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SOME LIMIT THEOREM TO JUMP-DIFFUSIONS
IN STOCHASTIC DIFFERENCE EQUATIONS

SUN-HYUK HAN

0. Introduction.

In order to approach a non-Markovian processes to Markov pro-
cesses, the matter of what conditions are necessary is very interested
and worked by many authors. In this paper, we will study if the se-
quence of non-Markovian stochastic processes defined by the solution
of stochastic difference equations satisfy some conditions, then it con-
verges to jump type process with Markov property. Especially, we will
show how the continuous part of limiting process and jump part are
derived. Also, by many scholars, the limit theorems are treated in the
standpoint of view which is the convergence of characteristic of semi-
martingales and some other processes [2],[3]. But we will use some
mixing property which does not yields the convergence of characteris-
tics.

In a broad sense, this paper is nothing but one of the result obtained
by many scholars in the part, because the subject and the methods
which we treat herein had already appeared and used. But, through
this paper, we try to simplify the conditions and, through detailed
computation, to show the course that the result comes out. Therefore,
we restrict to the sequences of square integrable random variables.
Also, we will omit some parts of proof which is got by [1] easily.

The detail content and results are the followings : for the double
indexed square integrable random variables {X}; n, k € N} of Re-
valued, the d x e-matrix valued functions F" defined on R¢, and R4-
valued functions G", we consider the stochastic difference equation ;
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1 Tt
2k — Ph-1 = F (k-1 (Xi — ") + ()G (#k-1)
(0.1) in

:10(1112320 ERdv

where a™ = E[X{o,1)(|XT])].

We define an interpolating process {™(t)}nen by, for some sequence
{jn} diviging to infinity,

(0.2) p"(t) = [, fortel0,00),

where [t] is the integral part of ¢. Then each {¢™(t)} can be regared as
a sequence of random variables with values in the Skorohod space Dy(=
D([0, c0), R%)) of cadlag functions. As usual, we equip the space Dy
with, so called, the Skorohod topology [5]. We want to study the weak
convergence of this sequence {"},en. For this aim, our standpoint of
discussion is the weak convergence of the driving noise processes

[nt]

(03) X*t)=) (Xf-a")

k=1

to a Lévy process implies that of the system processes {¢,} to a Markov
process with jumps. For the purpose, we will use the mixing condition
and apply so-called martingale method.

In section I, we will give the preliminaries a little. In section IJ,
we will give the statement of results detaily. The main theorem is
Theorem I which states that the sequence {p"(¢)} of (0.2) converges
weakly in D4 to the solution of a stochastic differential equation of
jump type. But to prove this result, it is more convenient to show the
weak convergence of the joint processes $™(t) = (»™(t), X™(t)) instead
of p™(t). Theorem II which states on {$™(t)}nen is a rewritting of
Theorem I. Therefore, in section III, we will give a proof only for
Theorem I1. Since it is long, we will divide it into several steps. First,



Limit Theorem to Jump-Diffusions in Stochastic Difference Equations 261

we will show the tightness of the sequence of stochastic processes and
then characterize any limiting process by showing the law of it is the
unique solution of a martingale problem. Second, we will treat the
removal of localization and trancation.

The author would like to express my sincere thanks to Prof. J. Oh
for his many teaching and advice directly in preparing this paper.

I. Preliminaries.

In this section, we will give some definitions and notions to formulate
our results. We will also give the definition of strongly uniform mixing
arry.

For each n € N, let {X} ; n, £ € N} be an array of R®-valued
random variables defined on (2, F, p). We will assume that this array
{X7 5 n, k € N} is stationary ; for each n € N, the joint law of
(X7, X2, --+, X7) under P is equal to that of (X7, --- , XZ.,)
for all k, I € N. We will say that the array {X}} of random variable
satisfies the strongly uniform mixing condition with the rate function

P if

¥(k) = sup sup sup

{‘ P(AN B)
n€EN IEN

—_— 1| A B i
P(A)P(B) \1 € FiyB € Frip e
and P(A)P(B) > 0)

converges to 0 as £ — oo, where we set Fy'; = ol X2 k< ¢ <l for
1<k<! <.

We denote by Dy = D([0, 00), R?) the space of all right continuous
functions with lefthand limit from [0,00) to d-dimensional Euclidean
space R¢, We equip D, with the so-called Skorohod topology for which
it 1s a Polish space.

For a sequence {p"(t)}nen of Dy-valued random variables, we say
that p™(¢) converges in law to a Dy-valued random variable ((#) if the
law of ™ (¢) converge weakly to that of ;»(¢) and we denote ;,o”(t)—ﬁr,o(t)
in Dy as n — oo.

On the other hand, it is well-known that for a o-finite measure v on

(R\{0}, B(R*\{0})) satistying
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[ win{l2?, 1}u(ds) <o,
Re\{0}

there exists a stationary Poisson point process {p(¢)} on R¢\{0} with
the intensity measure v. We denote its counting measure by Np(dudz)
and its compensated counting measure by ]Vp(dudz) (= Np(dudz) —
duv(dz)).

We denote by C2(R¢, R*®) the space of all function from R into pos-
sessing continuous derivatives of order up to and including 2. In the
case of e = 1, we denote it by C?(R?). We also denote by CZ(RY, R®)
the space of all functions of class C?(R%, R®) possessing bounded
derivatives. B(R?, R®) denotes the space of all bounded measurable
functions from R? into R®. We denote R ® R® the set of all real d x e
matrices, which is indentified with R4%¢, We also denote by Cop(R?)
the space of all bounded functions defined on R¢ which are 0 arround
0 € R® and have a limit at the infinity.

For an array {X[} on R, we set

Xie = XF Ion (X7
5
XP” = XP Lo (IXED) -
for some 6 > 0. We denote by X¢'F the p-th component of X for
p=1 2,3 - ,e.
II. Statement of Results.

Let {X} ; n, k € N} be an array of (R*\{0})-valued, stationary,
and square integrable random variables such that the squence integral
is converge to 0 when n — co. Then we can choose a sequence {J,}
diverging to infinity such that j, E[[X{*,%[z] < oo for some §p > 0. We
will write several conditions to get the main results.

(A1) jnP(X] € dz) converge to Lévy measure v defined on
(Re\{0} , B(R*\{0})), such that for all f € Co(R*),

(IL.1) T f(2)P(XT € dz) ~—>/ f(z)v(dz) . (n— o0).
Re Re
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(A.II)  There exist real numbers V¢ and VP

forallp, ¢ =1, 2, --- ,e such that
(112) limlimsup | j Ely2nl] - V2] = 0
Jn
(I1.3) limlimsup | j, Z E[p™Pp™ — VP =0
010 gmerse 7 8 Tk,

where Nks = Xi?,a — E[Xif"a],X,’:,a = Xi¢I{xr|<s), and ne'? is the
p-th component of n7.

(A.IIT) The mixing rate function of the strong uniform mixing array
{X}} satisfies

(IL4) 3 VEE) < oo

k=1

Consider the stochastic difference equations

(IL5)
n n n n 1 n
'10: —¥Pk-1— Fﬂ(_:iok—l)(Xk —a ) + (:7_) G(:l‘gk—l)v k= 1:2:' te
:Pg = To,

where we set a™ = E[X["I(g 1(]X{|)] and L4 denote the inticator func-
tion of a set A.
For the sequence {7,,} which we took, define a sequence of stochastic

processes {"}, by

(IL6) P (t) =i o fort €[0,00)

such that Py satisfy (II —5). Then each " (t) can be regared as a

random variable with values in the Skorohod space Dy([0, o), RY).
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Suppose the coefficients F*(z) and G™(z) in (IT — 5) satisfy
(C™.I). For a sequence {F"}, € C*(RY, R¢® R®), there exists a
function F' satisfying
F e CYRY, RE@R®) N B(RY, R QR).

and

(IL.7) f}LmooZ ( sup |D'F™(z) — Fﬂ($)|) =0

|z]<N

for each N > 0.

(C™.IT) For a sequence of continuous functions {G"}, from R? into
R¢ itself, there exists a function G satisfying that ;

G is a locally Lipschitz continuous function from R? into itself such
that

(11.8) sup |G™(z) — G(z)| — 0 as n — oo for each NV > 0.
lz|]<N

Then we have the following result.

Theorem I. Assume (A.I), (A.II), (A.III), (C™.I) and (C™.II)
for {X2}, F™ and G™ of (I1.5). Then the processes {p"(¢)}» of (I1.6)
converge in law to the unigue solution p(t) of the following stochastic
differential equation ;

ot) =20+ [ Flo(wBY (d) + / (G + B)(p(u))du

(I1.9) /H / - —)zN,(dudz)

+/:+ /[zl)’:,' F(p(u—)zNp(dudz).
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where BY is Brownian motion with mean 0 and covariant matrix

(VPRI =VP+ VP + V) =12, e,

p(t) is e-dimensional stationary Poisson point process with the intensity
measure v, and

3 Y R B,

i=1 p,g=1

If we define the driving noise processes as

[JAn f]

(I1.10) X"(t)=)Y (Xp—a")
k=1

then note that by the representation of (I1.5) and (I1.9), we can see the
prelimiting process p"(¢) and the limiting process p(t) are functionals
of (p™(t), X™(t)) and (x(¢), X (t)) respectively. Here

(IL.11)

t+ t+
Xit)= t)—l—/ ] sz(dudz)-}—/ / »(dudz).
|| <y l I>”f

Therefore, for the proof of Theorem I, we need to show the weak con-
vergence of {X"™(t)}, as well as that of {¢2"(¢)}. To this end, it is suf-
ficient to show the weak convergence of the pair $™(t) = (»™(t), X"(t))
in the product space Dy x D,. But we will give a stronger assertion ;
the weak convergence of {$™(¢)}, in Dgte-

Theorem II. Let »™(t) and X™(t) be the processes defined in (II.6)
and (II.10), respectively. Set

o-(4)

Then, under the assumptions (A.I), (A.II), (A.III), (C™.I)
and (C™.II), it holds
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@”(t)—a',ﬁ(t) in Dgye asn— oo,

where 5(t) is the unique solution of the following stochastic differential
equation ;

B(t) = &g F (uw)BY (du) ](G+b)(,g u))du
+

(IL.12) (u—)zNp(dudz)

I<*r

/ F(p(u—)zN,(dudz).
|z]>~

\'\.\

Here, we put Z4 = ( ) € Ri*e for z, € R? and 0 € R¢,

( ) ( ) ;  where I, isthe e X e-unit matrix,
L E b(m)
b = 5 for z € R® and y € R®.

¥

Remark 1. In [2], we can meet the weak convergence of the sequence
{"} drived by the solution of stochastic difference equations by the
method of convergence of characteristics. But this is not same result
and we don’t know the result unifying both cases of driving processes
in [2] and some our mixing sequence method yet.

e

(N

Remark 2. In [3], we can meet some stochastic differential equation
of the form ;

d _
27t = I (pe) + 57 (p0).
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where f{* = fl(z),t > 0 is a stochastic process and g@* = g*(z),t > 0
. 1s a deterministic functions. In here, if we put

Fuilpy-) = F (o3 ) X2

=N n 1 n n T n L3
a2vt-) = () @(o) = PG ser,
where a™ = E[X'I{1xn|<4}(|X])], then we can drive a stochastic dif-
ference equation of the form

Pk~ Pk—1= ff_1(99k—1)X?_1 +gg—1(<10k—1)1 k= 1, 2:' o

Also, an unified method which is applicable both to stochastic differ-
ential equation and to stochastic difference equation is introduced as a
stochastic difference-differential of the form ;

i
o} = 50 + / [FR(om) + §2(m dAT,
0

where {f} is a sequence of vector field valued stochastic processes,
{1} is a sequence of deterministic vector field valued functions of u,
and {A}} is a sequence of deterministic nondecreasing cadlag func-
tions of u. The limit theorems for this stochastic difference-differential
equations are given by another method in [3].

ITI. Proof the Results.

In this section, we will prove Theorem II only, because Theorem I is
belonged in Theorem II. We will divide the proof by serveral steps be-
cause 1t is very long. The 1st step is to establish the weak convergence
by the martingale method for the localized and truncated process of
{#™(t)}nem, which are uniformly bounded. To complete the 1st step,
we show the tightness and then characterize any limiting processes.
The 2nd step is to remove the restriction of localization and trunca-
tion which complete the proof of Theorem II.

IIT — 1. Localized and Truncated Processes.

For each L > 0, let v;(z) be a smooth function on R? such that
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() { 1, if |z| <L
T) =
IS 0, if)e| > L+1,
and let h.(z) be also another smooth function on R® such that
h()—{l’ if |z| <L
=1 o, if 2] > L+ 1,

Set
Fi(z) = vp(z)F"(z)
GL(z) = vi(z)G"(z)

and for each M € C(v) := {r > 0;v({z;]z| = r}) = 0} and L > 0, we
define

‘PE,M,L - 'PE"—l,M,L = FE(%"?—LM,L)(X?,M —a")

(IIL.1) 3 (Jl) GT(Pk-1,m,L)

s
’ n o
fo,M,L = %0

Assume that L > 2|z¢|, and similarly for some function hZ(z), we
define

(IIL2) { G, — Ci-1,m.L = RL(CK—1 0, L (XK 0 — @7)

Copr,L =0

Set

P, L(t) %Of}nt] M,L
(I1L3) B ) = | TMET) < TR
S Car,L(t) Clint), M,L
We call this processes the localized and truncated processes of 5™ (¢).

Note that %, ;(t) are uniformly bounded and has uniform bounded
jumps, that is, there exists a constant K s,z > 0 such that



Limit Theorem to Jump-Diffusions in Stochastic Difference Equations 269

sup [Py (t, w)| < K, 1,

n,t,w

sup |APhy r(t, w)| < Kag L

n,t,w
where Ap(t) = p(t) — p(t-).
IIT —1.(a) Tightness of {3} 1(t)}n.

First, we will give a Lemma on the strongly uniform mixing property,
which will be used frequently in the proof.

Lemma III.1. Set m< I < k.
(1) For an F'-measurable integrable function X and for an Fer
measurable integrable function Y, it holds

|E(XY) - E(X)E(Y)| < (k- DE[| X[ E[|Y].
(2) Let X be an FJ, -measurable integrable function, ¥ be an Fi-
measurable integrable function and Z be an FJ'  -measurable inte-
grable function with E[Z] = 0. Then it holds

BX(YZ - B(YZ))| < V2" + DV(k = DVl = m)
E[ XN E[YNE]Z2]],
where * = (1) + 1.
We will omit this proof, because we can meet it in [1].

To get the tightness of the sequence {$}; (1)}, we will show that
the sequence satisfies the Kolmogorov-Chentsov’s criterion. This fol-
lowing proposition implies the tightness of {2} ;(t)}a since 33 (0) =
Zo.

Proposition II1.1. For each T > 0, there exists a constants K > 0
such that

(IIL.4)

Bl15%5,1(8) ~ #3,1() 183, 1(5) — 3,1 (r)IF] < Kt — rf?

forall 0<r<s<t<T,
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and

(111.5) E(lph(t) —zo* <Kt  forall t<T,

Proof. Before going to the proof, we give a few remarks to make
the notations simple. First, we take j, = n throughout section IIL
Next we put

. [z Fr(z)
Fr =\ _ for z€R* and ye€R®
y hi(y)

. [z z(z)
G%():(: ) for zeR* and ye€RE
v g, (y)

Then $7; 1 (t) of (II1.3) is represented as

(IIL.6)
[ ) [nt] .
Ph00(t) = Eot S PP ) Eia—a" Y (- ) CHR-1m0)
k=1 k=1 ™"
where we set
- B ('-Pk,M,L)
FEML = Ck,M,LY

Since it is similar to the equation (III,1), we may replace F' and
P, of (II1.6) by FT' and p}, | respectively, because we do not need
any changes of discussion. In the sequel, we omit subscripts M and L
in ',onM’L and a1, and subscript L in FJ'. We will also give proofs
of (II1.4) and (III.5) only in 1 -dimensional case. Further, by the
uniform boundedness of {:%; 1 ()}, Wwe may assume F™ € C7(R',R?).
For fixed M > v, put

M = X~ BX] ]
b = BIX{.0 ] = BIXD 0 ).

Then we have
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2™ (t) — ™ (s)|?
[n1] [n]

ZFH(M ~0)(ng +0") + (%)ZG"(??_O

[ns] 1 [ns]
S E R+ - (1) S et

2

k=1 k=1
[nt) 1 [n1] ?
=| 3 Fepadmem+(3) S e
k=[ns]+1 k=[rs]+1
[nt] & | [
<2 Y Pl +47) +2(;) > G
k=[ns]+1 =[ns]+1
[n1] \
<4 D (Fr(po )R +8 ) Fr(pf InfF™(op_ it
k=[ns]+1 <k
[n] 2 [nt] 4
vt 3wt +o(2)] 3 o
k=[ns]+1 =[na]+1

1 2
=: AI7 4 8IF + 4IT + 2(3—) Ip.

In the above, )7, . denotes the summation ober (I, %) such that
[ns] +1 <1 < k < [nt]. We will use this abbreviation later too. We
will show the following lemma.

Lemma II1.2. It holds that

nt| — ns 5 -

=1 gyons) - prirp
for :=1,2,3,4

E[I2lp"(s) —¢"(r)*]| < K

where K is a constant which does not depend on n, r, s and t.
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Proof. We first consider I}'. Note that from assumptions and
(I1.1), it holds

n,k

Here, we have

E[I7lp"(s) = #™(r)I"]

[n1]
=E| Y (Fpp0) ()" (s) - o)
k=[ns]+1
[n1]
= Y B[(F ) Rk - "]
k=[ns]+1
[n1]
<SBO+1 Y, E[(F(0p-) () — ")) Eling [’
k=[ns]+1

< (1) + UIFI(Int] = [ns)) Elle™(s) — #™(r) "1 E[InR|")

= (@ + e P B s) - n (Y
< (0 + 21 FP P ) - on (),

Here, we denote by || F|| = sup,, , |[F"(z)|. For I}, we devide it into
the sum ;

I =Y Fr(pp P F™(ep_1)np

i<k

= Y (F (el ) nrnp + D F (el {F(pk-1) — Fr(pi-1) 0k
i<k <k

=: I3} + Ig,.

As for the first term, from Lemma III.1.(1), we obtain
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~ (IIL8)
|E[L31|9™(s) — ™))

=B | ) (Fpi))ninile™(s) - 30”(?")]2}

< T w0 1)+ BP0 — o]
- ;&;wm FUEIF ) Plnflle™(s) - ¢ PR
< I + 1
(f) bk ) e e B OBt
<NFIP[ k)_ir 1]

(Db ) i 0D gione) - o)
k=1

On the second term, from the mean value theorem and (II1.6), we
have for each %,

k—

Z Mot )t P (proy) — F (o) g

Z "(r-1) (Z{FH(P; — F{p}- 1)}) s

Z "(o7-1) ?(i{pi*w?—ﬁ_l)}) 0
j=lI

n
1
where we put 7" = / F™ (pi_1 4+ 0(p] — pj_1))db,
0

Therefore it holds by the same method as (II1.8),
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(IIL.9)
|E[I35]"(s) — 2™ (r)]*)|

=|E | Y Fr(elonf {F™(pio1) — F(pa)Infle™(s) 'Pn(’")d

<k

<D (k= DE[F"(of i {F™(pF-1) — (i) e™(s) — " ()]]

<k
Eflng|
<D 9k = DE[F (L )lInFlIF™ (k1) = F(pin)lle™(s) = ()]
1<k
Bllng|
<P + 1 (Z w(k)) E=loD . pig
k=1
[n1]
( > leP(e} - ao;?_l)|) El™(s) —#™(n)|’]
J=[ns]+1

<K K| Fl$(1) + 1 (Z¢ ) et =Ins) . ppgpngs) - o)),

k=1
because the summand

(rY]

> el et — )l

j=[nal+1

is FI' ;-measurable and is dominated by K, which does not depend on
n and j because of the uniform boundedness of {»7}.

From (II1.8) and (II1.9), we get that

E[Iflp"(s) — p"(r)] < KM .

Ellp™(s) — »™(r)]"].

We consider If. Since
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[nt]
S F(ep b

<Al e,

k=[ns]+1
it holds ;
|E[I32™(s) — ()]
[n] 3 X
(I11.10) Yo F(pi_ )b le(s) — " (r)]
k=[ns]+1

< 7P pnce) - pniryp

Finally, we consider I}.

By the same method as I}, we get the
result.

(IIL11)
BI7l"(6) - ) < K L0 ) ey

We have now completed the proof of Lemma IIL.2.

We continue the proof of Proposition III.1. By Lemma ITL.2, we get
the estimate

Ellp"(t) = 2"(s)*lo"(s) — #™(r)I’]

srfM Bllo"(s) - ¢"(") ).

for some constant K¢ > 0.

Clearly, we also have

(IIL.12) Bllo"(s) — ()P < KoL lorl)

These yield
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n

Elle™(t) — p"()["lp"(s) - #"(r)["] < (Ks)Z(——-,—“”“ - [”S”) ,

which implies (II1.4). (I11.5)is obtained from (II1.12) taking s =t
and r = 0. We have now completed the proof of Proposition III.1 .

IT] —1.(b) Characterization of limiting process.

To show the identification of any limit measure of {f’ﬂ’}L = the law
of 33 1.}n, We establish a proposition.

Proposition II1.2. Let I5M’L be any limit measure of {IBA’}[’L}W
Define

3 g Bde 3 -
Lmnf(E) =3 > (Fu(@)VEFy(&))™

t,j=1

GF
Faios )

dte

+ D _(GL(@) +51(8) 55(2)

+ [ e Fu@e - 5

d+te o . af
__;(FL(ﬁ)Z)JIHdgl}'gg(i) v(dz),
where
d+e e i
b (4 TRy I
W@ =) Y R @V @),
i=1 p,q=1
Let

f(&) = exp(it . ),

where Z,% € R4t®, and 4.3 = Ef:f il . #7. Then
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(I11.13) M(t) = f(5(1)) —f(%o)—/o L0 f($(u))du

is a (Dgye, Dy, PM,L)—martingale, where D; is the right continuous ver-
sion of o[p(u),u < t].

Proof. We give a proof in 1-dimensional case and omit the subscript
M,L and ~. We also assume F", F € CZ(R!,R!). For the limiting
measure P(= Py 1), set

Jp)={t>0 | P(Ap(t)#0)> 0},

which is at most countable. To prove this proposition, it suffice to
show

(IIL14)  B{My(t) = M(s)}(p(u1), p(u2), - ,(um))] =0

for all 5,1 € J(?)cam = N? u; € J(ip)c(t = 1:2=' te 1m)10 Sup Su <
+o+ LUy < 5, and bounded continuous functions ¥; R™ — R.

In the sequel, we may assume that the law of p™ converges weakly
to P(= Pu,1). Now, for s < t, we have by Taylor’s expansion and
(II1.6), we get
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(II1.15)
™)) — f(™(s))
=f(ng(t)) — F(pfhg(s)
[n1]

= > {fleR) = fler)}
k=[ns]+1
[ni] [nt]

= Y FE)@r-vio)+ Y. (PR — i)’

k=[ns]+1 k=[ns]+1
=3 Fetn) [Pk + (3 ) 67k
+ Z F'oR-)F(p7_1 )"

2
+ 26 [Pt +00) + (2) 0760
=:53(n) + Sy(m) + Sy(n),

where
1 1
PE = f / af"(pk1 + aB(pk — pi_y))da df
o Jo

1 1
B / / af" (wi-i + B [F" (211 + ™)
o Jo

+ (%) G"(PE-‘-I)D do df.

For some time, we will concentrate on S;(n). Again by applying
Taylor’s expansion of f'F™ and by (II1.6), we get
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(I11.16)
[nt]
Si( Z F'(ph- 1)[1*—' (k- 1)’7L+( )Gn(uok 1)]
k=[ns]+1
= > [P R ) F™ ()i — F1(p™(8) F (™ (s))np
HF P ENE g + £t (1) Gt
[nt] k—1
= ) [ > (f’(ao?)F”('p?)—f’(w?-l)F“(aa?ﬂ)m’i}
k=[ns]+1 | I=[ns]+1
[n1]
+ ) ™) FM ™)k
k=[ns]+1
[n{]
Y, fek () o)
k=[ns]+1
= (f'F™)(p} —30?_1)7?"
<k
+ (F'F™) lpieq + aB(p] — pi1)ldadB
sz/ f o [el1 +a pi-1)|da
(CCHE B 1
(n1] |
+ ) PN E (™)
k=[ns]+1
[nt]
Ea Z fok- 1)( )Gn(‘Pk 1)
k=[ns]+1
=Y (FFYYF ol ning + > (fF™)Y F™(pp,)bmnp
1<k 1<k
+ (F'E™)"[plq + aB(} — o7 y)|dadB
S [ et +aser -t

(oF —ei1)np
[t
S R+ S EY ( )G“( it
k=[ns]+1 <k
[nd]

+ Y £eh(3) k)

k=[ns]+1
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As for these terms, the following lemma holds.

Lemma II1.3. If we put, for ¥ and uy,ug, -+ ,uy, in ([11.14),

T™(s) = U™ (ur), 9" (1), -+, 9" (m)).

Then we get
(1)
limsup ) |E[(f'(27)F™(:20)) F™ (i1 ){nini — Eliini]}™(s)]| = 0.
@ limsup Y B[S (D F (o) SR () =

<k

4 1
imsap 3" || [ [ a(fE"Y" o1y + aB(of - ol)dads

3 n—oo 1<k
CHE A Ol
[nt]
(4) limsup Y |B[(f'F™)(p"(s)np¥"(s)]| = 0.
T k=[ns]+1

B|(7FY (1) 6"etamtens) | o

plurtetn (2) ortet o) =

Furthermore, the limit of the term in (1) is as following

(6) ].]I'Il Sup Z

ns]-}-l
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lim > E[(f'F") F (i) U™ ()| Elninf]
1<k

=5/ FFY () duw™(s)] 7,

where V; is the constant defined in (II.3) for 1-dimensional case.

Proof. (1) Note that

(f'F™) E"(pisy) = {(f'F") F"(i-) = (F F") F"("(s))}
+ (f!Fn).'Fn(:Pn(S>) -
-1
= 3 Nl — )+ (FFYF(p"(s)),
j=[ns]+1

where

1
g = fu [(F'F™) F™) (031 + (] — #]1))db,

which is uniformly bounded F7';-measurable.

Then we obtain from Lemma III-1.(2) ;
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D ABIFFYY F pr ) {nfnf — Eliipy e (s))|

1<k
< D IB@F (e} —2f-){nfnk — Eluni])€"(s)]
j<i<k
+ D |E(F'F™Y F(o™(s)) (nfn — Elfnfl}o™(s))|
i<k
( Z denotes the summation over (j,1, k)
J<i<k

such that [ns]+1<j <1<k <[nt])
< D Kok —3p(i- )t
J<i<k
E(193(27 — w2 E™ () ElnP 1 Bl
+ ) Kop(k — ¥ (1 — [ns])?

<k
EN(FE™) F (" (NS E[nl | Ellnkl]

< Ko (Z Wcﬁ) {(1nt) = nsD 23111} — 03]
k=1

+ [ F) FHBYEr )@
— 0as n — oo,

because of (I11.7), sup,, n|b™| < co and sup,, ||G™|| < co. Hence we get
(1).

For (2), (3), (4) and (5), they are easily obtained from Lemma
IIL1 if we note E[ng] = 0. For (6), if we think sup||f'|| < oo and
sup, |[G™|| < co when n — oo, then we get the result.

For (7), we will first show that for all bounded continuous function
g™ on R such that g™ converge to ¢,

lim E [Zg”(pz DP"(s) | Elni'ni]

n—oo
<k

=E[]:g(;9(u))du\11(s)} Vi . ®
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where U(s) = U((uy), - ,p(um)) and V; is the constant in (A.IT)
. for 1-dimensional case. Set Wy = E[nPn2] for | < k, which is equal
to W1 k-i+1 by the stationarity of {X7}. Then we have :

> g™l ) Wi

i<k
[nt]—1 [nt]
= Z g"(#i1) Z Wik
I=[ns]+1 k=141
[nt]—1 [nt]—=[ns] [nt]—=[ns]
= Z 9"(pi-1) Z W — Z Wik o
I=[ns)+1 k=[nt]—i+2

I=[ns]+1 \ k=[ns]—I+2

[nt]—1 [rt]—[ns]
limsup )" > Wil ] =0
Ei k
and for s < ¢, by the same method of [1],
[nt]—[ns]

lim (n) Y Wix=W

n—o0

Therefore, since p™(u) = PP foru € [f_—_l LL

n'n

[n] [nt]~[ns] i
B Z "(is1) Z Wik¥™(s)| = E [/ g(;o(u))du\lf(s)} Vi
I=[ns]+1 s

which is ®. Thus we obtain

Jim Y E((f'F) F (o) U () Elning]
<k

=5 [ / t(f’F)'F(p(u))du@m} V.
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From Lemma IIL.3, we arrive at the conclusion for S;(n) of ([I1.15) ;

(IIL.17)
[nt] 1
imE| S Febo P+ (£) et} e
k=[ns]+1 n

-5/ (PR {(Flo(u) + Glotw)}au®(s)] Vi

As for Sy(n) of (II1.15), since nb" — f7<1‘~“I<M zv(dz), it is easy to
see | - F

(II1.18)

[n1]
lim E[Sy(n)¥"(s)] = lim E| 3 f’(soz_l)F”(soz_an(s)}

k=[ns]+1

[ (f’F)('p(u))zdtW(d:)‘I’(S)]-
s J1L|z|<M

=F

Finally, we consider S3(n) of (I1I.15). To show the convergence of
it is an essential part of establishing the jump-diffusion approximation.
To this end, we first prepare the following lemma. First, we notice that

.oy TUHE

pp** in S3(n) is FJ'-measurable and [o3**| < (|||

Lemma I11.4.
[nd]
Hm B | Y (pFphoy) X} +6)U)
k=[ns]+1

=5 [{ [ (3) r"E et

+f3 /lzISMH(aO(u),ZJdW(dZ)} ¥(s)

t

where
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i i
H(:c,z)=j; /0 af'(z + aBF(2):z)dadB(F(x))?:?

Proof. First of all, we will see that

285

n 1 s
PR F™ (k-1 )2 (nf + 80 = 5F " (0f-1) P (0h-1) (1)’

(II1.19) / / af"(pr-1 + aBF"(pi_ 1)Yfﬁ )dad
n - 7,(8
FMarn) (}*k,M)) .

As for the first term of the right hand side of (I11.19), we get

[ni]
limsup |E (f'(F*Y) k- ){(’7;:,6)2
(I11.20) n—oco kzgﬂ 1

~E[(n%s)"1}2"(s)]| = 0 for 6 € C(v),

because of

E[{(n%,s)* = El(ni)" 1} = 0.

Combining this with the assumption (II.3), we obtain ;

[n1]
lim limsup |E | ) (F"(F™)*)(0f-1)(nk,s) " (5)
(II1.21) e k=[ns]+1

= / t(f”(F)z)(so(u))du%‘I’(s)]

Next, as for the second term of the right hand side of (II1.19), we

H(m,z):/o fﬂ af"(z + aBF(z)zdadB(F(2))%:*

set
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Then for this function H and each § € C(v), it holds ;

[nt]

n(&)
msup > |E[{H(pf_1, X3
(IIL.22) T k=[ns]+1

~ BlH(2, X7 i)l emgr_ }E(s)]] = 0.

Similary, by the above approximatlon, we can see

(111.23)
[n1)
lim Y E[E[H(z, X lemgp_, X T(s)]

k=[ns]+1

=FE duv(dz)¥
[ ], e <)()}

- FE H(p(u duv s)| asdeC(v) 0.
[ [, At duta: ()} € 0w) L

Combining this with (171.22), we obtain

gun lim sup

n—oo

[n1]
E[ > H(ppoy, Xpihun(s)

k=[ns]+1

_[fMSM H(p(u), z)dur(d=)¥(s)

Thus, from (I11.20) and (I11.24), we arrive at the conclusion of Lemma
1114 .

(I11.24)

From the fact 2G™(p7_;) — 0 as n — oo, we get for S3(n) ;

(IIL25) t
tim Bissv )= 5 { (%) (" FF) o)

] s
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Now we go back to (I71.15). Take n — oo in it. Then, for (IT1.17)
, (II1.18) and (I11.25), we obtain the final conclusion :

BI{f(o(t)) — F(p(s))} ¥(s)]
—E [ [ ey ) + G(p(u))}m(s)} v,

+E

/ | / oy P ) )
tE { / | é(f”Fz)(ao(u»duvuw}

+E

[ [ o), dun(az)ace)
s J]z|<M

— 5|/ PPV £ (o)t
=l PV ()" (o)) ()|

; f t(f'F)’G(ao(u))duW(s)}

[ At
E olu Flo(uNz] — f(o(u
+ / fMSM{f[p(H (p())2] = Fo(w)

— Flp ()T (2)f (o) ol d2)duk(s)]
= E[Lf(())¥(s)].
Thus

El{F(p(8)) = fo(u)}2(s)] = E[Lf(o(u))T(s)].
This proves that

El{My(t) — My(s)}¥(s)]

-E [{ COBCORY| tﬁf(ao(u))du} w(s)]
=0
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for all s,t € J(p)m € Nyu; € J(9),0 S uy Supg - S Uy <8
and bounded continuous functions ¥: R™ — R. Q.E.D. of Proposition
L2

We can easily that Proposition II1.2 implies that M (t) of (I11.13)
are martingales for all bounded function of calss C?(R?t¢). Therefore,
it show that I-r’M,N is a solution of martingale problem in the sense of
Jacod-Shiryaev [5].

On the other hand, we have the uniqueness of solutions of martingale
problem for L1, because the corresponding stochastic differential
equation ;

() = Fo + ] Fu(par,u(w)BY (du)

+ f (G Fa,0(w) + br(F o (w))du
(I11.26) °

t+ - -
+ /0 /MSTFL(ﬁM,L(u_))sz(dudz)

-I-/0 LSIZKMFL(SZ’M,L(U—))zNP(dudZ)

has the uniquences solution process.
Hence, we conclude that any limit 5 is equal to the law of the
solution P n of (I11.26), and this yields that

o il x
Pmr—PM,L n Dyt asn — oo,

IIT — 2. Removal of Localization and Trancation

We now proceed into the second step : to remove the restriction of
localization. For the purpose, we define the truncated process pf, of
p" for each n € N and M € C(v) by

(IIL.27) Par(t) = g m for t € [0, 00).

where
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Pem — Ph-1,0 = F (-1, ) XE pr — a™)
1
(HIZS) + (“’) Gﬂ(%‘gg—l,l\i)a‘l‘: =1,2,-.
n

’ n —
Fo,M = To

We also define the trancated driving noise process Xp; of X by

[nf]
(I11.29) Xm®) =) (Xpp—a")
k=1
and set
. pum(t)
(I11.30) B7,(t) = (X&(t)) :

Our aim in this section is to prove the following proposition for the
weak convergence of {7, },.

PropositionII1.3. For each M € C(v), it holds ;

(I11.31) ﬁ%Lg‘BM in Dyt as n — oo.

where $pr is the unique solution of the stochastic differential equation

)

pw(t) = 5+ [ Fpu(w)BY (d)
+/ {G(B () + b(@ar(u)}du
(111.32) 3 N |
+/0 _/|;|S1F(wM(u_))ZNp(dudz)
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We will omit the proof, becase we can get the result by the same
method of [1]. By the uniqueness of solution process of (I11.32), we
can get the uniqueness of martingale problem for

d+te Iy 82f
Luf(%) Z (F@RVEE))" 577
d+e
+Z(<c”u>—< FRIGECD)
(I11.33) gl

¥ /MSM [$(z + F@)2) - F@)

d+e

_Z(F I{[z!<}}a~ (.’L‘)} I/(dz).

To remove the trancation in Proposition I1I.3, we think the follow-
ing ;
For the sequence {$ar}ar define by (II7.32), it holds

(I11.34) ',EﬂMirjE in Dgy. as M € C(v) — o0.
where 5 is the process defined by (I1.12)

To show the tightness of {5} s, it is suffice to check that for each
f € C}(R%te), there exists a constant Cy dependinf only on [|f| +
IFO + | £ such that f(a(t)) — f(a(0)) — Cyt is a supermartingale
with respect to p,,. It is possible if we take some CY.

Next, by Proposition II1.3 , we have

(iess) PUSGME) = FGu) = [ Lwfom(w)du)

U(par(ur), -, UPm(um))] =0

for all S7t € J(:ﬁ)cus < tam € Nyui S J(i{é)c,o S Uy S )S Um S
s, and bounded continuous function U: (]Rd"'e)m — R. Take M —
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00, then any weak limiting measure of {$3r}as is a solution of the
martingale problem for

d+e i 8f .
Luf(®) = ;I(Fu VR s ()

d+e

+Z((GJ() () +¥(2) f.-))

(II1.36)
+ F(7+ F(8)2) = f(7
./]ge\{o}{ ( ( ) J= 3z

d+te
=3 (R @) e 55 8) ()

To complete the proof, we need some terminology a little more. But
anyway we can get the result

(IIL.37) lim E[8(3,)] = E7[2]

where P is the law of 3 of (I1.12) by the same way as [1]. Since t is
arbitrary, (I11.37) holds also for all bounded continuous functions &.
Thus we have Theorem II.
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