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CONFORMAL CHANGE OF THE TENSOR U",, FOR
THE SECOND CATEGORY IN 6-DIMENSIONAL ¢-UFT

CHUNG HyuN CHO

ABSTRACT. We investigate chnage of the tensor U" ), induced by
the conformal change in 6-dimensional g-unified field theory. These
topics will be studied for the second class with the second category
in 6-dimensional case.

1. Introduction

The conformal change in a generalied 4-dimensional Riemannian
space connected by an Einstein’s connection was primarily studied by
HLAVATY([9], 1957), CHUNG ([7], 1968) also investigated the same
topic in 4-dimensional *g-unified field theory.

The Einstein’s connection induced by the conformal change for all
classes in 3-dimensional case and for the second and third classes in
5-dimensional case and for the first class in 5-dimensional case and
for the second class with the first category in 6-dimensional case were
investigated by CHO([1],1992, [2],1994, [3],1995, [4],1996).

In the present paper, we investigate change of the tensor U" ), in-
duced by the conformal change in 6-dimensional g-unified field theory.
These topics will be studied for the second class with the second cate-
gory in 6-dimensional case.

2. Preliminaries

This chapter is a brief collection of basic concepts, notations, the-
orems, and results needed in our further considerations. They may
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be refferd to CHUNG([5],1982; [3],1988), CHO([1],1992; [2],1994;
3],1995: [4],1996).

2.1. n-dimensional g-unified field theory

The n-dimensional g-unified field theory (n-g-UFT hereafter) was
originally suggested by HLAVATY ([9],1957) and systematically intro-
duced by CHUNG(][8],1963).

Let X,,! be an n-dimensional generalized Riemannian manifold, re-
ferred to a real coordinate system x” obeying coordinate transforma-
tions z¥ — ac”/, for which

o pt((22)) 0.

In the usual Einstein’s n-dimensional unified field theory, the manifold
X, is endowed with a general real nonsymmetric tensor gy, which may
be split into its symmetric part hy, and skew-symmetric part k,\“2 :

(2'2) I = h)x,u + k)\u
where
(2.3) Det((gas)) #0,  Det((n,) # 0.

Therefore we may define a unique tensor h* = h¥* by

Av v
(2.4) hah™ =4,
In our n-g-UFT, the tensors hy, and hM will serve for raising and/or
lowering indices of the tensors in X,, in the usual manner.
The manifold X, is connected by a general real connection I'}, | with
the following transformation rule :

/
(2.5) v ox” [ 0xzP  Ox" ra 0%z

. = . 7 - T~ .7

Wi oz \ dz’  dzr PV G Har

IThroughout the present paper, we assumed that n > 2.

2Throughout this paper, Greek indices are used for holonomic components of
tensors. In X, all indices take the values 1,---,n and follow the summation
convertion.
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and satisfies the system of Einstein’s equations

(2'6) Dw.g)\u = 2Swua9)\a

where D,, denotes the covariant derivative with respect to I'§ u and
(27) S/\P«V = I[j/\u]

is the torsion tensor of T'f . The connection I'j, satisfying (2.6) is
called the Finstein’s connection.

In our further considerations, the following scalars, tensors, abbre-
viations, and notations for p = 0,1,2,--- are frequently used :

g = Det((gxn)) # 0, b= Det((hxu)) # 0,

B = Det((ka)),
(2.8)b 9=, k::é,
(2.8)c Ky = ko, -+ ko)™, (p=0,1,2,--+)
(2.8)d (O)kAV = oY, (1)]{;/\1/ =k, (p)k/\v — (p—l)k/\akav7
(2.8)e Koy =Viky, +Voku, +Vko,
(2.8)f o { 1 %f n ?s odd |
0 if n is even

where V, is the symbolic vector of the convariant derivative with re-
spect to the Christoffel symbols {} u} defined by hy,. The scalars and
vectors introduced in (2.8) satisfy

(2.9)a Ko =1; K, =k if niseven; K, =0 if pis odd,
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(2.9)b g=14+Ko+---+ K, _,,

2.9)¢ Py, = (=1)PPE,\, @M = (—1)P@) A,
1 1

Furthermore, we also use the following useful abbreviations, denot-
ing an arbitrary tensor 7, , skew-symmetric in the first two indices,

by T :

pgr pgr

(2.10)a T =T o= TaﬁW(P)kwa(Q)kMﬁ(T)kyv’
000

(2.10)b T:Tw;w =T,

bgr pqr pqr
(210)C 2T wAp] — T wAp T W)

(PQ)T pqr qpr
(2.10)d 2T wAp = TwA,u + TwA,u-
We then have

pgr qpr

(211) Tw)\,u = _T)\wy,-

If the system (2.6) admits I'y ,, using the above abbreviations it was
shown that the connection is of the form

(212) FZ)u = {wyp,} + SWMV + UVWM
where

100
(213) Uyw,u =9 (wp)v-

The above two relations show that our problem of determining I'}; , in
terms of gy, is reduced to that of studying the tensor S,,"”. On the
other hand, it has also been shown that the tensor S,," satisfies

(110)
(2.14) S=B-3 S

where

(2.15) 2Bon = Ko + 3K ok k.
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2.2. Some results in 6-g-UFT

In this section, we introduce some results 6-g-UFT without proof,
which are needed in our subsequent considerations. They may be re-
ferred to CHO([5],1993).

DEFINITION 2.1. In 6-g-UFT, the tensor gy, (k»,) is said to be the
second class with the second categoty, if K4 # 0, K¢ = 0.

THEOREM 2.2. (Main recurrence relations) For the second class
with the second category in 6-UF'T, the following recurrence relation
hold

(216) (p+4)]€)\y = —K2 (p+2)k)\y — K4 (p)k»\l/’ (p = 07 17 27 e )

THEOREM 2.3. (For the second class with the second category in
6-g-UFT). A necessary and sufficient condition for the existence of
the solution of (2.5) is

(2.17) (1+ Ko+ Ky)[(1 — Ky +5K4)? — 4K4(2 — K5)?] # 0.

3. Conformal change of the 6-dimensional tensor U",, for
the second class with the second category.

In this final chapter we investigate the change U" ), — [ ap Of the
tensor induced by the conformal change of the tensor gy,, using the
recurrence relations and theorems introduced in the preceding chapter.

We say that X,, and X,, are conformal if and only if

(31) gAu(x) = ng)\u(’r)

where Q2 = Q(x) is an at least twice differentiable function. This con-
formal change enforces a change of the tensor U"),. An explicit rep-
resentation of the change of 6-dimensional tensor U" ), for the second
class with the second category will be exhibited in this chapter.
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Agreement 3.1. Throughout this section, we agree that, if T
is a function of gy,, then we denote T' the same function of g, ,. In

particular, if T is a tensor, so is 7. Furthermore, the indices of T (T)

will be raised and/or lowered by means of h\” (E/\V) and/or hy,, (hy,)-

The results in the following theorems needed in our further consid-
erations. They may be referred to CHO([1],1992, [2],1994, [3],1995,
[4],1996).

THEOREM 3.2.  In n-g-UFT, the conformal change (3.1) induces
the following changes :

(p)E/\H — eQ(p)k’)\M, P,v = @ ,v,

3.2
( )CL — e—Q(p)k)\u

()%

(3.2)b 7g=g9, K,=K,, (p=1,2,---).

Now, we are ready to derive representations of the changes U",, —

U, u in 6-g-UFT for the second class with the second category induced
by the conformal change (3.1).

THEOREM 3.3. The change S,,” — S.,"” induced by conformal
change (3.1) may be represented by

— 1

Swuy :Swuy + E[ClequV + agk”[wQ
+ a3h”[w]gu]5Q5 + a4(51’[wku]
+ask” 1, Pk, Qs + ag DK 1Lk, Qs

(33) + a7kwu(2) ]{?V(;Q(s + ag(g)k’”[wQu]
+ ag(s)k‘y[wgﬂ] + aloé”[w(g’)ku]‘sQ(;
+2a11 Pk 1L, Pk, 05 + 2012 P8 [, Pk, Qs
+ alB(S)kwu@)kmSQé]v

]
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where

ay = &?B(1 +48) — 2a8(1 + g+ 28%) + B(1 — 138%) - C,
ag = 20°f — ?B(1 - 28) + 2a6%(1 - 28) + B*(36 — 4) + C,
az = 3*(20* —5a — 9B+ 17) - C,
ay = =20 + o*B(1 4+ 120) — 9af? — B(3 + 55 + 185°),
as = 2a* — a®(26 +3) — (14 98 + 45?)

+ (2 - 103 — B + 83%) + (6 + 133 + 195?%),
ag = —2a* + o3(1 4+ 188) 4+ 202 B(1 — 88) — a(2 + 163

+ 5962 + 833) + B(275° — 586 — 10) — 1 4 2C,

a7 = —a?B(1 +48) +2a8(1 + B) + B(138* + 4a3* — 1) + C,
ag = 30> + a?(56 4+ 86% — 4) — a(2 + 366 + 55%)
+78(2-683) —38%) + 3,
ag = (1 — 80) — 2a(1 — 68%) + B(88% + 356 — 12) + 1,
a1p = 2028(=5+ 26) 4+ 2a8(3 — 66 + 43%) + 45(1 + 23 — 2(?),
a1p = 20t — (1 4+ 383) — 4aB% + a(1 + 78 + 46%)
— B(3 = Ta — 4ap) — 2,
a1p = 20t + (28 — 15) 4+ o?(22 — 196 + 43?)
+a(—8+353—-66%) —36+1,
a13 = —4a* —a®(1 — 88) + 11023 — a(8 — 164 + 215%)
+B(56° + 28— 10) — 3,

where o = K, 3 = Ky,

(3.4) C=00+a+3)[1—-a+53)?2—-48(2—a)?.

THEOREM 3.4. The change U",, — Uywu induced by the con-
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formal change (3.1) may be represented by

—v 1 ”
U wp =U"0u + E[bl(sy(wgu) + 0Pk ()

+ (530" (0 Pk ® + bak” (k]
(3:5) + b5 PR ok’ + bk (0 Pk
+ by @D (P, + bs Pk (LK p)°
+ b9(2)ky(w(3)kp)5 + b10(3)k'j(w(3)ku)5)95]7
where
by = B[a*(86 — 1) — 2a(66% — 1) — B(84° + 353 — 12) — 1],
by = a[a?(118 — 1) — a(108% + 3 — 2) — 124% — 336% + 1283 — 1]
+06°(36-4)+C,
by = afB[—2a> + a?(1 + 33) + 4af% — 1 — 143 — 83?] + 28,

by = B[—2a*(a+ B+ 3) — 2a3(23 + 3) — 296% — 45 — 2] — 3C,
bs = B[—20° + a?(128 + 1) — 9af — 183 — 53 — 3],
bs = B[—4a?(68 — 4) + 2a(145 — 1) + 3432 — 86 — 6] + 2C,
by = a[—2a* + 303 (B + 1) + 40*5? — (126 4 238 + 2)
+ 8833 — 32 — 768 + 4] + B(196°% + 135 + 6),
bs = a[2a® — 18023 + 502 + 32032 + 8af — 8o + 83° + 4932
— 568 — 2] — B(278% + 426% + 266 — 38) + 1 — 2C,
b = 28[%(26 — 5) + a(43? — 66 + 3) +2(—28% + 26 + 1)),
bio = a[-10a® + a?(143 + 13) + 41a8 — 2a(283 + 11)
—356% — 33 — 8] 4+ B(108% + 48 — 17) — T,
where a = Koy, = K4.
Proof. In virtue of (2.13) and Agreement (3.1), we have

_ 100
(36) Uuw,u =S (wp)vs
The relation (3.5) follows by substituting (3.3), (2.10), Definition
(2.1), (2.16), (3.2) into (3.6). O O
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