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FUZZY NEARNESS SPACES

YonGg CHAN KIM

1. INTRODUCTION

S.K. Samanta [12] introduced the netion of fuzzy necarness stine-
tures. A. Kandil and M.E. El-Shafee [5] investigated some characteri-
zations for F'Ry-spaces.

In this paper we will obtain that the category of the topological
fuzzy nearness spaces is isomorphic to the category of the F'Ry-spaces.
In particular, the category of the fuzzy nearness spaces have initial
structures and final structures. In fact, by the concepts of initial struc-
tures and final structures, we can define subspaces and products and
quotients of fuzzy nearness spaces.

Throughout this paper, for general categorical background we refer
to J. Admek, H. Herrlich, and G.E. Strecker [1] and for nearness spaces
to Gerhard Preuss [11] and C.Y. Kim et al. [7].

2. PRELIMINARIES

We introduce some basic definitions, notations and known results.
We will denote by I the unit interval and by IX the family of all fuzzy
subsets of a set X. The constant function whose value is « is denoted
by a.

Let A,B € I*. We say 4 and B are quasi-coincident (bricfly q.c.),
denoted by A ¢ B, iff there exists »+ € X such that A(x)+ B(v) > 1.
Otherwise we write A § B. A C B if A(x) < B(zx), (AU B)(x) =
maz{A(z), B(x)}, (AN B)(2) = min{A(z), B(z)}, for all 2 € X.
A fuzzy point 24,0 < t < 1, is an element of IX such that v,(z) =t
and x4(y) = 0 for all y € {x}°. A fuzzy point z; € A iff t < A(x).

If f: X -V is a function, then for any A € IX the image of 4 is
defined as f(A)(y) = supyes-1({yA(z) for every y € ¥, where the
fact sup § = () is assumed, and if for any B € IY the preimage of B is
defined as f~!(B) = Bo f.

Received June 30, 1995.

249



250 Yong Chan Kim

If f: X =Y is afunction, then we remember the following proper-
ties for direct and inverse image of fuzzy sets:

(i) if A C B, then f~1(A4) C f~1(B),

(ii) f(f~*(A4)) C A with equality if f is surjective,

(iii) f~Y(f(E)) D E with equality if f is injective,

(iv) f_l(Uiej 4;)= UiEI F1 (4,

(v) f(UieI Ei) = Uie[ HE).

Let X be a nonempty set. A map c: I~ — I'V is said to be an fuzzy
closure operator on X iff it satisfies the following conditions:

(c1) ¢(0) =0,

(c2) A Ce(A) for every A € IV,

(c3) c(AUB) =¢(A) U c(B) for every A,B € I¥,

The pair (X,c¢) is a fuzzy closure space (briefly FC-space). A FC-
space (X, c¢) is a topological FC-space if (c4) c o ¢(A) = ¢(A) for all
AeIX,

Let (X,c) be a FC-space. Then 7. = {A € IX | A° = ¢(A)} is a
fuzzy topology on X, where 4° =1 — A.

Let (X,c),(Y,c*) be FC-spaces and f: X — Y. Then f is a c-map iff
f(c(A)) C c*(f(A)) for all A € IT¥.

We can easily prove the following lemma.

LEMMA 2.1. [5] Let X be a nonempty set. Then:

(i) If A,B € IX ,AqB, then ANB # 0.

(ii) For A, Be I*, A§B iff A C B¢,

(iii) For AB€ Y, ACBiffa;qA implies x4 q B iff v, q A for all
vy q B iff v, € B for all v, € A.

(iv) For A; € I for all i € I, wy q ;o Ai iff there exists ig € I
such that z, g A,,.

3. Fuzzy NEARNESS SPACES

In this section, we study relationships between fuzzy nearness spaces
and fuzzy closure spaces.

Let X be a set and A,B C IX. A family A of fuzzy subsets is said
to be quasi-coincident (briefly q.c.) iff there exists # € X such that
A(z)+ B(z) > 1, for every A,B€ A. We define AVB={AUDB| A€
A, B € B}. Ais called a corefinement of B, Jenoted by A < B, iff for
every A € A, there exists B € B such that B C A.



FUZZY NEARNESS SPACES 251

DEFINITION 3.1. A subset ¢ of P(IX) is said to be a fuzzy near-
. ness structure (briefly FN-structure) on X if it satisfies the followiig
conditions:

(FN1)if A< B and B € ¢, then A € €,

(FN2) if A is q.c., then A € ¢,
(EN3) 0 £ € £ P(1Y),

(FN4)if AVB€¢, then A€ tor Be¢,

(FN5)if { cleA| A€ A} € ¢, then A € ¢, where

cleA=1-sup{BeI*|{B,A} ¢¢}.

The pair (X,€) is called a fuzzy nearness space ( briefly FN-space).

Let € and £* be FN-structures for X, We say that € is coarser than
£* and £* is finer than £ if £ C ¢*.

Remark. If we identify a subset A of a set X with the characteristic
function y 4 of 4 on X, then we may consider a nearness structure on
X as a fuzzy nearness structure on X. In fact, the notion of fuzzy
nearness structures is shown to be a generalization of that of nearness
structures.

By the following theorem, we will write ¢l instead of cle in (FN5)
of Definition 3.1. We can easily prove that ¢l is a topological fuzzy
closure operator on IV,

THEOREM 3.2. Let (X,¢) be a FN-space . Define an operator
el : I* - IX as 2, q cl(A) iff {z;, A} € €. Then:

(2) ¢l =selg,

(b) cl is a topological fuzzy closure operator on I¥.

Proof. (a) Let @, G cI(A) be given. Then {z,, A} € £. Therefore, by
the definition cl¢, clgA(z) < 1—1t, e, 2, g cl¢(A). By Lemma 2.1,
cle(A) Ccl(A).

We must show that cl¢(A) D cl(4) for all 4 € IX. First, we will
show that if {4, B} ¢ &, then cl(4) § B. If cl(A) ¢ B, i.e., c(4)(x) +
B(xz) > 1 for some x € X, then there exists ¢t € I such that el( A)(r) +
t > 1 and z; € B. Hence z; ¢q cl(4). Since {4,B} < {z,, A} € &,
{A,B} € £. Second, since {4, B} ¢ ¢ implies cl(A) C B¢, we have
cl(A) C cle(A).

(b) (c1); We have x¢ ¢ ) for all z;. On the other hand, we have
{2, 0} €€, ie., 2, 7 cl(B). For, otherwise, by (FN1), A < {a¢,0} € £
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for every A € P(I%), ie., € = P(IY), a contradiction to (FN3). Hence
cl(0) = 0.

(c2); Let x; ¢ A be given. By (FN2), then {x,, A} € £, that is,
x¢ q cl(A).

(c3); If AC B,{xs, B} < {z, A}. Therefore cl(A) C cl( B).
Hence cl(A) U cl(B) C cl(AU B). Let x4 ¢ cl(AU B) be given.
Then {z;, AU B} € £&. By (FN1), {s,AUz:,BUz;, AUB} € {. By
(FN4), {z4, A} € £ or {z¢, B} € &, i.e., x4 g cl(A) or &, q cl(B).

(c4); Let z; g cl o cl(A) be given. Then cl(z;) q clo cl(A). By first
of the proof (a), {cl(z;),cl(A)} € €. By (FN5) and (a), {z;, A} € £.
Then z; ¢ cl(A).

Remark. If (X,£) is a nearness space in a sence the above remark,
then, by the above theorem, (X, cl) is a closure space where cl(4) =

{z € X | {4,{z}} € £}

DEFINITION 3.3. Let (X,€) and (Y,n) be FN-spaces. A map f :
(X,€) — (Y,n) is called a fuzzy nearness map ( FN-map ) if f(A) =
{f(A)| Ae A} €n for each A € £.

THEOREM 3.4. Let (X,¢) and (Y, n) be FN-spaces and et f : (X, £)
— (Y,n) be a FN-map. Then f: (X, cl¢) — (Y, cly) is a c-map.

Proof. We will show that f(cl¢(A)) C el,(f(A)) for all A € I¥.
Let y; ¢ f(clg(A)) be given. There exists o € X such that

Supxef—x({y})clgfl(w) +t 2> eleA(zo) +t> 1,

where f(zq) = y. Since (zq)¢ q cle(A4), i.e, {(z0):, A} € £, we have
{F((zo)e), F(A)} € m, Le., f(ro)e q ely(f(A))-
DEFINITION 3.5. A FN-space (X, €) is called a topological FN-space
if eleA = {cle(A); A € A} is q.c. for each A € €.
A topological FC-space (X, ¢) is called a FRy-space if x¢ ¢ c(y,)
implies y, § c(xy).
Remarks. (a) If (X, €) is a FN-space, then (X, cl¢) is a FRo-space.
(b) In a sence the characteristic function, we may consider a I?y-
space as a F'Ry-space.
For categorical viewpoints, we denote
TFN=(topological FN-spaces, FN-maps),
FRo=(F Ry-spaces, c-maps).
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Define a map F': TFN — FRy, F(X,£) = (X,cl¢) and F(f) = f.
~ By Theorem 3.4 and the above remarks, then F' is a functor.

LEMMA 3.6. (X,c) is a FRy-space iff ¥4 ¢ ¢(A) implies c(x;) q ¢(4)
for all A € IX.

~ Proof. (=) If 2y G c(Ad). then t + c(A)(x) <1 for all » € X, We
will show that c¢(z;) C c(A)¢. By Lemma 2.1, for every y, g c(4)". i.c.,
yr € ¢(A), we have c(y,) C ¢(4). Hence x4 g ¢(y,). Since (X,¢) is a
FRy-space, we have y, § c(x¢). Therefore ¢(z¢) § ¢(A).

(<) Put ¢(A) = e(y,). Then x¢ 7 e(y,) implies c(z;) g c(y,). Hence
(@) q yr.

THEOREM 3.7. Let (X,c) be a topological FC-space and let £, =
{AeP(I*)|{c(A)| A€ A} isq.c. } and for A € I, x4 q cle, (A) iff
{2, A} € €. Then clg A = c(A) iff (X,¢) is a FRy-space.

Proof. (<) If 24 g ¢(A), then c(z;) ¢ ¢(A). Hence {z¢, A} € &, le.,
T qcle (A).

If 2 g cle (A), Le., {zy, A} € &, then c(z¢) ¢ c(A). Since (X,c)is a
FRy-space, by the above lemma, z¢ g c(A).

(=) Put c(z;) ¢ ¢(A). Then {z, A} € &, , i.e., 74 g clg,(A). Since
cle, A = c(A), we have z, ¢ ¢(A).

Ezample. Let X = {0,1,2} be given. Define r = {4.B,0,1} where
A(0) = 0.2, A(1) = 0.4, A(2) = 0.1, B(0) = 0.8, B(1) = 0.4, B(2) =0.0.
Since 0p.5 ¢ 1g.s5, but Og5 ¢ 1gs, (X,c¢) is not a FRy-space. Suppose
cle, A(z) < 1 for some ¢ € X. There exists z; such that x¢ ¢ clg A.
So, {z¢, A} & &, but {c(z¢),c(4)} is q.c., a contradiction. Hence
o(d)=B<clf A=1.

LEMMA 3.8. If AV B is q.c., then Aor B is q.c..
Proof. See Lemma 1.10 in [12].

THEOREM 3.9. If (X,c) is a FRy-space, then £, = {A € P(IV) |
{c(A) | A€ A} is q.c.} is a topological FN-structure on X such that
cle, =c.

Proof. The proof of this theorem is similar to the proof of Theorem
1.9 in [12].
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LEMMA 3.10. If (X,€) is a topological FN-space. then €., = €.

Proof. If A € £y, then cle A = {cl¢(4) | A € A} is q.c.. Hence
cleA€ €. By (FN5), Aet.

If A€ €, then clgAis q.c., because (X, £) is a topological FN-space.
Hence A € £,

THEOREM 3.11. Let (X,£),(Y,n) be topological FN-spaces. A map
f(X,8) = (Yin) be a FN-map iff f : (X, cl¢g) — (Y, cly) is a c-map.

Proof. (=) By Theorem 3.4, it is trivial.

(<) If A € €, then cl¢(A) is q.c.. Since f(cle(A)) C o, (f(4)),
{cly(f(4)) | A€ A} is q.e. By (FN2), {cl,(f(A)) | A€ A} € 5. By
(FNS), f(A) = {f(4) | A€ A} en.

In [7] and [11], it was introduced that the category of the topological
nearness spaces is isomorphic to the category of the Ry-spaces.
We will generalize it as the following theorem.

THEOREM 3.12. (a) If a map G : FRo — TFN is defined by
G(X,c) =(X,¢&:) and G(f) = f, then G is a functor.
(b) TFN and FRg are isomorphic, i.e., FoG =1 and Go F = 1.

Proof. (a) By Theorem 3.9, (X, £,) is a topological FN-space. Since
(X,c) is a FRy-space, we have clg, = c. By Theorem 3.11, G(f) = f
is a FN-map.

(b) Since FoG(X,¢) = (X, cle,), by Theorem 3.9, we have FoG = 1.
Since G o F(X,¢) = (X, £, ), by Lemma 3.10, we have Go F' = 1.

4. INITIAL AND FINAL FUZZY NEARNESS STRUCTURES

Now, we will prove the existences of initial and final fuzzy nearness
structures.

Notations; Let ¢ C P(I*) and n C P(I¥) be given. If f: X - ¥
is a map, then we will write f(¢) = {B C IV | f~3(B) € £} where
F7HB)={f"'(B)| B€ B} and f~'(n) = {A S I* | f(A) € n}.

THEOREM 4.1. (Existence of Initial Structures). If X is a set,
((Xi,6))ier Is a family in FN-space, and f;: X — X; is a map for
each ¢ € I, then:

(a) £ = N{f (&) | i € I} is the coarsest fuzzy nearness structure
on X with respect to which f; is a FN-map for each i € I.
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(b) Amap f:(Z,() — (X,¢) is a FN-map if and only if

fiof:(2,Q) = (Xi,&), iel
is a FN-map.

Proof. (a) (FN1); If A < Band B € ¢, then B € f71(¢&;) for alli € I.
Hence fi(B) € &; and fi(A) < fi(B) for all i € I. Thus fi(A) € ¢ for
all ¢ € I. Therefore A € ¢.

(FN2); If Ais q.c., there exists 7 € X,y = fi(x) such that

FlADNY) + fil A2)(y) = As(r) + Aa(2) > 1
for any Ay, Ay € A. Thus f;(A) € & for all i € I. Therefore A € £.

(FN3); Since A = {i,%} is q.c. and (&) # P(IY), we have
P(I*) # € #9.

(FN4); If AVB € ¢, then fi(AVB) € & for all i € I. Since
fiAUB) = fi(A) U f(B), fi(A)V fAB) € & for all i € I. By (FN4),
A€eforBekt.

(FN5); If { clgA; A € A} € €, then filcle A) € €;. We will show that
filcleA) C clg,(fi(A)). Let (yi): g Fi(cle(A)) be given. There exists
x; € X such that

Supzef;—l({yi})clEA(:I) + t 2 CIEA(.T-L) + f > 1

where fi(z;) = yi. Since (z;); ¢ cle(4), ie., {(zi)e, A} € £, we have
{fi((zi)e), fi(A)} € my for all i € I, ie., (yi)e ¢ ely(f(A)). Therefore,
we obtain clg, (fi(A)) < filcleA) € &, A€ €.

(b) (=) It is trivial.

(<) For every A € (, we have fio f(A) € ¢ for all i € I. Hence
f(A) e &

By the above theorem, the structure ¢ is called initial with respect
ol Xsifes (X &) e

We can define subspaces and products. Let (X, ¢) be a FN-space and
A be a subset of X. The pair (4, £4) is said to be a subspace of (X,€) if
€4 is initial with respect to (4,1,(X,¢)), where i is the inclusion map.
For a family ((Xj,€;)):er of FN-spaces, let X = I;er X; be given, The
pair (X, £) is called a product fuzzy nearness space if £ is initial with
respect to (X, Tri,(Xt-,fi))iel , where each i € I, m;: X — X is the
projection map.

In the above theorem, if X; = X and f; is the identity map for all
i € I, then & =N){&z i e I}
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THEOREM 4.2. (Existence of Final Structures). Suppose Y be a set,
((Yi,ni))ier be a family in FN-space, and g; : Yi — Y be a surjective
map for all i € I. Then:

(a) n = ({gi(n:) | i € I} is the finest fuzzy nearness structure on '
with respect to which each g; is a FN-map.

(b) A map h: (Y,n) = (Z,() is a FN-map if and only if

hogi:(Yim)—(Z,), i€l

is a FN-map.

Proof. (a) (FN1),(FN3) and (FN4) are easy.

(FN2) If Ais q.c., then there exists y € ¥ such that A(y)+420y) >
1 for any A;, A; € A. Since each g; is onto, i.e., gi(y:) = y, we have
g7 A) € s

(FN5) We will show that g7 Y (clyB) C clyigi '(B). Iy ¢ clyB. then
{ys, B} € n. We have {97 (ys), 97 "(B)} € ni. Hence cly.gi (B) <
gi " (cly(B)).

Since ¢; '(gi(B)) < B for every B € 7i, ¢i: (Yi,ni) = (Y,n) is a
FN-map for each z € I.

(b) It is easy.

By the above theorem, the structure 7 is called final with respect to

((Y;, nz)) gis Y),‘e]’-
Using this structure, we can define quotient spaces. Let (X,8) bea
FN-space and g : X — Y is surjective. The pair (Y,n) is said to be a

quotient FN-space of (X,¢) if n is final with respect to (X,8).9.Y),
where ¢ is called a quotient FN-map.
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