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Abstract. Let F0 be the maximal real subfield of Q(ζq+ζ−1
q ) and F∞ = ∪n≥0Fn

be its basic Zp-extension. Let An be the Sylow p-subgroup of the ideal class
group of Fn. The aim of this paper is to examine the injectivity of the natural

mapAn → Am induced by the inclusion Fn → Fm when m > n ≥ 0. By using

cyclotomic units of Fn and by applying cohomology theory, one gets the following
result: If p does not divide the order of A1, then An → Am is injective for all

m > n ≥ 0.

1. Introduction

Let q be an odd prime and F0 = Q(ζq + ζ−1
q ) be the maximal real subfield of

Q(ζq), where ζq is a primitive qth root of 1. For each integer n ≥ 1, we choose a
primitive nth root ζn of 1 so that ζ

m
n

m = ζn if n|m. For each odd prime p satisfying
p ≡ 1 (mod q), we consider the basic Zp-extension F∞ = ∪n≥0Fn of F0, i.e.,
Fn = F0Qn, where Qn is the unique subfield of Q(ζpn+1) of degree pn over Q.

Let An be the Sylow p-subgroup of the ideal class group of Fn. It is known
that there exist integers ν ≥ 0, λ ≥ 0 and µ such that en = µpn + λn + ν for
n� 0, where en is the exact power of the order of An dividing p(see [7]). In 1979,
L. Washington and B. Ferrero proved that µ = 0 in our situation (see [1]), thus
en = λn + ν for n >> 0. Note that the class field theory says that the norm map
Am → An is surjective for m > n ≥ 0. However it is unknown whether or not the
natural map An → Am induced by the inclusion Fn → Fm is injective.

The aim of this paper is to discuss the injectivity of An → Am for m > n ≥ 0. We
will study this by means of the behaviors of units and cyclotomic units in the Zp-
extension. Let En be the group of units of the ring of integers of Fn and Cn be the
subgroup of En consisting of cyclotomic units of Fn. By the analytic class number
formula, we have [En : Cn] = hn, where hn is the class number of Fn. The natural
inclusion Cm → Em induces a homomorphism H1(Gm,n, Cm) → H1(Gm,n, Em)
between the cohomology groups, where Gm,n = Gal(Fm/Fn). In [5], it is proved
that this induced map is injective if

∏
χ∈∆̂+

χ6=1

B1,χω−1 6≡ 0 mod p, where ∆+ is the

Galois group ∆+ = Gal(F0/Q), ω is the Teichmüller character on Gal(Q(ζp)/Q)
and B1,χω−1 is the first generalized Bernoulli number attached to the character
χω−1. In section 2, we will show that this map is actually an isomorphism under
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certain conditions. And in section 3, we discuss the injectivity of An → Am for
m > n ≥ 0 by using results from section 2.

2. Induced homomorphism

In this section, we examine when the induced homomorphism

H1(Gm,n, Cm)→ H1(Gm,n, Em)

is an isomorphism. As was already mentioned, this map is known to be injective if
p -

∏
χ∈∆̂+

χ6=1

B1,χω−1 .

Theorem 1. Suppose p -
∏

χ∈∆̂+

χ6=1

B1,χω−1 . The induced homomorphism H1(Gm,n, Cm)→

H1(Gm,n, Em) is an isomorphism if p - h0, where h0 is the class number of F0.

Proof. Let Bm = Em/Cm for each m ≥ 0. From the short exact sequence 0 →
Cm → Em → Bm → 0, we have the following long exact sequence of cohomology
groups

0→ CGm,n
m → EGm,n

m → BGm,n
m → H1(Gm,n, Cm)

→ H1(Gm,n, Em)→ H1(Gm,n, Bm)→ · · · ,

where AGm,n = {a ∈ A | σa = a ∀σ ∈ Gm,n} for a G-module A. Clearly
E

Gm,n
m = En. In [2], it is shown that C

Gm,n
m = Cn. Since p -

∏
χ∈∆̂+

χ6=1

B1,χω−1 ,

H1(Gm,n, Cm)→ H1(Gm,n, Em) is an injection. Hence we have

(*) 0→ Cn → En → B
Gm,n

M
0→H1(Gm,n, Cm)

→ H1(Gm,n, Em)→ H1(Gm,n, Bm)→ · · · .
Therefore we get

BGm,n
m ' En/Cn = Bn for all m > n ≥ 0.

In particular B
Gm,0
m = E0/C0, hence the Tate cohomology group H0(Gm,0, Bm) =

B
Gm,0
m /NBm = {0} since p - h0 = [E0 : C0]. Since Bm is a finite group, its Herbrand

quotient is equal to 1. Thus

H1(Gm,0, Bm) = {0}.
Now consider the following inflation-restriction sequence:

0→ H1(Gn,0, B
Gm,n
m )inf→H1(Gm,0, Bm)

res→H1(Gm,n, Bm)Gm,n
trans→ H2(Gn,0, B

Gm,n
m )→ · · ·

Since H2(Gn,0, B
Gm,n
m ) ' H0(Gn,0, Bn) = {0}, every term in the above exact se-

quence except H1(Gm,n, Bm)Gm,n is trivial. Therefore so is H1(Gm,n, Bm)Gm,n .
Since both Gm,n and H1(Gm,n, Bm) are p-groups, H1(Gm,n, Bm) must be trivial.
Hence from (*) we get an isomorphism

H1(Gm,n, Cm)∼→H1(Gm,n, Em).
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3. Injectivity of An → Am

In this section we examine various situations when the natural map An → Am

is injective.

Theorem 2. Suppose p -
∏

χ∈∆̂+

χ6=1

B1,χω−1 and p - h0. Then An → Am is

injective.

Proof. Since H1(Gm,n, Cm) ' H1(Gm,n, Em) by Theorem 1, we have

H1(Γn, C∞) ' H1(Γn, E∞) ' (Qp/Zp)l,

where Γn = lim←−Gal(Fm/Fn) = Gal(F∞/F0) and l = 1
2ϕ(q), the number of primes

ideals of F0 above p (see [4]). Let E′
m be the group of p-units of Fm and let

E′
∞ = ∪m≥0E

′
m. Then the natural inclusion Em → E′

m induces a homomorphism
H1(Gm,n, Em)→ H1(Gm,n, E′

m). Then by taking direct limits under the inflation
maps, we have a homomorphism H1(Γn, E∞) → H1(Γn, E′

∞). Since H1(Γn, E′
∞)

is finite (see [3]) and since H1(Γn, E∞) is p-divisible, H1(Γn, E∞) → H1(Γn, E′
∞)

is a zero map. Hence H1(Gm,n, Em)→ H1(Gm,n, E′
m) is also a zero map.

Suppose that a fractional an of Fn becomes principal in Fm, say an = (αm)
for some αm ∈ Fm. Let σ be a generator of Gm,n. Since aσ

n = an, we have
(αm)σ = (αm). Thus ασ−1

m = ηm is a unit in Fm whose norm to Fn equals 1. Since
H1(Gm,n, Em) → H1(Gm,n, E′

m) is a zero map ηm = βσ−1
m for some p-unit βm of

Fm. So we have ασ−1
m = βσ−1

m . Therefore αm = αnβm for some αn ∈ Fn and
thus an = (αm) = (αn)(βm). In [6], it is proved that prime ideals of Fn above p
are principal. Hence the ideal an(α−1

n ) is a principal ideal (γn) for some γn ∈ Fn.
Therefore an = (αnγn). �

Corollary. If p - h1, then An → Am is injective.

Proof. By class field theory, we have p - h0 since p - h1. By theorem 2 of [6], we
also have p -

∏
χ∈∆̂+

λ6=1

B1,χω−1 . Therefore the result follows from theorem 2. �
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