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ON MCSHANE-STIELTJES INTEGRAL

Ju HAN YooN, GWANG Sik EuUN, AND YOUNG CHAN LEE

ABSTRACT. In this paper, we define the McShane-Stieltjes integral
for real-valued function and prove some of its properties.

1. Introduction and preliminaries

In the late 1960’s, E. J. McShane proved that the Lebesgue integral
is indeed equivalent to a modified version of the Henstock integral. He
broadened the class of tagged partition by not insisting that the tag of
an interval belong to the interval. Since this increases of partitions sub-
ordinate to a given 4, it is more difficult for a function to be integrable
in this sense. In fact, a function is McShane integrable if and only if
its absolute value is McShane integrable [1]. As a result of this prop-
erty, the McShane integral is equivalent to the Lebesgue integral. It
is clear that every McShane integrable function is Henstock integrable
and that the integrals are equal. A Riemann integrable function is
McShane integrable [1], and a McShane integrable function is Pettis
integrable [2].

In this paper, we shall introduce the McShane-Stieltjes integral for
real-valued function which is the generalization of the McShane inte-
gral, and study its basic properties,

We begin with some terminology notations.

DEFINITION 1.1. Let 6(+) be a positive function defined on the inter-
val [a,b]. A tagged interval (x, [c, d]) consists of an interval [¢, d] C [a, b]
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and a point = € [a,b]. The tagged interval (z, [c,d]) is subordinate to
J if
[c,d] C (x —6(z),x + 6(x)).

The letter P will be used to denote a finite collection of non-overlapping
tagged intervals. Let P = {(xz;, [¢;,d;]) : 1 < i < n} be such a collection
in [a,b]. We adopt the following terminology.

(1) The points {z;} are the tags of P and the intervals {[c;,d;]}
are the intervals of P,

(2) If (x;, [ci,d;]) is subordinate to § for each 4, then P is subordi-
nate to 0,

(3) If P is subordinate to § and [a, b] = U}, [c;, d;], then P is a free

tagged partition of [a, b] that is subordinate to .

Let P = {(zi,|ci,d;] : 1 < i < n} be a finite collection of non-
overlapping tagged intervals in [a,b], let f : [a,b] — R, let F be a
function defined on the subintervals of [a, b] and let « be an increasing
function on [a,b]. We will use the following notation:

fa(P) = Z f(@i)(eldi) — afci))

2. McShane-Stieltjes integral

We now present the definition of the McShane-Stieltjes integral. It
is clear that every McShane-Stieltjes integrable function is McShane
integrable.

DEFINITION 2.1. Let a be an increasing function on [a,b]. A func-
tion f : [a,b] — R is McShane-Stieltjes integrable with respect to
a on [a,b] if there exists a real number L with the following prop-
erty : for each € > 0, there exists a positive function ¢ on [a,b] such
that |fo(P)— L| < e whenever P is a free tagged partition of [a, b] that
is subordinate to d. The function f is McShane-Stieltjes integrable
on a measurable set ' C [a,b] with respect to a if f, ~is McShane -
Stieltjes integrable with respect to « on [a, b].



On McShane-Stieltjes integral 219

THEOREM 2.2. Let a be an increasing function on [a,b] and let
f = 0 nearly everywhere on [a,b]. If o € C'[a,b], then f is McShane-

Stieltjes integrable with respect to « on [a,b] and f; fda = 0.

Proof. Let {anln € ZT} = {x € [a,b] : f(x) # 0} and let € > 0.
Since a € Ca, b, there exists M such that |o/(x)] < M for all z €
[a,b]. By the mean-value theorem, there exists z;, € (¢;,d;) such that

a(di) — ale;) = o/ (i) (di — ci).

Define a positive function § by

() = { 1 if z € [a,b] —{an|n € ZT}

€ ] —
gz 2= an.

Suppose that P = {(x;,[ci,d;]) : 1 < i < g} is a free tagged partition
of [a,b] that is subordinate to § and assume that each tag occurs only
once. Let 7 be the set of all indices ¢ such that z; € {a, : n € ZT}
and for each ¢ € 7, choose n; so that z; = a,,. Then

[fa(P) =1 flaia(d) — a(e)]

1ET

=D flai)a (zi)(di — i)

LET

< Z2|f(am) Moé(ay,) < 262_”" <€

1ET i€

Hence, the function f is McShane-Stieltjes integrable with respect to
a on [a,b] and f: fda =0. O O

We next verify the basic properties of the McShane-Stieltjes integral.
Just as in the McShane integral, there is a Cauchy criterion for function
to be McShane-Stieltjes integrable. This is the content of the next
Theorem.

THEOREM 2.3. Let a be an increasing function on [a, b]. A function
f i [a,b] — R is McShane-Stieltjes integrable with respect to « on [a, b]
if and only if for each € > 0 there exists a positive function ¢ on [a, b]
such that |fo(P1) — fa(P2)| < € whenever Py and P, are free tagged
partitions of [a,b] that are subordinate to .
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Proof. Suppose first that f is McShane-Stieltjes integrable with re-
spect to « on [a,b] and € > 0. There exists a positive function ¢ on
[a, b] such that

b c b ¢
fa(P) = [ fdal <5 1fa(Po) = [ gaal < §

whenever P; and P, are free tagged partitions of [a, b] that are subor-
dinate to §. Then

b b
£alP2) = £alP2)| < 1fulPr) = [ fdal +1falP2) = [ fda

a a

€
< —
Hence, the Cauchy criterion is satisfied. Conversely, suppose that the
Cauchy criterion is satisfied. For each positive integer n, choose a
positive function 4,, on [a, b] such that

FalP) — falPa)] < +

whenever P; and P, are free tagged partitions of [a, b] that are subor-
dinate to d,,. We may assume that the sequence {d,,} is nondecreasing.
For each n, let P, be a free tagged partition of [a, b] that is subordinate
to 0. The sequence {f,(P,)} is a Cauchy sequence since

1
m>n>N implies |fo(Pm) — fa(Pn)| < N

Let L be the limit of this sequence and let ¢ > 0. Choose a positive
integer N such that

1 € €
_ — J— — >
N < 5 and |7‘a(Pn) l,| < 5 for all n N

Let P be a free tagged partition of [a, b] that is subordinate to dy on
[a,b] and compute

falP) = I < 1fa(P) — ful Pl + 1falPy) ~ I < 1 + 5 <

Hence, the function f is McShane-Stieltjes integrable with respect to
a on [a,b]. O O
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THEOREM 2.4. Let o be an increasing function on [a,b]. Let f :
[a,b] — R. If f is McShane-Stieltjes integrable with respect to a on
[a, b], then f is McShane-Stieltjes integrable with respect to « on every
subinterval of [a, b].

Proof. Let [c,d] C [a,b] and let € > 0. Choose a positive function ¢
on [a,b] such that |fo(P1) — fo(P2)| < € whenever P; and P, are free
tagged partitions of [a,b] that are subordinate to §. Fix free tagged
partitions P, of [a, ] and Py, of [d, b] that are subordinate to 4. Let P]
and P} be free tagged partitions of [c,d] that are subordinate to ¢ and
define P; = P, UP;UP, and Py = P, UPLUPy,. Then Py and P, are
free tagged partitions of [a, b] that are subordinate to § and

|fo¢(,P{) - fa(Pé)l = |fo¢(7)1) - fa(P2)| < €.

Hence, the function f is McShane-Stieltjes integrable with respect to
a on every subinterval of [a, b]. U O

THEOREM 2.5. Let o be an increasing function on [a,b]. Let f :
[a,b] — R and let ¢ € (a,b). If f is McShane-Stieltjes integrable
with respect to o on each of the intervals |a,c|] and [c,b], then f is

McShane- Stieltjes integrable with respect to « on [a, b] and f; fda =
€ fda+ [? fda.

Proof. Let € > 0. By hypothesis, there exists a positive function §;
on [a,c] such that |fo(P) — [ fda| < § whenever P is a free tagged
partition of [a, ¢| that is subordinate to §; and a positive function 09

on [c,b] such that |f,(P) — fcb fda| < § whenever P is a free tagged
partition of [c, d] that is subordinate to d2. Define § on [a, b] by

min{d;(z),c —x}, ifa<z<c
d(z) =< min{di(c),d2(c)}, if z=c;

min{dy(z),x —c}, ifec<az <b.

Let P be a free tagged partition of [a, b] that is subordinate to § and
suppose that each tag occurs only once. Note that P must be of the
form P, U (¢, [u,v]) U P, where the tags of P, are less than ¢ and



222 Ju Han Yoon, Gwang Sik Eun, and Young Chan Lee

the tags of Py, are greater than c. Let P; = P, U (¢, [u,]) and let
Py = Py U (c,[c,v]). Then P is a free tagged partition of [a,c| that
is subordinate to J; and P, is a free tagged partition of [c,b] that is
subordinate to d3. Since fo(P) = fo(P1) + fo(P2), we obtain

| fa (P /fda—/fda|
< |fa<7>1>—/a fda|+|fa(732)—/cbfda| e

Hence, the function f is McShane-Stieltjes integrable with respect to
« on [a,b] and f: fda = [T fdo+ fcb fdou. O O

The next theorem shows the linearity of the McShane-Stieltjes inte-
grals.

THEOREM 2.6. Let a be an increasing function on [a,b]. Let f and
g be McShane-Stieltjes integrable with respect to « on [a,b]. Then

(1) kf is McShane-Stieltjes integrable with respect to « on [a,b]
and fab kfda = kfab fda for each k € R;

(2) f -+ g is McShane-Stieltjes integrable with respect to « on [a, b]
and ['(f + g)da = [* fda + [’ gda.

Proof. (1) Let f be McShane-Stieltjes integrable with respect to «
on [a,b]. Case 1. k = 0. Of course, (1) is obvious. Case 2. k # 0. There

exists a positive function ¢ on [a, b] such that |f, (P f fda| < T

whenever P is a free tagged partition of [a, b] that is subordmate to 4.
Then

() / fdal = k] - |fa(P / fda] < e.

Hence, kf is McShane-Stieltjes integrable with respect to a on [a, b

and ["kfda =k [° fda for each k € R.
(2) Let f and g be McShane-Stieltjes integrable with respect to a on
[a, b]. There exists a positive function é; on [a,b] such that |f,(P1) —

I, b fda| < 5 whenever P; is a free tagged partition of [a, b] that is sub-
ordinate to (51 and a positive function d5 such that |g,(Ps) f gda| <5
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whenever P; is a free tagged partition of [a,b] that is subordinate to
d2. Define ¢ on [a, b] by

d(z) = min{d1 (z), 02(x)}.

Let P be a free tagged partition of [a, b] that is subordinate to §. Then

40P~ ([ gdat [ gaa)

b b

< falP) - / fda] + ga(P) - / gda

a [

Hence, f + g is McShane-Stieltjes integrable with respect to « on [a, b
and f;(f + g)da = ff fda + f; gda. O O

We will use the following notation : f*(z) = max{f(z),0}, f~(x) =
max{—f(z),0}.

THEOREM 2.7. Let o be an increasing function on [a,b]. Let f
and g are McShane-Stieltjes integrable with respect to a on [a,b]. If
a € Clla,b], then

(1) if f < g nearly everywhere on [a,b|, then

b b
/ fda < / gda,

(2) if f = g nearly everywhere on [a, b|, then

b b
/fdaz/ gda.

Proof. (1) Suppose that f > 0 nearly everywhere on [a,b]. Since
f~ = 0 nearly everywhere on [a, b], it is McShane-Stieltjes integrable
with respect to « on [a, b] by Theorem 2.2 and ff f~da =0. By The-
orem 2.6(2), the function f* = f+ f~ is McShane-Stieltjes integrable
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with respect to « on the [a, b]. Since f* > 0 on [a, b], it is f; fTda > 0.
Consequently, by Theorem 2.6(1) and (2),

/abfdoz:/ab(f+_f_)doz:/abf+da—/abf_da:/abf+da20

The general result now follows since g — f > 0 nearly everywhere on

[a, b] implies
b b b
/ gda—/ fda:/ (9 — f)da > 0.

(2) If f = g nearly everywhere on [a, b], then f — g = 0 nearly every-
where on [a, b]. By Theorem 2.2, f — g is McShane-Stieltjes integrable

with respect to « on [a, b] and f;(f — g)da = 0. By Theorem 2.6, the
function g = f + (g — f) is McShane-Stieltjes integrable on [a, b] with
respect to a and

/abgda:/abfdoz+/ab(g—f)da:/abfdag

O

COROLLARY 2.8. Let o be an increasing function on [a,b]. Let f
and g are McShane-Stieltjes integrable with respect to « on [a,b]. If

f(z) < g(z) for all x € [a,b], then f: fda < f; gda.
THEOREM 2.9. If f is continuous on [a,b] and « is increasing on
[a,b], there exists ¢ € [a,b] such that f; fda = f(c)[a(b) — ala)].

Proof. If a(b) = a(a), then any value of ¢ in [a, b] gives the desired
conclusion. Suppose that «(b) > a(a). Then f attains its maximum
M and minimum m on [a,b]. We have

b
mla(b) - a(a)] < / fda < Mla(b) — o(a)]
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Therefore )
S e LYY
~ab) —afa) T
By the intermediate-value theorem, there exists ¢ in [a, b] such that
o) = 1%
77 al) —ala)
0J
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