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SMOOTH FUZZY CLOSURE
AND TOPOLOGICAL SPACES

YonGg CHAN KM

ABSTRACT. We will define a smooth fuzzy closure space and a sub-
space of it. We will investigate relationships between smooth fuzzy
closure spaces and smooth fuzzy topological spaces. In particular,
we will show that a subspace of a smooth fuzzy topological space
can be obtained by the subspace of the smooth fuzzy closure space
induced by it.

1. Introduction and preliminaries

R.N. Hazra et al. [6] introduced the concept of gradations of open-
ness as an extension of Chang’s fuzzy topology. [1]. It has been devel-
oped in many directions [2,3,4,5,9].

In this paper, we will define a smooth fuzzy closure space and a
subspace of it in view of K.C. Chattopadhyay et al. [3] as an exten-
sion of the definition of A.S. Masshour et al.[8]. Also, we will study
relationships between smooth fuzzy closure spaces and smooth fuzzy
topological spaces. In particular, we will show that a subspace of a
smooth fuzzy topological space can be obtained by the subspace of the
smooth fuzzy closure space induced by it.

In this paper, let X be a nonempty set, I = [0,1] and I = (0, 1].

A fuzzy set in X is a function g : X — I and IX will denote the
family of all fuzzy sets in X.

For a family of fuzzy sets {y; | 2 € A} in X, we define

(V #i)(2) = supicami(2), (N w)(z) = infieapi(z).
i€EA €A
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- For p,v € IX, we define p < v iff p(z) < v(z) forall z € X.
A fuzzy point z,, t € Iy, is an element of T X such that

W) {t, ify ==z,
€T —
ey 0, ifgits.

A fuzzy point z, € X iff t < A(z).
If A C X, we define the characteristic function x4 on X by

1, if z € A,

xal®) = { 0, if z & A.

Let f: X — Y be a function, u € IX and v € T¥. We define

sup{u(z) |z € F {yH}, i F1({y}) #0,
0, if f7'({y}) =9,

and f}(v)(z) = v(f(z)) for all z € X.
We denote 0(z) = 0,1(z) = 1 for all z € X.

) = {

LEMMA 1.1. [5] If f : X — Y, then we have the following properties
for direct and inverse image of fuzzy sets under mappings: for p, p; €
IX and v,y; € IV,

(1) v > f(f~'(v)) with equality if f is surjective,

(2) p < F~(f(n)) with equality if f is injective,

(3 F 11 -2)=1- ()

(4) f(1 — p) =1— f(p) if f is bijective,

(5) f_l(ViEA Vi) = VieA f?l(yi):

(6) 7 (Niea i) = Niea 71 (),

(7) f(ViEA »U--i) = VieA f(»‘-"i)’

(8) f(Aica i) < Nien f(us) with equality if f is injective.

2. Smooth fuzzy topological spaces and smooth fuzzy clo-
sure spaces

DEFINITION 2.1. [6,4] A function 7 : IX — I is called a smooth
fuzzy topology on X if it satisfies the following conditions:
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(01) T(0) = T(1) = 1,

(02) T(pr A pa) = T(pa) AT (p2), for any py, ps € IX,

(03) T(Vica ) = Niea T(p:), for any family {4, | i € A} C IX.
The pair (X, T) is called a smooth fuzzy topological space.

Let 71 and 7; be smooth fuzzy topologies on X, We say that 77 is
finer than Ty (73 is coarser than T3) iff To(A) < T1()), for all A € IX,

DEFINITION 2.2. [4] Let T be a smooth fuzzy topology on X and a
function F : I* — I defined by F(u) = T(1 — ) for all p € IX. Then
F is called a smooth fuzzy cotopology on X.

DEFINITION 2.3. A function C : I*X x Iy — IX is called a smooth
fuzzy closure operator on X if it satisfies the following conditions: for
each \,u € IX, r,s € I,

(C1) C(0,r) =0,c(i,r) =1,

(C2) A < C(Ar),

(C3) if A < p, then C(A\,r) < C(p,r),

(C4) C(AV p,r) = C(A,r) V Clu,T),

(C5) if < s, then C(A,7) < C(}, s).

The pair (X, C) is called a smooth fuzzy closure space.

A smooth fuzzy closure space (X, C) is called topological if

(C6) C(C(A,r),r) =C(\r), forall A€ IX, r e I.

Let C; and C; be smooth fuzzy closure operators on X, We say that
C is ﬁner than C, (C; is coarser than Cy) iff Cl()\ r) < Ca(A, 1), for
all e IX, r e I,.

EXAMPLE 1. Define C%,C! : IX x Iy — I as follows:

0, ifA=0,rel,
C‘O()\,r)z{- ' i

1, otherwise,

and C'(A\,r) = A, forall A\eIX, r e I;. Then C° is the coarsest
smooth fuzzy closure operator on X and C! is the finest one on X. [J

THEOREM 2.4. [3] Let (X, 7)) be a smooth fuzzy topological space.
For each r € Iy, A € I*, we define an operator Cy : IX x Iy — IX as
follows:

Cr(hr) = Adelp =X Fu) >r)
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" Then it satisfies the following properties: for each A\, u € I*, 7,5 € I,
(1) C+(0,r) =0,Cr(1,7) =1,
(2) A< Cr (A7),
(3) if A < p, then CT(A!T) = C‘T(,U,'l‘"),
(4) C'T'(A Vi, T) = CT(A: T) v CT(:”) "r‘):
(5) if r < s, then Cr(A\, 1) < Cr(A,s),
(6) C’T(CT()\a 1"), T) = C’T()\, "r‘):
(7) ifr = \/{s € Iy | C1(A,s) = A}, then Cr(A,r) = A.

THEOREM 2.5. [3] Let (X, C) be a smooth fuzzy closure space. De-
fine the function Fg : I — I on X by

FoeN) =\/{r eI | C(Ar) =A}.

Then:
(1) Fc is a smooth fuzzy cotopology on X.
(2) We have C = Cr, iff (X, C) satisfies the following conditions:
(a) It is a topological smooth fuzzy closure space.
(b) If r =\/{s € Iy | C(A, s) = A}, then C(A,r) = A

ExAMPLE 2. Let C° C! be smooth fuzzy closure operators on X
defined by Example 1. Then C°, C? induce the following smooth fuzzy
cotopologies on X: for all A € I'%,

1, ifA=0 or I,
0, otherwise

Foo(N) = {

and Fg1(A) = 1. Therefore Tgo is the coarsest smooth fuzzy topology
on X and Tg1 is the finest one on X. O

The following example is that we have C # Cr, if (X, C) does not
satisfy the condition (a) of Theorem 2.5(2).

EXAMPLE 3. Define C: IX x Iy — I* as follows:

0, ifA=0, re I,
X{zgp HA=2t € XagprT < 35
X{z}s ifA:z.sGX{z}yTS %a

1 otherwise.

C(A}T) o
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Then (X, C) is a smooth fuzzy closure space. Since C(x;, = ¥z}
and C(X{zy}> 3) = 1, we have

L. -l 1
5)’ g) 7& C(:Etv 7)‘

C(C(It, 3

Hence (X, C) is not a topological smooth fuzzy closure space.
From Theorem 2.5, we can obtain the smooth fuzzy cotopology F¢o
on X induced by (X, C) as follows:

1, ifA=0 or I,
FeN) =1 3, ifA=xqp,
0, otherwise.

From Theorem 2.4, we have the smooth fuzzy closure operator C7, on
X induced by (X, 7¢) as follows:
0, ifA=0, rel,
Cre(Ar) = X{z} fA=2z€ X{z3T < %a
1, otherwise.
Hence C # Cr.. ]

The following example is that we have C # Cr,, if (X, C) does not
satisfy the condition (b) of Theorem 2.5(2).

EXAMPLE 4. For p € IX such that u # 0,1, we define a smooth
fuzzy closure operator C : IX x Iy — I as follows:

0, ifx=0, rel,,
C(A,?"): £y ifé%ASU:T<%a

1, otherwise.

Then (X, C) is a topological smooth fuzzy closure space.
Hence F¢ is defined by

1, ifA=0 or 1
FeN) =3 5 ifa=up
0

, otherwise.
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‘Since C(p,r) = p for all 7 < 3,

Vi €| Clum) =n} =3, but Clug) =1

On the other hand, we have Cr;(u, %) = p. Hence C # Cr. O

THEOREM 2.6. Let (X,T) be a smooth fuzzy topological space. Let
(X,C7) be a smooth fuzzy closure space. Then Fc, is a smooth fuzzy
cotopology on X such that

Fo, = F, thatis , Toy =T
where F(u) = T(1 — p), for all p € 1%,

Proof. From Theorem 2.5, F¢, is a smooth fuzzy cotopology on X.
We only show that Fo, = F.
Suppose that there exists A € I X such that

j:.CT(A) > }:-()\)

From the definition of F¢, there exists rq € Ip with Cr(A ) = A
such that
FCT(A) > ro > f(A)

On the other hand, since C7(A,ro) = A, we have F(A) > ro from the
definition of Cr. It is a contradiction. Hence Fo, < F.
Suppose that there exists p € I* such that

For(p) < Flp)-

Then there exists 1 € Ip such that
FCT(p) <ri < .7:(,0)

On the other hand, since F(p) > r1, by the definition of C'r we have

Cr(pri) = Nl = p Flp) 21} =p.

Hence Fg,(p) > 1. It is a contradiction. Hence For 2 F g
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DEFINITION 2.7. Let (X, 77) and (Y, 72) be smooth fuzzy topologi-
cal spaces. A function f : (X, 71) — (Y, T2) is called smooth continuous
if To(p) < Ti(f~1(w)) for all p e IY.

REMARK. A function f: (X, 71) — (Y, 72) is smooth continuous if
Fa(v) < Fi(f~Y(v)) for all v € IY because f (1 —-v)=1— f1(v)
from Lemma 1.2 (3).

DEFINITION 2.8. Let (X,C1), (Y,C2) be two smooth fuzzy closure
spaces. A function f: (X,C;) — (Y,C,) is called a C- map if for all
A€ IX! r € Iy, f(Cl(A,T‘)) < C2(f(/\)17')‘

THEOREM 2.9. Let (X,71) and (Y, T2) be smooth fuzzy topological
spaces. A function f: (X,71) — (Y,72) is a smooth continuous map
iff f:(X,Cr) — (Y,Cp,;) is a C- map.

Proof. Let f be a smooth continuous map. For all A € IX, r € I,
from Lemma 1.1 we have the following:

Cr(fO)m) = Nul &2 FO), Fa(w) > 7}
(Since F-1(1) = F-1(FN) = A F (F1 (W) = Falu) = 1)

> AN If 1(#) > X Fo(fH () 2 7}
2 /\{f” W) £ 2 M FBFW) 2 1)
> f(Cﬁ(A,T))-

Conversely, we will show that F»(v) < F1(f~(v)), for all v € IY.
Suppose that there exists v € IY such that

Fa(v) > F(F ()

Since FCTQ = F3 from Theorem 2.6, by the definition of fCTg’ there
exists r € Iy with C; (v, ) = v such that

Fa(v) > r > F1(f 7 ().
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On the other hand, since f is a C-map, we have

FCr(fHw),r) S Cr(f(F71(v),r) < Cr(vr) =v.
Using Lemma 1.1(2), we have

Cri(f 1 (w),r) < FHACH ), ) < £ W)

Hence Cr; (f*(v),r) = f~!(v) from Definition 2.3(C2). Since ¢,
F; from Theorem 2.6, by the definition of F¢ , we have Fy (fYv))
r. It is a contradiction.

Y

Using Theorem 2.9, we can easily prove the following corollary.

CoROLLARY 2.10. Let (X,C:), (Y,C2) be smooth fuzzy closure
spaces. If f : (X,C1) — (Y, C2) isa C- map, then f : (X, T¢,) — (Y, Te,)
is a smooth continuous map.

The following example shows that f : (X,C;) — (Y,C2) is not a C-
map but f: (X, T¢,) — (¥, T¢,) is a smooth continuous map.
EXAMPLE 5. Let X = {z,y,z} be a set.
Define C;,Cs : I x Iy — IX as follows:
: 0, ifA=0, rel,
CI(A:T): X{z}s if A=2z,7 < %a
1, otherwise,

and - _
0, itA=0, re I,

X{z,y}> if,\:m’frgl,
Ca(A,7) = {z,y} . t 19,
X{z}s ifA=z57< 29

i otherwise.

Then the identity function 1 : (X, C;) — (Y, C3) is not a C- map be-

cause 1 = C; (s, %) £ Ca(z:, %) =
On the other hand, from Theorem 2.5, we can obtain the smooth
fuzzy topology Tg, : I — I as follows:

1, ifx=0orl,

%" ifA = X{ﬂ:,y}?
0, otherwise.

TCI (A) =




vl
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Also, we have T¢, = ¢, . Therefore 1 : (X, T¢,) — (Y, 7¢,) is a smooth
continuous map.

THEOREM 2.11. Let X be a set and (Y,C;) be a smooth fuzzy
closure space. Let f : X — Y be a function. For all \ € I rel,
we define the function C7 : IX x Iy — IX by

CH(\r) = FHCL(F V), ).
Then CY is the coarsest smooth fuzzy closure operator on X which f
is a C-map.

Proof. First, we will show that Cf is the smooth fuzzy closure op-
erator on X

(C1) From the definition of C’, we easily prove Cf (0) = 0 and
cf(1) =1.

(C2) Since CI(A,r) = FH(CI(F(N),m) > FA(F(A) > A from
Lemma 1.1 (2) and Definition 2.3 (C2), we have A < Cf(A, ).

(C3) and (C5) are trivial.

(C4) It is proved from the following;

CTAV 1) = F7HCLUF(AV p),7))
= FTHCFA) V F(w),T)) ( Lemma 1.1 (7))
= FHCUFN),m) v Ci(f(w), 7)) ((C4))
= fHCU(F(N),)) V F7H(C1(f (1), 7)) ( Lemma 1.1 (5))
=Cf\r)v e (u,r).

Second, from the definition of C/, since C/ (), r) = f~! (C1(f(N), 7)),
we have

FICT (A7) = F(FHCL(F(N), 1)) < CLF(N), 7).
Hence f : (X,C*) — (Y, C}) is a C-map.
Finally, if f : (X,C*) — (Y,C}) is a C-map, then we have
f(C*(Aa T)) =G (f(’\)ar)‘
It follows that f~'(f(C*(A,7))) < f~(C1(f(N\),r)). Hence
C* (X} O (Ar): O

From Theorem 2.11, we can define a subspace of a smooth fuzzy
closure space.
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DEFINITION 2.12. Let (X, C) be a smooth fuzzy closure space and
A a subset of X. The pair (A4,C?) is said to be a subspace of (X,C)
if (' is the coarsest smooth fuzzy closure operator on X for which the
inclusion map i : A — X is a C-map.

THEOREM 2.13. [7) Let X be a set and (Y,T) be a smooth fuzzy
topological space. Let f : X — Y be a function and T, = {v e I¥ |
f~Y(v) = p}. Define by Tf . 1% — I as follows:

T4 () = { sup{T(v) |v €T}, if Tp#0,

0, otherwise.
Then T is the coarsest smooth fuzzy topology on X for which fisa
smooth continuous map.

DEFINITION 2.14. [7] Let (X,7T) be a smooth fuzzy topological
space and A a subset of X. The pair (A4,7T¢) is said to be a sub-
space of (X, 7)) if 7* is the coarsest smooth fuzzy topology on X for
which the inclusion map i : A — X is a smooth continuous map.

LEMMA 2.15. Let (X, T) be a smooth fuzzy topological space. For
each A € IX, r,s € Iy, we have

V Cr(A 8) = Cr(A,r).
-2
Proof. Let Fr = {p € I* | F(u) > r} and Fr = No<rfr € IX |
F(p) > s}. Since V,..C1(A,8) = MNMpeIX|p> X\ pe Fr_} from
the definition of Cr, we only show that
P
Since Fy D F, for s <r,
NineIX | Fu) 2 s} 2 {n e I* | Fp) 21}

s<{r

Conversely, if p & {u € I* | F(p) > r}, that is, F(p) < 7, then there
exists sg € Iy such that

.7‘-(,0) < 8 <.
Hence p & (,, <~ 1K € IX | F(u) > so}. It follows that

{neIX | Fw) 2 s} S{neI™ | Flp) 2} O

s<r
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THEOREM 2.16. Let X be a set and (Y, T) be a smooth fuzzy topo-
logical space. Let f : X — Y be a function. For each A € I, r € I,
we define the function Cf : IX x Iy — IX by

CI(nr) = fF7HCT(F(N), 7))

Then we have the following statements:
(1) Ter =T7.
(2) For each \ € I*X | r € Iy, Crs (A7) = fFHCr(f(N), 7).
(3) (a) (X,C) is a topological smooth fuzzy closure space.
(b) If r = \{{s € I | Cf (A, s8) = A}, then CF(\,r) = X

Proof. (1) Suppose there exists A € IX such that
Tor(A) > T7(N).

By the definition of T¢y, there exists rg € Iy such that Cf (1 — A, 7o) =
1—Xand
Ter(A) > o > TT(N).

From the definition of Cf, it implies f~(Cr(f(1 — A),70)) =1 — .
Hence

A=1-fHCr(f(1-X),m)) = F71 (1 = Cr(F(1 = X), 7o)
From the definition of 77, we have
TIO) 2 T(A - Cr(F(1 = A),mo)) 2 o,

because C7 is a topological smooth fuzzy closure space from Theorem
2.4(6) and T¢, = T from Theorem 2.6. It is a contradiction. Therefore
we have

Ter < T7.
Suppose there exists p € I X such that
Tor () < T (u).

From the definition of 77, there exists v € IY such that f~}(v) = p
and

Tor(p) < Tw) < T (w).
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' From the definition of T, there exists 71 € Iy such that Cr(1—v,71) =
1—v and
Tor(p) <r1 < T(v).

Hence we have the followings:

Cf(i—}l,'?'"l) i I(CT(f( — p),71))
= fHCT(F(1— 71 (v))yr1)) (since f7 () =p)
= f~HCr(f(f~ (1—1/)):?“1)) ( by Lemma 1.1 )
< fYCr(1-v,r)) ( by Lemma 1.1)
= t1-v)
=1-f)=1

It follows that C¥(1—pu,r;) = 1—pu from Definition 2.2 (C2). Therefore
Tos(p) > ry. It is a contradiction.
(2) From Theorem 3.4, we have

Crinr) = Aplp= X THw =1}

and using Lemma 1.1(6),
“HOr(fN),m) = FHNp o= F(N), T(p) 27}
= N0 o= FN), T(p) 27}

Since 1-1(p) > fH(f(N) > A and T/(F2(p)) = T(p) > r from
definition of 7/, we have

C‘Tf (’\7 'f‘) < fil(CT(f()\)a T))
Suppose there exist A € I*, r € I such that

Cre(N7) 2 F7HOT(F(),7))-

Then there exists zo € X such that

Cre (A7) (@o) < F7HCT(F(N),m))(xo)-




I’rl) —
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From the definition of C'7¢(),7), there exists u € IX with 4> A and
T¥(1— u) > r such that

CTf (’\!T)(mﬁ) < }J(:L'g) < fkl(CT(f()\)sr)(wD)-

On the other hand, since 7f(1— ) > , for every s < r, there exists
vy € IY such that

Since f1(v,) =1—p <1- A, we have

It implies

It follows
FHCr(fF),m) = £V Cor (s ) (by Lemma 2.15)
=\ f7UCr(f(A),5)) (by Lemma 1.1 (5))
<

It is a contradiction.
(3) Since Cr_, = Cyrs = Cf from (1) and (2), it is easily proved
from Theorem 2.5. 0

From Theorem 2.16, we can easily obtain the following corollary.
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COROLLARY 2.17. Let (X,T) be a smooth fuzzy topological space
and A a subset of X. Let i:_A — X be a inclusion map. For all
A, 7 € Iy, define the function C* : I4 x Iy — I# by

Ci (A7) =i (Cr(i(A), 7))

Then:

(1) The space (A, C*) is a subspace of a smooth fuzzy closure space
(X: CT) '

(2) The space (A, Tes) is a subspace of a smooth fuzzy topological
space (X, T) where the smooth fuzzy topology T¢: induced by cr

EXAMPLE 6. Let A = {a,b},X = {a,b,c} be sets.
u(a) = 0.2, u(b) = 0.3, u(c) = 0.5

and p(a) = 0.2, p(b) = 0.3, p(c) = 0.4.

Define T : IX — I as follows:

1, ifvr=0o0r i
2 2
2 ifr=
T(V) _ :13? ’ 22
2 ifv=p,
0, otherwise.

Using Theorem 2.4, we can obtain

ifv=0o0rl, rcli
— U, ifvgi—p,0<r§§

Criv,r) = o "
T ifl—p<v<i-p 0<r<i

=l =l = Ot
|
»

otherwise.

Since C*(\,r) = i~ }H(Cr(i(A),r)) for A € IA, r € I from Theorem
2.15 , we have
, ifA=0orl,rcl

Ci(\r) = —i ), fA<T—iY(u),0<r<?

=1 = O

, otherwise.
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From Theorem 2.5, we can obtain the function Tg: : I4 — I on A by

1, ifA=0orl,
TosN) =4 2, if A =i (u),
0 otherwise.

Let \; = i 1(u) = i7!(p) be given. By the definition of 7° from
Theorem 2.13 , we have

1, ifA=0orl,
T =g & A= 2,
0, otherwise.

Hence Tgi(A) = TH(\) for all A € T4,
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