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QUASIRETRACT TOPOLOGICAL SEMIGROUPS

Won KYyuN JEONG

ABSTRACT. In this paper, we introduce the concepts of quasiretract
ideals and quasiretract topological semigroups which are weaker
than those of retract ideals and retract topological semigroups, re-
spectively. We prove that every n-th power ideal of a commutative
power cancellative power ideal topological semigroup is a quasire-
tract ideal.

1. Introduction and preliminaries

A semigroup is a nonempty set S together with an associative mul-
tiplication (z,y) — zy from S x S into S. If S has a Hausdorff topol-
ogy such that multiplication is continuous, with the product topology
on S x 8, then S is called a topological semigroup. An ideal I of a
(topological) semigroup S is called a retract ideal [7] if there exists a
(continuous) homomorphism h : S — I such that h(z) = z, for each
z € I. The (continuous) homomorphism h is called a retraction. A
(topological) semigroup S is called a retract (topological) semigroup [7]
if every (closed) ideal is a retract.

In this paper, we introduce the concepts of quasiretract ideals and
quasiretract topological semigroups which are weaker than those of re-
tract ideals and retract topological semigroups, respectively. We prove
that every n-th power ideal of a commutative power cancellative power
ideal topological semigroup is a quasiretract ideal. For general infor-
mation about (topological) semigroups, one may consult [2], [3] and
[5].

DErFINITION 1.1. [6] A subspace A of a topological space X is a
quasiretract if there exists a continuous function from X into A which
is injective on A.
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DEFINITION 1.2. An ideal I of a (topological) semigroup S is called
a quasiretract ideal of S if there exists a (continuous) homomorphism
¢ from S into I such that ¢ is injective on I. In this case, the (con-
tinuous) homomorphism is called a quasiretraction of S into the ideal
I. The (topological) semigroup S is called a quasiretract (topological)
semigroup if every ideal of S is a quasiretract ideal.

Every retract ideal is a closed subset of the topological semigroup
S. But a quasiretract ideal is not necessarily closed, as in the case of
Example 2.1.

Clearly, every retract ideal is quasiretract and each retract (topo-
logical) semigroup is also a quasiretract (topological) semigroup, but
neither implication is reversible, in general.

EXAMPLE 1.3. Let N denote the additive semigroup of positive
integers and let I = N — {1}. Then the ideal I is a quasiretract ideal
but not retract ideal. The semigroup N is, in fact, a quasiretract
semigroup.

DEFINITION 1.4. [4] Let A be a subsemigroup of a topological semi-
group S. Let f be a continuous homomorphism from A into a topologi-
cal semigroup T. An extension of f over A relative to T' is a continuous
homomorphism ¢ from S into T satisfying ¢(z) = f(z), for each z € A.
For convenience, ¢ is called an extension of f. If ¢ is an extension of
f, then f is called extendable to ¢.

The proofs of the following two propositions are straightforward.

PROPOSITION 1.5. An ideal I of a topological semigroup S is a
quasiretract ideal of S if a continuous injective homomorphism f :
I — I is extendable to a continuous homomorphism f : S — I.

PROPOSITION 1.6. An ideal I of a topological semigroup S is a
quasiretract ideal of S if and only if for any topological semigroup T,
each continuous injective homomorphism f : I — T is extendable
over S.

2. Main results

If S is a finite semigroup, then every quasiretract ideal is a retract
ideal. Thus any finite quasiretract semigroup is a retract semigroup.



Quasiretract topological semigroups 113

It is natural to ask that if S is a compact semigroup and if I is a
quasiretract ideal of S, is it also a retract ideal of § 7 As in the
following example, the answer to this question is negative.

ExAMPLE 2.1. Let S denote the min interval I, and let I = [0, 1).
Define a function f : § — [0,1) by f(z) = 3 -« for each z € S, where
1

5 - = is the usual multiplication. Then f is a quasiretraction and hence

I is a quasiretract ideal of S, but it is not retract ideal of S.

THEOREM 2.2. Let I and J be two quasiretract ideals of a topo-
logical semigroup S. Then the intersection I NJ of I and J is also a
quasiretract ideal of S.

Proof. Let I and J be two quasiretract ideals of a topological semi-
group S. Then there exist continuous homomorphisms f from S into
I and g from S into J such that f and g are injective on I and J,
respectively. We now have I'NJ is an ideal of S. Define¢: S — INJ
by ¢(z) = g(f(z)) for all z in S. Then the map ¢ is a continuous
homomorphism which is injective on I NJ. This proves the theorem.[]

THEOREM 2.3. IfI and J are quasiretract ideals of topological semi-
groups S and T, respectively, then I x J is a quasiretract ideal of S xT.

Proof. Let I and J be quasiretract ideals of topological semigroups
S and T, respectively. Then there exist continuous homomorphisms
¢r of S into I and ¢; of T into J which are injective on I and J,
respectively. Define a map ® from S x T into I x J by ®(z,y) =
(¢1(z), ds(y)), for each (z,y) € S x T. It is easy to see that the map
® is the required quasiretraction. This completes the proof. O

Corollary 2.4. If S and T are quasiretract topological semigroups,
then so is S x T.

Theorem 2.5. If ¢ : § — T is a topological isomorphism from a
topological semigroup S onto a topological semigroup T, then ¢ pre-
serves quasiretract ideals.

Proof. Let I denote a quasiretract ideal of S. Then there exists
a quasiretraction f of S into I. Define g : T' — ¢(I) by g(t) =
d(f(¢71(t))), for each t € T. It is easy to prove that g is a well-
defined continuous homomorphism from T into the ideal ¢(T).
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It remains to show that g is mJectlve on ¢(I). For t,t' € ¢(I), let
g(t) = g(t'). Then we have ¢(f(¢7'(t))) = ¢(f (¢° '(t')). Since ¢ is
injective, f(¢~1(t)) = f(¢~(¢')), and hence ¢~1(t) = ¢~1(t') since f
is one to one on I. So, t = t’. Hence g is one to one on ¢(I). Thus g
is the required quasiretraction, completing the proof. O

REMARK 2.6. In the above Theorem 2.5, ¢ does not, in general,
preserve quasiretract ideals if it is not a topological isomorphism.

EXAMPLE 2.7. Let S be a topological semigroup and let = be an
element of S such that 8(z) = {z,2?} U M,, where M, = {z?, 2%, z°}
denotes the minimal ideal of #(x). Define a map ¢ from the additive
topological semigroup N of positive integers onto 8(z) by ¢(n) = ™,
for each n € N. Then we have ¢ is a continuous surjective homomor-
phism. Let I = {n € N |n > 1}. Then I is a quasiretract ideal of IV,

but ¢(I) = {z?} U M, is not a quasiretract ideal of (z).

DEFINITION 2.8. [2] A semigroup S is said to be power cancellative
if z™ = y™ for z,y € S and n € N implies that z = y.

DEFINITION 2.9. [2] A semigroup S is called a power ideal semi-
group if for each n € N, the set {z" | « € S} is an ideal of S. The ideal
{z™ | z € S} is called an n-th power ideal of S and is denoted by S.

THEOREM 2.10. Let I be a quasiretract ideal of a topological semi-
group S. If I is commutative power cancellative, then I™ is a quasire-
tract ideal of S, for each n € N.

Proof. Let I be a commutative power cancellative quasiretract ideal
of S. Then there exists a continuous homomorphism ¢ from § into I
such that ¢ is injective on I. For each n € N, I™ is clearly an ideal of
S. Define f, : S — I by f.(z) = ¢(z)" for each z € S. It is easy to
show that f, is a continuous homomorphism, for every n € N.

It remains to prove that f, is injective on I", for every n € N. Fix
n € N. Suppose that f,(z) = fa(y), for 2, y € I". Then we have
z,y € I and ¢(z)" = ¢(y)". Since I is power cancellative, ¢(z) = ¢(y)
and hence z = y, since ¢ is one to one on I. Thus, f, is injective on
I™. This completes the proof. O
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THEOREM 2.11. If S is a commutative power cancellative power
ideal topological semigroup, then every n-th power ideal S, of S is a
quasiretract ideal of S.

Proof. For each n € N, let S, be the n-th power ideal of S, that
is, S, = {z" | z € S}. The map ¢ : § — S, defined by ¢(z) = z™,
for each z € S, is a continuous homomorphism. Since S is power
cancellative, ¢ is injective on S,. This completes the proof. O

REMARK 2.12. In the above Theorem 2.11, not every closed ideal
is quasiretract as is shown by the following example.

EXAMPLE 2.13. Let I, = [0, 1] be the real unit with usual topology
and usual multiplication. Then I, satisfies the hypotheses of Theorem
2.11. The ideal I = [0, 3] is not a quasiretract ideal of I,,.

THEOREM 2.14. Let I C J be two ideals of a topological semigroup
S. If J is a quasiretract ideal of S and if I is a quasiretract ideal of J,
then I is a quasiretract ideal of S.

Proof. If f : S — J and g : J — I are quasiretractions , then
g o f is a quasiretraction from S into I. d

Recall that an element z of a semigroup S has of finite order if there
exists k € N such that z* = z"*! for some n € N with k < n. The
least such k is called the indez of z and is denoted k(z). If each element
of § has finite index, then k& = max{k(z) | z € S} is called the indez
of S.

Let (z) be the cyclic subsemigroup generated by an element z in a
semigroup S. If z has index i, then we write 8(z) = {z,z2,--- ,z*"1, JU
M., where M, = {z%,--- ,z"} is a cyclic group which is the minimal
ideal of 8(z).

Moreover, we have the following.

THEOREM 2.15. Let S be a topological semigroup and let x be an
arbitrary element of §. Then
(1) If z has infinite order, then 8(z) is a quasiretract semigroup.
(2) If z has finite index, then the minimal ideal M, of 8(z) is a
retract ideal of 0(z).
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Proof. (1) It follows from Theorem 2.5 that §(z) is a quasiretract

semigroup.
(2) is trivial. O
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