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THE OPERATOR AND PROBABILITY
ON A HYPERGROUP

MYEONG-HwAN KIM AND JAE-WON LEE

1. Notations and Preliminaries

Let K be a locally compact hypergroup introduced by convo in
[10]. For a Borel function f on K. f~ is defined through involution
and complex conjugation at the same time, and the mapping + — »7 is
called an involution of . The Dirac measure in a point » € I will he
abbreviated by €,. Let B(£) be the Banach x-algebra of all hounded
linear operators on a Hilbert space §, and I the identity operator. We
shall say that U is a representation of I on §) if the following four
conditions are satisfied :

(1) The mapping p — U, is a *-homomorphism from (L) into
B(5) where M( L) is the Banach algebra under the convolu-
tion of all finite regular Borel measures on .

If e M(I) then ||U,| < |pell-

e = L

If a,b € $ then the mapping p —< Uy,a,b > is continuous on
IMM*(K) with respect to the cone topology.

We shall write U, for U, for # € K. By condition (4), if a,b € $ then
the mapping ¢ —< U,a,b > is bounded and continuous, and

I~~~
)
N N e

< Uya,b>= / < Uza,b > p(de)
I

for all 4 € ML), where M(I) is the space of probability measures
on [ furnished with the weak topology.

Let x be continuous and not indentically zero, complex-valued func-
tion on K with the property x(z *y) = x(z)x(y) for all =,y € K.
We denote the set of all such functions by X(K') and the set of all y
in X(K) where are bounded will be denoted by X,(X). In particular,
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Y € Xp(K) with |y(x)] = 1, € K, is called a character of K. For
in Xy(K), let F\ be defined on M(K) by

F\(nu) = _/ITd#,

and It be the set of all x in X3(K) such that

for # in K. Moreover a function y on K will be called a normalized
character if x = 1T where T is the trace function of an irreducible
unitary representation of A on an n-dimensional Hilbert space. Recall
that a function is a normalized character if and only if y is continuous
and
X@x(w) = [ Xt syt
i

for all z,y € K, where w is the normalized Haar measure. For v € Iy
the conjugacy class of z is defined by =% = {t7zt|t € L} and if
H is the hypergroup of conjugacy classes for K, the characters of H
are in one-to-one correspondence with the normalized character y, of
representation p in R. We denote by F, Fu, and F.o, respectively,
the algebras of continuous, unformly continuous, and continuous with
compact support ; by F,(x), F.(L), respectively, the subalgebra of
§u consisting of representative functions associated with a continuous
irreducible unitary representation (we will denote the totality of all
such representations by R), subalgebra of §. consisting of the central
functions, t.e., f(z) = f(yay™) for all z,y in K. Also fK{,Z dt denotes
the normalized Haar integral on K/Z, and [} dz is a left invariant
Haar integral on K ; wy denotes the Haar measure on K.

Finally, Dunkl [3] defines the center Z = Z(L) of a hypergroup
I as the set of all z in K such that supp(e, * €,) is a singleton for
each y € K. Jewett [10] defines the maximal subgroup G(I) of K
as the set of all z in K such that supp(e, *e,-) = {e}. If K/Z is
compact, then a locally compact hypergroup K is called central or
Z-hypergroup. Such hypergroups arise natually as double coset spaces
of compact subgroups of Z-groups.
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If f is a Borel function on ¥ and T,y € I then we define f(r*y) =
e = JI\ f(2)ds, % €y(z) if this integral exists, and we will denote
it by f(xy). For any [0, c0]—valued function f,yg and left invariant
Haar measure m, the convolution f * g of f and g is defined on I by

(F*g)(@) = [y Flz * y)g(y~)m(dy).
2. Representation

PROPOSITION 2.1. Let K be a Z —hypergroup and let p be a con-
tinuous irreducible unitary representation of I on the complex Hilbert

space H. Then

(1) For each choice of u,v,u’,v’ in H the function definecd by
PG Pttt 3 < prr 0
(where ® € K and — denotes complex conjugation) is constant

on cosets of Z and is in F(K/Z).
(2) To p corresponds a positive real number Cp = f}{/z | <yt =

|?dz, where u and v are any vector in H of norm 1, and
/ <PeU 0 > < ppu' v >di=c, < u,u’ > < v, v’ >
K/Z

for all u,v,u’,v' in H

Proof. Let z € Z. Since p is a irreducible unitary representation
of I, pzp, = p.p; for each z in K and p, = Mz)I where A\(z) €
C,[A(z)[* =1 and I is the identity on H. Since p is continuous, and

< PPz 0 > < prpetd v > = A(2) < peu,v > AM2)T< petd, 0" >
=< prt, v > < pgu’ vt >

the function in (1) is a constant on cosets of Z, and is in S (/7).
Now consider the function

¢(u,v,u’,v") = / < ot U B < ppul vl >di.
K/z
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For fixed u,u’, this function is linear in v’ and conjugate linear in v.
Moreover, |¢(u,v,u’,0")] < |lulllv|lllw']lllv’]] because of the unitarity
of p. Hence we can represent ¢(u,v,u’,v’) by a bounded operator.
Specifically, there exists a family B, . of bounded operators on H
satisfying < By wv', v >= ¢(u,v,u’,v"). Then

< Bu,u'PyU',v > = / < Pyztt, U > < pygut’, v’ >dz
KlZ

= f < Py, v > < pyu! v >di
K|z

by the invariance of the Haar integral

= / < pl-u,p;v %5 2 il A e
K/Z

=< Bu,u’vlapzv >

=< pyBu.u’U,: v >
forally € K and u,v,u’,v' € H. Hence By ypy = pyBuw forally € Ik
and u, u’ € H, so that by Schur’s lemma By, .+ = A(w, u')I, AMu,u') € C.

Hence ¢(u,v,u’,v") =< By wv',v >= Mu,u') < v',v >. On the other
hand, since p is unitary,

R Pl = e s - 2 A W0 aatt 2
P

and hence
& By gl 78 5= / S et 3 < Wapr-10" > ATy
K/Z
Moreover since K/Z is unimodular
f WD U Pt D= / < u,pgv > < ul,pee! >d
K/Z K/Z
e BI,’U:u’,u >
=XMoa' un & .

We conclude that A(u,u') < v',v >= A(v,v") < u,u’ >. So A(v,v) is
constant on ||v|| = 1 and does not depend on v. If we denote A{v,v)
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by cp, then A(u,u') =¢, < u,u’ > and

/ < pp > < gt v pdi= e < wa B >
K|Z

i A N e B

and if u = u', v = v’ and |jul| = [[v|| = 1, we obtain ¢, = [i/,| <

pet,v > |2dz. W

Let (p¢)e>0 be a convolution semigroup in IM(K). If we define
.(u) =< pgu, u >, then 1, will be a corresponding quadratic form
of (pt¢)t>0. Now we recall that P(I{) is the cone of all bounded con-
tinuous positive definite functions on K. Let P!([K’) be the convex set
of ¢ € P(I) such that ¢(e) = ||¢]loc = 1, and let, further, 7y be the
corresponding representation to ¢ € P!(K). Then we have a relation
lp(yz) — ¢(z)| < 2(1 — Red(y™)) for ¢ € PY(K) and 2,y € I\, and
the canonical mapping ¢ — w4 from exP!(XK’) onto K is open and
continuous, where exP!(L) is the set of extreme points of P}( L) en-
dowed with the topology of uniform convergence on compact subset of

I (pp94-95, [7]).

THEOREM 2.2. Let I{ be a Z—hypergroup. If p is a continnous
irreducible unitary representation of I{, then p is finite dimensional,
and the dimension function p — d, is continuous, locally bounded on

K.
Proof. Let {v;]i € I'} be a maximal orthogonal family in H. For any
integer n, we have

n
Z|<vaz’,vl>|ZSZ|<PmU:ﬁ,UI>|2;

thus by proposition 2.1,

n n
B = T
= ne S/ | < pevi,vr > |2di.
g I\'/ZZ o

iel
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Since p is unitary, {p,v;}, for every z, is also a maximal orthogonal
family in H. Moreover we have
lorl> = "1 < peviyor > 2 =

el
by Parseval’s equation. Hence ncp, < 1 and since ¢, is a positive real
number, n is a bounded integer. So, p has a finite dimension. Let us
denote by d, the dimension of p. Since K/Z is compact it follows that
C = Urer {2} * {27} is a compact subset of K(2.5D,2.5F,3.2C, [10]),
and we can set I = C'Z (proposition 4.3, [16]). Let ¢y € exP(R) and
€ > 0 be given. Then the set

W = {myld € exP(IV), |p(x) — du(x)| < e forallr € ')
is an open neighborhood of 74 on K. Since
|¢(2) — do(2)| = | < m(z)u,u > — < Tao(Z)Ug, ug > |

for some ug € Hyy, [luoll =1, and u € Han,, |Jug| = 1, we get

f_ (17 g (2o [* — |7 p(2)u)?) dt
K/Z

S/ | < Tgo(z 2™ g, ug > — < my(z * 2 Vu,u > |di
K/Z

<f ( |<W¢O(J)z¢0,1a0 > — < me(y)u,u > |deg * _1(y)) i
K/Z

/ / ede, * €4-1(y)da = ¢
K/Z

for all ;g € W. Thus p — [ /7 |pzu||*d is continuous. On the other

hand if {vy,--- ,vg4,} is an orthogonal basis of , then we have, as the
above, c¢,d, < 1. Since p — ¢, is continuous p — d, is locally hounded
and continuous. M

From the theorem 2.2, if {v,,- - ,vd,} is an orthogonal basis of H,
then for each i =1,2,.-- ,d,, we have

2
dpcp:er/ | < paviyv1 > | d'f_f Z <prz:,,vl>] .
=1 &

K/Z ;-
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By the Parseval’s equation, we obtain that dyc, = 1. hence we see
from this fact and proposition 2.1 that

/ | < peu,v > |2di = d;t for anyu,v € Hand|ju|| = |[o|| = 1
K/Z
and for each u,v,u’,v" in H,

f < peu, v > < poul v >di = d;l <u,u' > <, v >,
K/Z

fp=rns€ kK, ¢c¢ exPY(K), then p, = ¢(2)I for all z € Z and
| Z e Z where Z denotes the character group of Z. We therefore have
a canonical mapping r : K — 7 defined by 74 — ¢|Z. This mapping
is continuous, open and surjective ([4],[7]). Moreover we can easily sce
that if p; = (psj(x)) is the matrix representation of p relative to the
above basis, then

/ Ph(T)[)Jk(T)dI: df:lﬁik6jls for £1j1 k’,l: 1121"' 1dp1
K/Z
on the other words,
f < pavt, vi > Tpavy,oF Sdé = d 6
K/Z

and in particular I};/z lxol%d2 = 1([4],[7]).
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