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SOME CHARACTERIZATIONS OF KRULL DOMAINS

GYu WHAN CHANG

ABSTRACT. We will find sufficient conditions for a Mori domain to
be a Krull domain.

1. Introduction

Many of characterizations of Dedekind domains have t-operation ana-
logues for Krull domains (see [8], [10]). Thus from the well-known char-
acterizations of Dedekind domains, we can deduce new characterizations
of Krull domains. In this paper, in spirit of [6, Theorem 37.8 and Theo-
rem 38.1], we find sufficient conditions for a Mori domain to be a Krull
domain. In particular, we give examples which show that the conditions
of Theorem 6 are the best possible.

Throughout this paper, R will denote a commutative integral domain
with identity and K its quotient field. Let F (R) be the set of nonzero
fractional ideals of R. For each A € F(R), A, — (A H)~! and A4, =
U{J, : J is a finitely generated subideal of A} If A, = A (resp. A, =
A) then A is said to be a divisorial ideal (resp. t-ideal). We have
A C A, C A,, so that every divisorial ideal is a t-ideal. If A, = J; for
some finitely generated subideal of A, A, is said to be of finite type. Ris
called a Mori domain if each ¢-ideal of R is of finite type, or equivalently,
accending chain condition on t-ideals holds. By a chain of prime ¢-ideals
of R we mean a finite strictly increasing sequence P, C P, C --- C P
the length of the chain is n. We define the t-dimension of R, denoted by
t-dimR, to be the supremum of the lengths of all chains of prime ¢-ideals
in R.

Unexplained terminology is standard, as in 6] or [9].

Received March 18, 1998.
1991 Mathematics Subject Classification: 13A15.
Key words and phrases: Krull domain, Mori domain, S-domain, t-dimension.




2 Gyu Whan Chang
2. Main results

For a technical reason, we assume that R is not a field, ie., R C K.
A maximal t-ideal of R is a proper t-ideal of R which is maximal among
proper t-ideals of R. It is easy to see by Zorn’s lemma that each maximal
t-ideal is prime and the set of maximal {-ideals is not empty.

In [1], D: D. Anderson shows that for a proper ideal I of the ring
R with identity if each prime ideal minimal over [ is finitely generated
then the number of prime ideals which are minimal over I is finite. By
the same way as Anderson’s proof [1] and the fact that if a prime ideal
P of R is minimal over a t-ideal then P is also a t-ideal, we have the
following useful result.

LeEMMA 1. Let I be a t-ideal of R. If each prime ideal P of R which is
minimal over I is of finite type, i.e.,there is a finitely generated subideal
A of P such that A; = P, then the number of prime ideals minimal over
I is finite.

LEMMA 2. If {M,} is the set of maximal t-ideals of R, then R =
ARy,

Proof. see [6, Ex. 22, page 52]. O

DEFINITION 3. Let R be an integral domain and X*(R) the set of
nonzero minimal prime ideals of R. A domain R is called a Krull domain
if

1. R =Npex1(r)Rp,

2. Rp is a rank one DVR for each P € X'(R), and

3. for each 0 3 a € R, the set of prime ideals of X'(R) containing a

is finite.

THEOREM 4. (cf. [6, Theorem 38.1]) Let R be a Mori domain which is
not a field and {M,} the set of maximal t-ideals of R, then the following
conditions are equivalent.

1. R is a Krull domain.

2. Each M, is t-invertible, i.e., (MsM;'); = R.

3. {(M™);} is the set of M- primary ideals and for each a, there is a
prime ideal P, C M,, such that there are no prime ideals properly
between P, and M,.
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Proof. (1) => (2) [8, Theorem 3.6].

(2) = (3) [8, Theorem 2.2].

(3) = (1) For a maximal t-ideal M of R, (M*Ry;), = ((M*)Ra)s =
(M*);R [7, Proposition 1.1]. Since MRy is a maximal ideal of Ry,
MFRy = (MRy)* is an M Rys-primary ideal. So MRy N R is M-
primary. So M*RyNR = (M"), for some positive integer I. So M*R,; =
(M*Rp N R)Ras = (MY)¢Rpg = (M'Ryg);. Thus M* Ry, = (M'Rup); =
((M'Ru)e)t = (M*Ryy);. Thus {M*Ry}52, is the set of M Ry -primary
ideals. Let P be a prime ideal of R such that P G M and there are no
prime ideals properly between P and M. Since each MR,/ (PRy)-
primary ideal is of the form A/(PRy) where A is a MRy -primary
ideal containing PRy and the number of MRy, / (PRys)-primary ideals
is infinite, PRy C M*Rp and M*Ry # M*R,, for each positive
integer k. Since Ry is a Mori domain, PRy; = 0 [8, Theorem 2.1] and
hence P = 0. Thus Ry, is a rank one DVR. By Lemmas 1 and 2, R is a
Krull domain. O

A domain R is said to be a Priifer v-multiplication domain (PVMD)
if each finitely generated ideal I of R is t-invertible, i.e., (II71); = R,
or equivalently, Rp is a valuation domain, for each maximal ¢-ideal P.
Recall from [9, page26] that a domain R is called an S-domain if for every
height one prime ideal P, the expansion P[X ] of P to the polynomial
ring R[X] also has height one.

LEMMA 5. Let R be a domain of t-dimR < 1, then R is an integrally
closed S-domain if and only if R is a PVMD. .

Proof. (=) If P is a maximal t-ideal, Rp is an one dimensional
integrally closed domain. Since R is an S-domain, ht(P[X]) = 1. So
dszp{X} = dim(Rp[X]pRP{)(]) +1= d’im(R[X]p[X}) +1= ht(P[X]) +
1 = 2. Since Rp is integrally closed, Rp is a valuation domain (6,
Proposition 30.14].

(<=) If P is a prime ideal of ht(P) = 1, Rp is a valuation domain. So
dim(Rp[X]) = 2 and hence ht(P|X]) = ht(PRp[X]) = 1. O

THEOREM 6. (cf. [6, Theorem 37.8]) A domain R is a Krull domain
if (and only if) R is an integrally closed Mori domain of t-dimR = 1 and
R is an S-domain.
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Proof. By Lemma 5, R is a PVMD. Since R is a Mori domain, Rp is
a rank one DVR for each maximal t-ideal P. By Lemmas 1 and 2, R is
a Krull domain. O

In Theorem 6, the hypothesis that R is an S-domain is necessary. To
see this, we give an example of an integrally closed Mori domain R of
t-dim R = 1, which is not a Krull domain.

ExAMPLE 7. Let C (resp. @) be the field of complex (resp. rational)
numbers and @Q the algebraic closure of Q in C. Then the subring D =
Q + X C[|X|] of the power series ring C[|X|] is an integrally closed Mori
domain of dimD =1 [4, Theorem 3.2]. But D is not a valuation domain
[5, Theorem 2.1(h)]. Thus D is not a Krull domain.

EXAMPLE 8. Let R be the field of real numbers and R = R[|z,y|] =
R + M, where M = (z,y), the power series ring over R. Let Q be the
algebraic closure of the field @ of rational numbers in R. Let D = Q+ M,
then

1. D is integrally closed,

2. D is a Mori domain of ¢-dimD = 2 and D satisfies Krull’s principal
ideal theorem and

3. D is an S-domain.

Proof. 1. Since Q is the integral closure of Q in R, D is integrally
closed [5, Theorem?2.1.(b)].

2. By [9, Theorem 71 and Theorem 72], R is a Noetherian UFD of
dimR = 2 and M is the unique maximal ideal of R. By [2, Proposi-
tion 3.8], Spec(R) = Spec(D). So D is a Mori domain [4, Theorem
3.2] and D satisfies Krull’s principal ideal theorem [3, Corollary
3.2]. By [2, Proposition 3.23], M is a t-ideal of D. Since ht(M) = 2,
t-dimR = 2.

3. If P is a prime ideal of D of ht(P) =1, R C Dp. Forifm € M—P,
r = (rm)% € Dp for each r € R. Since Spec(R) = Spec(D),
Rp C (Dp)r—py = Dp. Since Rp is a rank one DVR, Rp = Dp.
Thus the polynomial ring Dp[X]| = Rp[X] is of dimension 2, and
ht(P[X]) = ht(PDp[X]) = 1. So D is an S-domain. 4

Example 7 and Example 8 show that the hypothesis in Theorem 6
for an integrally closed Mori domain to be a Krull domain cannot be
weakened.
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REMARK 9. In Theorem 6, the condition that R is a Mori domain
can be replaced by the assumption that each prime t-ideal is of finite
type. For if P is a prime t-ideal, there is a finitely generated subideal I
of P such that P = I;. So PRp = ItRp = (I;Rp); = (IRp);. Since Rp
is a valuation domain, PRp is principal and so Rp is a local PID.
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