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SOME PROPERTIES OF FUZZY
QUASI-UNIFORM SPACES

Yong Chan Kim and Seok Jong Lee

Abstract. We will define a fuzzy quasi-uniform space and inves-
tigate some properties of fuzzy quasi-uniform spaces. We will show

that the fuzzy bitopology and the fuzzy quasi-proximity can be in-

duced by a fuzzy quasi-uniformity.

1. Introduction

In [7,8,9], S.K. Samanta introduced the fuzziness in the concept of
openness of a fuzzy subset as a generalization of Chang’s fuzzy topol-
ogy. Moreover, S.K. Samanta [6] introduced the concept of gradations
of fuzzy proximity and fuzzy uniformity. It was shown that this fuzzy
proximity and fuzzy uniformity are more general than that of Artico
and Moresco [1] and that of B. Hutton [3].

On the other hand, M.H. Ghanim et al.[5] introduced fuzzy prox-
imity spaces with somewhat different definition of S.K. Samanta [6].
In [11], we defined a fuzzy quasi-proximity space in view of the def-
inition of M.H. Ghanim et al.[5] and investigated some properties of
fuzzy quasi-proximities.

In this paper, we will define a fuzzy quasi-uniform space in view of
the definition of Samanta [6] and investigate some properties of fuzzy
quasi-uniform spaces. We will show that the fuzzy bitopology and the
fuzzy quasi-proximity can be induced by a fuzzy quasi-uniformity.

In this paper, all the notations and the definitions are standard in
fuzzy set theory.
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2. Preliminaries

Definition 2.1. [9] Let X be a nonempty set. A function T : IX →
I is called a gradation of openness on X if it satisfies the following
conditions:

(O1) T (0̃) = T (1̃) = 1, where 0̃(x) = 0 and 1̃(x) = 1 for all x ∈ X.
(O2) T (µ1 ∧ µ2) ≥ T (µ1) ∧ T (µ2).
(O3) T (

∨
i∈Γ µi) ≥

∧
i∈Γ T (µi).

The pair (X, T ) is called a fuzzy topological space.

Let T be a gradation of openness on X and F : IX → I be defined
by F(λ) = T (1̃− λ). Then F is called a gradation of closedness on X.

Let (X, T ) be a fuzzy topological space, then for each r ∈ I, Tr =
{µ ∈ IX | T (µ) ≥ r} is a Chang’s fuzzy topology on X.

Let T1, T2 be gradations of openness on X. The space (X, T1, T2) is
called a fuzzy bitopological space.

From the definition of M.H. Ghanim [5], we can define a fuzzy quasi-
proximity.

Definition 2.2. [11] A function δ : IX × IX → I is said to be a
fuzzy quasi-proximity on X which satisfies the following conditions:

(FQP1) δ(0̃, 1̃) = 0 and δ(1̃, 0̃) = 0.
(FQP2) (1) δ(µ, ρ ∨ λ) = δ(µ, λ) ∨ δ(ρ, λ).

(2) δ(µ ∨ ρ, λ) = δ(µ, λ) ∨ δ(ρ, λ).
(FQP3) If δ(µ, ρ) < r for r ∈ (0, 1], then there exists λ ∈ IX such that

δ(µ, λ) < r and δ(1̃− λ, ρ) < r.
(FQP4) If δ(µ, ρ) 6= 1, then µ ≤ 1̃− ρ.
The pair (X, δ) is called a fuzzy quasi-proximity space.

A fuzzy quasi-proximity space (X, δ) is called a fuzzy proximity space
if the following is satisfied:

(FP) δ(λ, µ) = δ(µ, λ), for all λ, µ ∈ IX .

Let δ1, δ2 be quasi-proximities on X. We say that δ2 is finer than
δ1 ( δ1 is coarser than δ2) iff for any λ, µ ∈ IX , δ2(λ, µ) ≤ δ1(λ, µ).

Theorem 2.3. [5] Let (X, δ) be a fuzzy (quasi-)proximity space.
Then, for each r ∈ (0, 1] the family δr = {(µ, ρ) ∈ IX×IX | δ(µ, ρ) ≥ r}
is a classical fuzzy (quasi-)proximity space on X.
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Let (X, δ) be a fuzzy quasi-proximity space. We define δ−1(λ, µ) =
δ(µ, λ) for every λ, µ ∈ IX . Then δ−1 is a fuzzy quasi-proximity on X.

Theorem 2.4. [11] Let (X, δ) be a fuzzy quasi-proximity space.
We define, for λ, µ ∈ IX ,

δ∗(λ, µ) = inf{
∨
j,k

(δ(λj , µk) ∧ δ−1(λj , µk))}.

where for every finite families (λj), (µk) such that λ =
∨

λj and µ =∨
µk. Then the structure δ∗ is the coarsest fuzzy proximity on X which

is finer than δ and δ−1.

Theorem 2.5. [6,11] Let δ be a fuzzy quasi-proximity on X. For
each r ∈ [0, 1), λ ∈ IX , we define

clδ(λ, r) =
∧
{1̃− ρ | δ(ρ, λ) < 1− r}.

Then it satisfies the followings:

(i) clδ(0̃, r) = 0̃, clδ(1̃, r) = 1̃.
(ii) clδ(λ, r) ≥ λ and clδ(λ1, r) ≤ clδ(λ2, r), if λ1 ≤ λ2.
(iii) clδ(clδ(λ, r), r) = clδ(λ, r).
(iv) clδ(λ ∨ µ, r) = clδ(λ, r) ∨ clδ(µ, r).
(v) clδ(λ, r) ≤ clδ(λ, r′), if r ≤ r′, where r, r′ ∈ [0, 1).

Theorem 2.6. [6] Let (X, δ) be a fuzzy quasi-proximity space. The
function Fδ : IX → I defined by

Fδ(λ) =
∨
{r ∈ [0, 1) | clδ(λ, r) = λ}, λ ∈ IX .

Then Fδ is a gradation of closedness on X.

3. Some properties of fuzzy quasi-uniformity spaces

In [3], B. Hutton expanded the concept of entourages of the unifor-
mity as following results.

Let ΩX denote the family of all functions U : IX → IX with the
following properties:

(1) U(0̃) = 0̃ , µ ≤ U(µ), for every µ ∈ IX .
(2) U(

∨
µi) =

∨
U(µi), for µi ∈ IX .
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For U ∈ ΩX , the function U−1 ∈ ΩX is defined by

U−1(µ) =
∧
{ρ | U(1̃− ρ) ≤ 1̃− µ}.

For U, V ∈ ΩX , we define, for all µ ∈ IX ,

(U uV )(µ) =
∧
{U(µ1)∨V (µ2) | µ1∨µ2 = µ}, U ◦V (µ) = U(V (µ)).

Then U u V,U ◦ V ∈ ΩX from Lemma 2 of [3].

Lemma 3.1. For any U, V,W,U1, V1 ∈ ΩX , the following properties
hold:

(1) If U ≤ U1 and V ≤ V1, then U u V ≤ U1 u V1.
(2) U u V ≤ U, U u V ≤ V and U u U = U .
(3) (U−1)−1 = U .
(4) U ≤ V iff U−1 ≤ V −1.
(5) Let a function D : IX → IX be defined by

D(µ) =
{

1̃ if µ 6= 0̃
0̃ if µ = 0̃.

Then D = D−1 ∈ ΩX and U uD = U .
(6) U(µ) ≤ λ iff U−1(1̃− λ) ≤ 1̃− µ, for µ, λ ∈ IX .
(7) U(1̃− U−1(λ)) ≤ 1̃− λ for λ ∈ IX .
(8) (V ◦ U)−1 = U−1 ◦ V −1.
(9) (U u V )−1 = U−1 u V −1.

(10) (U u V ) uW = U u (V uW ).

Proof. (1) and (2) are easily proved from the definition of U u V .
(3) and (4) are proved from Lemma 3.8 of [10].
(5) From the definition of D, we have D = D−1 ∈ ΩX .
From (2), we have U u D ≤ U . Suppose that U u D 6≥ U . Then

there exist x ∈ X, µ ∈ IX such that (U uD)(µ)(x) < U(µ)(x). From
the definition of U uD, there exist µ1, µ2 ∈ IX such that µ1 ∨ µ2 = µ
and

(U uD)(µ)(x) ≤ U(µ1)(x) ∨D(µ2)(x) < U(µ)(x).

If µ2 6= 0̃, then D(µ2) = 1̃. If µ2 = 0̃, then U(µ)(x) < U(µ)(x). It is a
contradiction. Hence U uD ≥ U .
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(6) If U(µ) ≤ λ, we have U−1(1̃−λ) =
∧
{ρ | U(1̃−ρ) ≤ λ} ≤ 1̃−µ.

If U−1(1̃−λ) ≤ 1̃−µ, we have, by (3), U(µ) = (U−1)−1(µ) =
∧
{ρ |

U−1(1̃− ρ) ≤ 1̃− µ} ≤ λ.
(7) Since U−1(1̃ − (1̃ − λ)) ≤ 1̃ − (1̃ − U−1(λ)) , by (6), we have

U(1̃− U−1(λ)) ≤ 1̃− λ.
(8) For µ ∈ IX , we have

U−1(V −1(µ)) =
∧
{ρ | U(1̃− ρ) ≤ 1̃− V −1(µ)}

=
∧
{ρ | V (U(1̃− ρ)) ≤ 1̃− µ} (by (6))

= (V ◦ U)−1(µ).

(9) By (2) and (4), we have (U u V )−1 ≤ U−1 u V −1.
On the other hand, by (2),(3) and (4), (U−1 u V −1)−1 ≤ U u V

which implies U−1 u V −1 ≤ (U u V )−1.
(10) Suppose that (U u V ) u W 6≤ U u (V u W ). There exist µ ∈

IX , x ∈ X, c ∈ (0, 1) such that

((U u V ) uW )(µ)(x) > c > (U u (V uW ))(µ)(x).

By the definition of U u (V uW ), there exist µ1, µ2 ∈ IX , c1 ∈ (0, 1)
with µ = µ1 ∨ µ2 such that

U(µ1)(x) ∨ (V uW )(µ2)(x) < c1 < c.

Again, by the definition of V uW , there exist µ3, µ4 ∈ IX with µ2 =
µ3 ∨ µ4 such that

U(µ1)(x) ∨ V (µ3)(x) ∨W (µ4)(x) ≤ c1 < c.

On the other hand, since µ = µ1 ∨ (µ3 ∨ µ4) = (µ1 ∨ µ3)∨ µ4, we have

U(µ1) ∨ V (µ3) ∨W (µ4) ≥ (U u V )(µ1 ∨ µ3) ∨W (µ4)

≥ ((U u V ) uW )(µ1 ∨ µ3 ∨ µ4)

= ((U u V ) uW )(µ).

It is a contradiction. Hence (U u V ) uW ≤ U u (V uW ).
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Similarly, we have (U u V ) uW ≥ U u (V uW ). �

In [3], a classical fuzzy uniformity on X is a subset U of ΩX such
that it satisfies the following conditions:

(U1) If U1, U2 ∈ U , then U1 u U2 ∈ U .
(U2) For U ∈ U , there exists U1 ∈ U such that U1 ◦ U1 ≤ U .
(U3) If U1 ≥ U and U ∈ U , then U1 ∈ U .
(U4) U 6= ∅.
(U5) If U ∈ U , then U−1 ∈ U .

Here, each subset can be identified with its characteristic function.
Accordingly, a classical uniformity U can be interpreted as a function
from ΩX into {0, 1}.

S.K. Samanta [6] introduced the concept of a gradation of uniformity
to allow grades of uniformity to be any value in the unit interval I =
[0, 1] instead of {0, 1}.

From the definition of S.K. Samanta [6], we can define a fuzzy quasi-
uniformity.

Definition 3.2. A function U : ΩX → I is said to be a fuzzy quasi-
uniformity on X if it satisfies the following conditions:

(FQU1) For U1, U2 ∈ ΩX , we have U(U1 u U2) ≥ U(U1) ∧ U(U2).
(FQU2) For U ∈ ΩX , there exists U1 ∈ ΩX with U1 ◦U1 ≤ U such that

U(U1) ≥ U(U).
(FQU3) If U1 ≥ U , then U(U1) ≥ U(U).
(FQU4) There exists U ∈ ΩX such that U(U) = 1.
The pair (X,U) is said to be a fuzzy quasi-uniform space.

A fuzzy quasi-uniform space (X,U) is called a fuzzy uniform space
if the following is satisfied:
(FU) for U ∈ ΩX , there exists U1 ∈ ΩX with U1 ≤ U−1 such that

U(U1) ≥ U(U).

Let U1,U2 be fuzzy quasi-uniformities on X. We say that U1 is finer
than U2 ( or U2 is coarser than U1), denoted by U2 ≤ U1, iff for any
U ∈ ΩX , U2(U) ≤ U1(U).

Remark 1. (1) Let (X,U) be a fuzzy quasi-uniform space. By
(FQU1), (FQU3) and Lemma 3.1 (2), we have U(U1 u U2) = U(U1) ∧
U(U2).



Some properties of fuzzy quasi-uniform spaces 33

(2) If (X,U) is a fuzzy uniform space, then, by (FU), (FQU3) and
Lemma 3.1 (3), we have U(U) = U(U−1).

(3) Let (X,U) be a fuzzy quasi-uniform space. Since U ≤ D for all
U ∈ ΩX by Lemma 3.1 (5), we have U(D) = 1 by (FQU3) and (FQU4).

Theorem 3.3. [5] Let (X,U) be a fuzzy (quasi-)uniform space.
Then, for each r ∈ (0, 1], the family Ur = {U ∈ ΩX | U(U) ≥ r}
is a classical fuzzy (quasi-)uniform space on X.

Theorem 3.4. Let (X,U) be a fuzzy quasi-uniform space. We de-
fine for U ∈ ΩX , U−1(U) = U(U−1). Then the structure U−1 is a fuzzy
quasi-uniformity on X.

Proof. (FQU1) For U1, U2 ∈ ΩX , we have

U−1(U1 u U2) = U((U1 u U2)−1)

= U(U−1
1 u U−1

2 ) (by Lemma 3.1(9))

≥ U(U−1
1 ) ∧ U(U−1

2 )

= U−1(U1) ∧ U−1(U2).

(FQU2) For U ∈ ΩX , there exists U1 ∈ ΩX with U1 ◦ U1 ≤ U−1

such that U(U1) ≥ U(U−1). By (3),(4) and (8) of Lemma 3.1, since
U1 ◦ U1 ≤ U−1 iff U−1

1 ◦ U−1
1 ≤ U , there exists U−1

1 ∈ ΩX with
U−1

1 ◦ U−1
1 ≤ U such that U−1(U−1

1 ) = U(U1) ≥ U−1(U).
(FQU3) If U1 ≥ U , then, by (4) of Lemma 3.1, U−1

1 ≥ U−1. Hence
U−1(U1) ≥ U−1(U).

(FQU4) There exists U ∈ ΩX such that U(U) = U−1(U−1) = 1. �

We will define the coarsest fuzzy uniformity on X which is finer than
U and U−1.

Theorem 3.5. Let U and U−1 be fuzzy quasi-uniformities on X.
We define, for U ∈ ΩX ,

U∗(U) = sup{U(U1) ∧ U−1(U2) | U1 u U2 ≤ U}.

Then the structure U∗ is the coarsest fuzzy uniformity on X which is
finer than U and U−1.
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Proof. First, we will show that the structure U∗ is a fuzzy uniformity
on X.

(FQU1) For any U, V ∈ ΩX , we will show that

U∗(U u V ) ≥ U∗(U) ∧ U∗(V ).

If U∗(U) = 0 or U∗(V ) = 0, it is trivial.
If U∗(U) 6= 0 and U∗(V ) 6= 0, for ε with U∗(U) ∧ U∗(V ) > ε > 0,

there exist families (Ui)i=1,2, (Vj)j=1,2 such that

U(U1) ∧ U−1(U2) ≥ U∗(U)− ε, U1 u U2 ≤ U,

U(V1) ∧ U−1(V2) ≥ U∗(V )− ε, V1 u V2 ≤ V.

Since (U1 uU2)u (V1 uV2) = (U1 uV1)u (U2 uV2) ≤ U uV by Lemma
3.1 (10),

U∗(U u V ) ≥ U(U1 u V1) ∧ U−1(U2 u V2) ≥ (U∗(U) ∧ U∗(V ))− ε.

Since ε is arbitrary, this gives the desired result.
(FQU2) Let U ∈ ΩX be given. If U∗(U) = 0, then there exists the

identity function E ∈ ΩX with E ◦ E ≤ U such that U∗(E) ≥ 0.
If U∗(U) 6= 0, for ε with U∗(U) > ε > 0, there exist U1, U2 ∈ ΩX

such that

U(U1) ∧ U−1(U2) ≥ U∗(U)− ε, U1 u U2 ≤ U.

Since U and U−1 are fuzzy quasi-uniformities, by (FQU2), there exist
V1, V2 ∈ ΩX such that

V1 ◦ V1 ≤ U1, U(V1) ≥ U(U1), V2 ◦ V2 ≤ U2, U−1(V2) ≥ U−1(U2).

By Lemma 3.1 (2), we have (V1 u V2) ◦ (V1 u V2) ≤ Vi ◦ Vi for i = 1, 2.
Let V = V1 u V2 be given. Then we have

V ◦ V ≤ (V1 ◦ V1) u (V2 ◦ V2) ≤ U1 u U2 ≤ U,

U∗(V ) ≥ U(V1) ∧ U−1(V2) ≥ U(U1) ∧ U−1(U2) ≥ U∗(U)− ε.

(FQU3) By the definition of U∗, it is trivial.
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(FQU4) There exists U ∈ ΩX such that U(U) = U−1(U−1) = 1. By
the definition of U∗, we have U∗(U u U−1) = 1.

(FU) For U ∈ ΩX , there exists U−1 ∈ ΩX with U−1 ≤ U−1 such
that

U∗(U−1) = sup{U(U1) ∧ U−1(U2) | U1 u U2 ≤ U−1}
= sup{U(U1) ∧ U−1(U2) | U−1

1 u U−1
2 ≤ U}

= sup{U−1(U−1
1 ) ∧ U(U−1

2 ) | U−1
1 u U−1

2 ≤ U}
= U∗(U).

Second, we will prove that the structure U∗ is finer than U and U−1.
For U ∈ ΩX ,

U∗(U) = sup{U(U1) ∧ U−1(U2) | U1 u U2 ≤ U}
≥ U(U) ∧ U−1(D) ( by Lemma 3.1(5))

= U(U). ( by Remark 1.(3))

Similarly, we have U∗ ≥ U−1.
Finally, if V ≥ U and V ≥ U−1, we have, for U ∈ ΩX ,

U∗(U) = sup{U(U1) ∧ U−1(U2) | U1 u U2 ≤ U}
≤ sup{V(U1) ∧ V(U2) | U1 u U2 ≤ U}
≤ sup{V(U1 u U2) | U1 u U2 ≤ U}
= V(U). �

If U is a classical fuzzy uniformity on X, we define iU (µ) = sup{ρ |
U(ρ) ≤ µ for some U ∈ U}. Then iU is an interior operator on IX .
We will expand it from the following theorem.

Theorem 3.6. Let (X,U) be a fuzzy quasi-uniform space. Define,
for each r ∈ [0, 1), λ ∈ IX ,

iU (λ, r) =
∨
{µ ∈ IX | U(µ) ≤ λ for some U with U(U) > r}.
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Then it satisfies the followings:

(i) iU (0̃, r) = 0̃, iU (1̃, r) = 1̃.
(ii) iU (λ, r) ≤ λ and if λ1 ≤ λ2, then iU (λ1, r) ≤ iU (λ2, r).
(iii) iU (iU (λ, r), r) = iU (λ, r).
(iv) iU (λ ∧ µ, r) = iU (λ, r) ∧ iU (µ, r).
(v) iU (λ, r) ≤ iU (λ, r′), if r ≥ r′.

Proof. (i) Suppose that there exists x ∈ X such that iU (0̃, r)(x) > 0.
Then there exist U ∈ ΩX , µ ∈ IX such that U(U) > r and U(µ) ≤ 0̃
with

iU (0̃, r)(x) ≥ µ(x) > 0.

Since 0 < µ(x) ≤ U(µ(x)), it is a contradiction. Hence iU (0̃, r) = 0̃.
For all U ∈ ΩX , since U(1̃) ≤ 1̃, we have iU (1̃, r) = 1̃ by (FQU4).
(ii) Suppose that iU (λ, r) 6≤ λ. Then there exists x ∈ X such

that iU (λ, r)(x) > λ(x). By the definition of iU (λ, r), there exist
U ∈ ΩX , µ ∈ IX such that U(U) > r and U(µ) ≤ λ with

iU (λ, r)(x) ≥ µ(x) > λ(x).

This yields a contradiction since µ ≤ U(µ) ≤ λ.
If λ1 ≤ λ2, by the definition of iU , we have iU (λ1, r) ≤ iU (λ2, r).
(iii) By (ii), we have iU (iU (λ, r), r) ≤ iU (λ, r).
Suppose that iU (iU (λ, r), r) 6≥ iU (λ, r). Then there exists x ∈ X

such that iU (iU (λ, r), r)(x) < iU (λ, r)(x). By the definition of iU (λ, r),
there exist ρ ∈ IX , U ∈ ΩX such that U(U) > r, U(ρ) ≤ λ and

iU (iU (λ, r), r)(x) < ρ(x) ≤ iU (λ, r)(x).

On the other hand, for U ∈ ΩX , by (FQU2), there exists U1 ∈ ΩX with
U1 ◦ U1 ≤ U such that U(U1) ≥ U(U) > r and U1(U1(ρ)) ≤ λ. By the
definition of iU (λ, r), we have U1(ρ) ≤ iU (λ, r). By the definition of
iU (iU (λ, r), r), it follows that iU (iU (λ, r), r) ≥ ρ. It is a contradiction.

(iv) By (ii), we have iU (λ ∧ µ, r) ≤ iU (λ, r) ∧ iU (µ, r).
We must show that iU (λ ∧ µ, r) ≥ iU (λ, r) ∧ iU (µ, r). Suppose that

there exists x ∈ X such that iU (λ∧µ, r)(x) < iU (λ, r)(x)∧ iU (µ, r)(x).
Then there exist ρ1, ρ2 ∈ IX with

iU (λ ∧ µ, r)(x) < ρ1(x) ∧ ρ2(x) ≤ iU (λ, r)(x) ∧ iU (µ, r)(x)
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such that U(U1) > r, U1(ρ1) ≤ λ and U(U2) > r, U2(ρ2) ≤ µ.
It follows that U(U1 u U2) > r and

(U1 u U2)(ρ1 ∧ ρ2) ≤ (U1 u U2)(ρ1) ∧ (U1 u U2)(ρ2)

≤ U1(ρ1) ∧ U2(ρ2) (by Lemma 3.1 (2))
≤ λ ∧ µ.

Hence iU (λ ∧ µ, r) ≥ ρ1 ∧ ρ2. It is a contradiction.
(v) It is easily proved from the definition of iU . �

Let (X,U) be fuzzy a quasi-uniform space. Similarly, we can define
iU−1(λ, r) and iU∗(λ, r).

Theorem 3.7. Let (X,U) be a fuzzy quasi-uniform space. The
function TU : IX → I is defined by

TU (λ) =
∨
{r ∈ [0, 1) | iU (λ, r) = λ}, for λ ∈ IX .

Then TU is a gradation of openness on X.

Proof. (O1) It is easily proved from Theorem 3.6 (i).
(O2) For λ1, λ2 ∈ IX , suppose that there exists c ∈ (0, 1) such that

TU (λ1 ∧ λ2) ≤ c < TU (λ1) ∧ TU (λ2).

Then there exist r1, r2 ∈ (0, 1) such that r1, r2 > c, iU (λ1, r1) =
λ1, iU (λ2, r2) = λ2.

If r = r1 ∧ r2, by Theorem 3.6 (v) and (iv), we have

λ1 ∧ λ2 ≤ iU (λ1, r) ∧ iU (λ2, r) = iU (λ1 ∧ λ2, r).

By Theorem 3.6 (ii) , it follows that λ1∧λ2 = iU (λ1∧λ2, r). Therefore
TU (λ1 ∧ λ2) ≥ r. It is a contradiction. Hence TU (λ1 ∧ λ2) ≥ TU (λ1) ∧
TU (λ2).

(O3) Suppose that there exist c ∈ (0, 1), λi ∈ IX such that

TU (
∨
i∈Γ

λi) ≤ c <
∧
i∈Γ

TU (λi).
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Then for all i ∈ Γ, there exist ri > c such that iU (λi, ri) = λi.
If r =

∧
i∈Γ ri, we have∨

i∈Γ

λi =
∨
i∈Γ

iU (λi, ri)

≤
∨
i∈Γ

iU (λi, r) (by Theorem 3.6 (v))

≤ iU (
∨
i∈Γ

λi, r). (by Theorem 3.6 (ii))

By Theorem 3.6 (ii) , it follows that
∨

i∈Γ λi = iU (
∨

i∈Γ λi, r). Therefore
TU (

∨
i∈Γ λi) ≥ r ≥ c. It is a contradiction. �

Similarly, since (X,U−1) be a fuzzy quasi-uniform space, TU−1 is a
gradation of openness on X. The space (X, TU , TU−1) is called a fuzzy
bitopological space induced by (X,U).

Theorem 3.8. Let U be a fuzzy quasi-uniformity on X. For each
r ∈ [0, 1), λ ∈ IX , we define

clU (λ, r) =
∧
{U−1(λ) | U(U) > r}.

Then it satisfies the followings:

(i) clU (0̃, r) = 0̃, clU (1̃, r) = 1̃.
(ii) clU (λ, r) ≥ λ and clU (λ1, r) ≤ clU (λ2, r), if λ1 ≤ λ2.
(iii) clU (clU (λ, r), r) = clU (λ, r).
(iv) clU (λ ∨ µ, r) = clU (λ, r) ∨ clU (µ, r).
(v) clU (λ, r) ≤ clU (λ, r′), if r ≤ r′, where r, r′ ∈ [0, 1).

Proof. (i), (ii) and (v) are easily proved from the definition of clU .
(iii) By (ii), we have clU (clU (λ, r), r) ≥ clU (λ, r).
Suppose clU (clU (λ, r), r) 6≤ clU (λ, r). By the definition of clU (λ, r),

Then there exist U ∈ ΩX , x ∈ X such that U(U) > r and

clU (clU (λ, r), r)(x) > U−1(λ)(x) ≥ clU (λ, r).

On the other hand, by (FQU2),for U ∈ ΩX , there exists U1 ∈ ΩX such
that

U1 ◦ U1 ≤ U, U(U1) ≥ U(U) > r.



Some properties of fuzzy quasi-uniform spaces 39

It follows that
clU (clU (λ, r), r) ≤ U−1

1 (clU (λ, r)) ≤ U−1
1 (U−1

1 (λ)) ≤ U−1(λ).
It is a contradiction.

(iv) By (ii), we have clU (λ ∨ µ, r) ≥ clU (λ, r) ∨ clU (µ, r).
Suppose that clU (λ ∨ µ, r) 6≤ clU (λ, r) ∨ clU (µ, r). Then there exist

x ∈ X, c ∈ I such that
clU (λ ∨ µ, r)(x) > c > clU (λ, r)(x) ∨ clU (µ, r)(x).

By the definitions of clU (λ, r) and clU (µ, r), there exist U1, U2 ∈ ΩX

such that
U(U1) > r, U−1

1 (λ)(x) < c and U(U2) > r, U−1
2 (µ)(x) < c.

From the definition of U−1
1 uU−1

2 , since (U1 uU2)−1(λ∨µ)(x) < c and
U(U1 u U2) > r, we have

clU (λ ∨ µ, r)(x) ≤ (U1 u U2)−1(λ ∨ µ)(x) < c.

It is a contradiction. �

Lemma 3.9. Let (X,U) be a fuzzy quasi-uniform space. For each
λ ∈ IX , r ∈ [0, 1), if we define

β =
∧
{1̃− ρ | U(ρ) ≤ 1̃− λ for some U with U(U) > r},

γ =
∧
{U−1(λ) | U(U) > r},

then β = γ.

Proof. Suppose that β 6≤ γ. Then there exist x ∈ X, U ∈ ΩX such
that

U(U) > r, β(x) > U−1(λ)(x) ≥ γ(x).

On the other hand, by Lemma 3.1(7), since U(1̃−U−1(λ)) ≤ 1̃−λ,
we have β ≤ U−1(λ). It is a contradiction.

Suppose that β 6≥ γ. Then there exist x ∈ X, ρ1 ∈ IX , U ∈ ΩX

such that
U(U) > r, U(ρ1) ≤ 1̃− λ, β(x) ≤ 1̃− ρ1(x) < γ(x).

On the other hand, by Lemma 3.1(6), since U(ρ1) ≤ 1̃ − λ iff
U−1(λ) ≤ 1̃− ρ1, we have γ ≤ 1̃− ρ1. It is a contradiction. �

In general topology, we have A = (int(Ac))c. In a sense, we will
expand it from the following lemma.
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Lemma 3.10. Let (X,U) be a fuzzy quasi-uniform space. For each
λ ∈ IX , r ∈ [0, 1), we have

clU (λ, r) = 1̃− iU (1̃− λ, r).

Proof. Using Lemma 3.9, for each λ ∈ IX , r ∈ [0, 1), we have

clU (λ, r) =
∧
{U−1(λ) | U(U) > r}

=
∧
{1̃− ρ | U(ρ) ≤ 1̃− λ for some U with U(U) > r}

= 1̃−
∨
{ρ | U(ρ) ≤ 1̃− λ for some U with U(U) > r}

= 1̃− iU (1̃− λ, r). �

Theorem 3.11. Let (X,U) be a fuzzy quasi-uniform space. The
function FU : IX → I defined by

FU (λ) =
∨
{r ∈ [0, 1) | clU (λ, r) = λ}, λ ∈ IX .

Then FU is a gradation of closeness on X.

Proof. For each λ ∈ IX , we have

FU (λ) =
∨
{r ∈ [0, 1) | clU (λ, r) = λ}

=
∨
{r ∈ [0, 1) | iU (1̃− λ, r) = 1̃− λ} (by Lemma 3.10)

= TU (1̃− λ).

Hence FU is a gradation of closeness on X. �

If U is a classical fuzzy uniformity on X, we define µδ̄ρ iff U(µ) ≤
1̃− ρ for some U ∈ U . Then δ is a classical fuzzy proximity on X.

We will expand it from the following theorem. Thus we obtain a
fuzzy quasi-proximity space from a fuzzy quasi-uniform space.
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Theorem 3.12. Let (X,U) be a (quasi-)fuzzy uniform space. De-
fine, for all µ, ρ ∈ IX ,

δU (µ, ρ) =
{

1−
∨
{U(U) | U(µ) ≤ 1̃− ρ} if Θµ,ρ 6= ∅

1 if Θµ,ρ = ∅

where Θµ,ρ = {U ∈ ΩX | U(µ) ≤ 1̃−ρ}. Then (X, δU ) is a (quasi-)fuzzy
proximity space.

Proof. (FQP1) Since U(0̃) = 0̃, by (FQU4), we have δU (0̃, 1̃) = 0.

Similarly, since U(1̃) = 1̃, by (FQU4), we have δU (1̃, 0̃) = 0.
(FQP2) (1) First, we will show that Θµ,ρ∨λ = ∅ iff Θµ,ρ = ∅ or

Θµ,λ = ∅.

Θµ,ρ∨λ = ∅ iff for each U ∈ ΩX , U(µ) 6≤ 1̃− (ρ ∨ λ)
iff for each U ∈ ΩX , ∃x ∈ X such that

U(µ)(x) + (ρ ∨ λ)(x) > 1
iff for each U ∈ ΩX , ∃x ∈ X such that

U(µ)(x) + ρ(x) > 1 or U(µ)(x) + λ(x) > 1

iff Θµ,ρ = ∅ or Θµ,λ = ∅.

Thus δU (µ, ρ) ∨ δU (µ, λ) = δU (µ, ρ ∨ λ) if Θµ,ρ∨λ = ∅.
Now, we will show that if Θµ∨ρ,λ 6= ∅,

δU (µ, ρ) ∨ δU (µ, λ) = δU (µ, ρ ∨ λ).

If ρ1 ≤ ρ2, by the definition of δU , δU (µ, ρ1) ≤ δU (µ, ρ2). Therefore
δU (µ, ρ) ∨ δU (µ, λ) ≤ δU (µ, ρ ∨ λ).

Suppose that there exists r ∈ (0, 1) such that

δU (µ, ρ) ∨ δU (µ, λ) < r < δU (µ, ρ ∨ λ).

Since δU (µ, ρ) < r and δU (µ, λ) < r, by the definition of δU , there exist
U1, U2 ∈ ΩX such that

U(U1) > 1− r, U1(µ) ≤ 1̃− ρ, U(U2) > 1− r, U2(µ) ≤ 1̃− λ.
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It follows that U(U1 u U2) > 1− r and

(U1 u U2)(µ) ≤ U1(µ) ∧ U2(µ) ( by Lemma 3.1(2))

≤ (1̃− ρ) ∧ (1̃− λ)

= 1̃− (ρ ∨ λ).

Hence we have δU (µ, ρ ∨ λ) < r. It is contradiction.
Therefore δU (µ, ρ) ∨ δU (µ, λ) ≥ δU (µ, ρ ∨ λ).
(2) We will show that Θµ∨ρ,λ = ∅ iff Θµ,λ = ∅ or Θρ,λ = ∅.

Θµ∨ρ,λ = ∅ iff for each U ∈ ΩX , U(µ ∨ ρ) 6≤ 1̃− λ

iff for each U ∈ ΩX , ∃x ∈ X such that

U(µ ∨ ρ)(x) + λ(x) > 1
iff for each U ∈ ΩX , ∃x ∈ X such that

U(µ)(x) + λ(x) > 1 or U(ρ)(x) + λ(x) > 1

iff Θµ,λ = ∅ or Θρ,λ = ∅.

Thus δU (µ, λ) ∨ δU (ρ, λ) = δU (µ ∨ ρ, λ) if Θµ∨ρ,λ = ∅.
Now, we will show that if Θµ∨ρ,λ 6= ∅,

δU (µ, λ) ∨ δU (ρ, λ) = δU (µ ∨ ρ, λ).

Since U(µ) ≤ U(µ ∨ ρ), by the definition of δU we have

δU (µ, λ) ≤ δU (µ ∨ ρ, λ).

Similarly, we have
δU (ρ, λ) ≤ δU (µ ∨ ρ, λ).

Hence
δU (µ, λ) ∨ δU (ρ, λ) ≤ δU (µ ∨ ρ, λ).

Suppose that there exists r ∈ (0, 1) such that

δU (µ, λ) ∨ δU (ρ, λ) < r < δU (µ ∨ ρ, λ).

By the definition of δU , there exist U1, U2 ∈ ΩX such that

U(U1) > 1− r, U1(µ) ≤ 1̃− λ, U(U2) > 1− r, U2(ρ) ≤ 1̃− λ.
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It follows that U(U1 u U2) > 1− r and

(U1 u U2)(µ ∨ ρ) ≤ U1(µ) ∨ U2(ρ) (by the definition of U1 u U2)

≤ 1̃− λ.

Hence we have δU (µ ∨ ρ, λ) < r. It is contradiction.
Therefore δU (µ, λ) ∨ δU (ρ, λ) ≥ δU (µ ∨ ρ, λ).
(FQP3) If δU (µ, ρ) < r for r ∈ (0, 1], then for some U ∈ ΩX , U(U) >

1−r and U(µ) ≤ 1̃−ρ. By (FQU2), there exists V such that V ◦V ≤ U
and U(V ) ≥ U(U) > 1− r.

Since V (µ) ≤ V (µ) and V ◦V (µ) ≤ 1̃−ρ, there exists 1̃−V (µ) ∈ IX

such that δU (µ, 1̃− V (µ)) < r and δU (V (µ), ρ) < r.
(FQP4) Let µ 6≤ 1̃ − ρ be given. Since µ ≤ U(µ), for all U ∈ ΩX ,

we have U(µ) 6≤ 1̃− ρ. By the definition of δU , we have δU (µ, ρ) = 1.
(FP) Since U(U) = U(U−1) and U(µ) ≤ 1̃ − ρ iff U−1(ρ) ≤ 1̃ − µ,

we have δU (µ, ρ) = δU (ρ, µ). �

Theorem 3.13. Let (X,U) be a fuzzy quasi-uniform space. Then:

(1) FU = FδU , FU−1 = FδU−1 , FU∗ = FδU∗ .

(2) (δU )−1 = δU−1 .

Proof. (1) From Theorem 2.6 and Theorem 3.11, it suffices to show
that clU (λ, r) = clδU (λ, r), for all λ ∈ IX , r ∈ [0, 1). By Theorem 3.8 ,
Lemma 3.9 and Theorem 2.5, we have

clU (λ, r) =
∧
{U−1(λ) | U(U) > r}

=
∧
{1̃− ρ | U(ρ) ≤ 1̃− λ for some U with U(U) > r}

clδU (λ, r) =
∧
{1̃− ρ | δU (ρ, λ) < 1− r}.

It is proved that clU (ρ, r) = clδU (ρ, r) from the following:

δU (ρ, λ) < 1− r ⇐⇒ 1−
∨
{U(U) | U(ρ) ≤ 1̃− λ} < 1− r

⇐⇒ U(ρ) ≤ 1̃− λ for some U with U(U) > r.

Hence FU = FδU .



44 Yong Chan Kim and Seok Jong Lee

Similarly, we have FU−1 = FδU−1 , FU∗ = FδU∗ .

(2) From the definition of (δU )−1, we must show that

δU (ρ, µ) = δU−1(µ, ρ).

First, if Θρ,µ = ∅, we will show that Θρ,µ = ∅ iff Θµ,ρ = ∅.

Θρ,µ = ∅ iff for U ∈ ΩX , U(ρ) 6≤ 1̃− µ

iff for U−1 ∈ ΩX , U−1(µ) 6≤ 1̃− ρ (by Lemma 3.1 (6))

iff Θµ,ρ = ∅ .

Second, if Θρ,µ 6= ∅, we have

δU (ρ, µ) = 1−
∨
{U(U) | U(ρ) ≤ 1̃− µ}

= 1−
∨
{U−1(U−1) | U−1(µ) ≤ 1̃− ρ} (by Lemma 3.1 (3,6))

= δU−1(µ, ρ). �

References

1. G. Artico and R. Moresco, Fuzzy proximities compatible with Lowen fuzzy uni-
formities, Fuzzy Sets and Systems 21 (1987), 85-98.

2. W. Congxin and W. Jianrong, Fuzzy quasi-uniformities and fuzzy bitopological
spaces, Fuzzy Sets and Systems 46 (1992), 133-137.

3. B. Hutton, Uniformities on fuzzy topological spaces, J. Math. Anal. Appl. 58

(1977), 559-571.
4. A.K. Katsaras, Fuzzy quasi-proximities and fuzzy quasi-uniformities, Fuzzy

Sets and Systems 27 (1988), 335-343.

5. O.A. Tantawy, M.H. Ghanim and F.M. Selim, Gradations of uniformity and
gradation of proximity, Fuzzy Sets and Systems 79 (1996), 373-382.

6. S.K. Samanta, Fuzzy proximities and fuzzy uniformities, Fuzzy Sets and Sys-

tems 70 (1995), 97-105.
7. S.K. Samanta and K.C. Chattopadhyay, Fuzzy topology, Fuzzy Sets and Sys-

tems 54 (1993), 207-212.

8. R.N. Hazra, S.K. Samanta and K.C. Chattopadhyay, Fuzzy topology redefined,
Fuzzy Sets and Systems 45 (1992), 79-82.

9. R.N. Hazra, S.K. Samanta and K.C. Chattopadhyay, Gradation of openness:
Fuzzy topology, Fuzzy Sets and Systems 49(2) (1992), 237-242.



Some properties of fuzzy quasi-uniform spaces 45

10. Y.C. Kim, Mappings on fuzzy proximity and fuzzy uniform spaces, Kangweon-

Kyungki Math. Jour 4(2) (1996), 149-161.

11. Y.C. Kim and J.W. Park, Some properties of fuzzy quasi-proximity spaces,
Kangweon-Kyungki Math. Jour 5(1) (1997), 35-48.

Department of Mathematics
Kangnung National University
Kangnung, Kangwondo 210-702, Korea

Department of Mathematics
Chungbuk National University
Cheong-ju, 361-763, Korea


