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THEOREM 10. If p is even , then every vector of X, is a p-vector of
X3 corresponding to p-sclar H = (—.{:)% :

Proof. (3.1)a gives
@ = (=k)Fh,, in X,.
Therefore (3.6) can be written as
(313)  (H — (=k) k2P =
Since § # 0 and the relation (3.13) holds for every vector P” when
H = (-Fk)

wfe

, hence our theorem is proved.
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