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WEAK COMPACTNESS AND
EXTREMAL STRUCTURE IN L(y, X)

CHUN-KEE PARK

ABSTRACT. We characterize the compactness, weak precompact-
ness and weak compactness in LP(u, X) and in more general space
P.(p, X). Moreover, we present this characterization in terms of
extremal structure in X.

1. Introduction

Let (£2, %, ) be a finite measure space, X a real Banach space, X*
the dual space of X and Bx the unit ball of X.

Denote by LP (1, X)(1 < p < co) the Banach space of all equivalence
classes of X-valued Bochner integrable functions f defined on  with
Jo IfIIPdp < co . The norm || - ||, is defined by -

1£lle = (/ﬂ |£lIPd)?, f € LP(u, X)

Denote by £!(u, X) (resp. P.(u,X) ) the space of all strongly mea-
surable Pettis integrable (resp. Pettis integrable)functions f: Q — X
(resp. having an indefinite integral with relatively compact range)with
the Pettis norm || f|lp, = sup [, |=*fldy.

z*EBx«

Denote by K (u,X) the space of all y -continuous vector measures
G : ¥ — X whose range is relatively compact with the semivaria-
tion norm. Notice that Ll(lu: X) - ﬁl()u"n X) C Pc(:u: X) - K(,U,, X)
Diestel, Ruess and Schactermayer [5] and Diaz [2] presented characteri-
zations of weakly compact subsets of L' (u, X). Brooks and Dinculeanu
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-[1] and Emmanuele [6] characterized weak compactness (resp. precom-
pactness) of subsets of £!(u, X)(resp. P.(u,X) ).

THEOREM 1.1([7] COROLLARY 3.4). A sequence (f,) C L!(u,X)
converges weakly to zero if and only if [ 4 fndu — 0 weakly for each
AeX.

If # = (A;)ies be a finite partition of Q , we define the conditional
expectation E,f of f by :

Bef = S WA ([ fda.

i€l

It is well known that the family of finite partitions is directed by
refinement, that ||E,f|| < ||f|| and that ||E,f — f|]| = 0 for all f €
Pe(p, X).

THEOREM 1.2([6] THEOREM 1). Let H be a bounded subset of
P.(u,X). Then the following facts are equivalent :
(1) H is precompact,
(2) (i) {[, fdu: f € H} is relatively compact in X for all A € &,
(ii) lim E, f = f uniformly on f € H.

We shall denote by extBx. the set of all extreme points of the dull
ball Bx+ and we shall denote by o, the weak topology on X generated
by ext Bx-. Observe that the o, -topology on X is Hausdorff and that
the closed unit ball Bx is also closed in the o, -topology. Moors [8]
presented a characterization of weak compactness in Banach spaces in
terms of o, -topology.

THEOREM 1.3([3]. Let X be a Banach space and (z,,) be a bounded
sequence in X. Then (z,) converges weakly to x € X if and only if
(z,) converges to z in the o, -topology.

In this paper, we characterize compactness of subsets of L!(p, X)
and weak compactness of subsets of P.(y, X) in terms of conditional
expectation and o, -topology.
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2. Results

Notice that a subset K of a Banach space is relatively norm compact
if and only if it is totally norm-bounded.

THEOREM 2.1. Let K be a bounded subset of L*(u, X). Then K
is relatively L' (4, X) -norm compact in L*(u, X) if and only if
1) {fA fdp : f € K} is relatively norm compact in X forall A € T,
(2) for each € > 0, there is a finite partition m of § such that
|Exf — fll1 < f uniformly on f € K.

Proof. Suppose that K is relatively L!(u, K) -norm compact in
L'(p, X). Then (1) follows from the continuity of the mapping f —
J4 fdp of L'(p,X) into X. Let e > 0 be given. Then since K is
totally bounded in L!(u, X) there are fi, fa,---,fn € K such that

K C U N¢(fi) , where Nc(f;) is a e- neighborhood of f; .

Notlce that hrn||E f— flli = 0 for each f € L'(u, X), and so

we can find a ﬁmte partition 7 of Q such that ||E fi = filli < 3 dor
1=1,2,-

Fix f € K. Then there is i(1 <4 < n) such that f € N¢(f;). Hence
we have

| Exf — flli S | Bxf — Exfills + 1 Exfi — fills + || fi = fl1
<2lf = filli + 1B« fi — fills < e

Conversely, suppose that the conditions (1) and (2) hold. Let e > 0
be given. Then there is a finite partition 7 = (4;)1<i<k of Q such that
|Exf — fll1 < £ uniformly on f € K.

We will first show that {E.f : f € K} is relatively L'(x, X) - norm
compact in L'(u, X). Consider a sequence (E. f,) in {E,f: f € K} .
From (1) we can obtain a subsequence (f,,) of (f,) and z4,, - ,z4, €
X such that jlig | [, frs ,k. So we have

k Iy
1Y 24 s, — Byl = [ 5‘"’* Al
2 (A4 : f u(As)

- ZHZUAi —fA Fagdil] = 0 as § = co.
i=1 i
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This implies that {E.f : f € K} is relatively L'(u, X) -norm
compact in L(p, ) Hence there are fi,---,f, € K such that

{EB.f : f € K} C UN (BExf:;). Now fix f € K. Then there is
an i(1 <i < n) such that E.f € Ne(Erf;). We have

If = filll <1 = Bxflls + |Exf — Bxfills + | B fi = fills <&

Thus K € |J N.(fi). Hence K is totally bounded in L'(x, X). This
i=1
completes the proof. O

The next theorem is a generalization of Theorem 1.2
THEOREM 2.2. Let K be a bounded subset of P.(u, X). Then K is
Weakly precompact in P,(p, X) if and only if

1) {[, fdu: f € K} is weakly precompact in Xforall Aec ¥,
(2) imE, f = f weakly in P.(u, X) uniformly on f € K.

Proof. Assume that K is weakly precompact in P(u,X). Con-
dition (1) follows from the fact that the mapping f — [, fdu of
(P.(u,X),S$*) into (X,S*) is continuous.

Now we note that K is totally bounded in (P.(u, X),S*). For each
g € P.(u, X)*, g0 Ey is also in P,(u, X)*. Let € > 0 be given. Then the
set N(0; 9,90 Ex; §) = {f € Pe(pt, X) : |g(f)| < § and |(g 0 E)(f)] <
£} is an open neighborhood of O in (Pe(p, X), (""’). Because K is
totally bounded in (P.(u, X),S%), there are f1, fa,-+* , fm € Pe(p, X)

such that K C U [fi + N(O;g,9 © Ex; 5)]. For any f € K, there

i=1
isan ¢ (1 < i < m) such that f € f; + N(O;g,9 0 Er;§). Since
lim B, f = f in norm for all f € Pe(p, X), we have limg(E, f) = g(f)

ki
for all f € P.(u,X). Hence there is a 7’ such that

7> 7 = |g(Bnfs) = g(f)| < 5 fori=1,2,

Hence

> = |g(Bxf) — 9(f)] < 19(Enf) — 9(Bx fi)l + |9(Ex fi) — 9(fi)l
+1g(fi) —g(f)l <e
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Thus lim E, f = f weakly in P.(g, X) uniformly on f € K.

Conversely, assume that conditions (1) and (2) hold. Let (f,) be
any sequence in K and let g € P.(u,X)* be arbitrary. Then given
¢ > 0, by (2) there is a finite partition 7' = (A4;)ier of © such that
|9(Ex f) — g(f)| < § uniformly on f € K. So E/(K) is contained in
the set > ,u(A,;}“’l{fA‘_ fdp: f € H}xa,, which is weakly precompact

il
by (1). Hence (E, f,) has a weak Cauchy subsequence , say (E fp,)-
Therefore there is a N € N such that

€
k. k' >N = !g(Eﬂ’fﬂk) “g(Evr’fnkr)l < §

Hence we have

k. k' > N = [g(fa,) ~ g(fn )l
< |g(fnk) _g(E‘JT’fnk)l £ |9(E7r’fnk) _Q(Eﬂ"’fnkrn
+]g(EW'fnkr)_g(fnkr)|
< €.

Thus K is weakly precompact in P(u, X). O

THEOREM 2.3. Let K be a bounded subset of P.(¢1,X). Then K is
weakly precompact in P.(u, X) if and only if
(1) {f, fdp: f € K} is weakly precompact in X for all A € 3,
(2) for any sequence (fx) C K there is a sequence () of finite
partitions, cofinal to the net (w), such that limE; fi = f&

weakly in P.(u, X) uniformly on k € N.

Proof. Assume that K is weakly precompact in P.(u, X). Then it
is clear that condition (1) holds.

Now let (fx) be any sequence in K. It is well known that there
is a sequence (m,) of finite partitions cofinal to the net () such that
lifrln | Ex,. f — fillp, = 0 for all k € N. Notice that the set {f; : k € N}

is totally bounded in (P,(u, X ), $*). Using the similar method in the
proof of Theorem 2.2, we have im E,_fi = fr weakly in P(p,X)
n

uniformly on k& € N.
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Conversely, assume that conditions(1) and (2) hold. Using the simi-
lar method in the proof of Theorem 2.2, we can show that K is weakly
precompact in P.(u, X). O

Notice that the mapping T : LY(u, X) — K(u, X),T(f)(4) =
[, fap, f € £'(u, X), A€ T, is linear and isometry [4].

Define T : Pu(u, X) — K(p,X) by T(f)(A) = [, fdu for each
f € P(u,X) and A € B. Then T is also well-defined, linear and

isometry.
The next lemma is an extended version of Theorem 1.1.

LEMMA 2.4. Let (f,) be a sequence in P,(u, X). Then (f,) con-
verges to 0 weakly in P(u, X) if and only if [, fodp — 0 weakly in X
for each A € %.

Proof. Suppose that (f,) converges to 0 weakly in P.(u, X), and
let A€ . Then Ty : Po(p, X) = X, Ta(f) = [, fdu , is a bounded
linear operator. For each z* € X* , we have

< m*'n/ fadiis=si", Talla 3= (8 T4 )llx)—0%8s 1~
A

Hence fA fndu — 0 weakly in X.

Conversely, suppose that [ 4 fndp — 0 weakly in X for each A €
¥. Let (fn) be a sequence in P.(u, X). Then there is a sequence
(Gy,) in K(p,X) such that |[fallp, = [|Gy,lls.v for each n € N. Be-
cause L!(u, X) is considered as a dense subspace of K (u, X)[4], for each
n € N thereis f/ € £Y(g, X) with |Gy, —Gy, ||ls.v < L where T(f}) =
Gjy:. Hence ||f), — fallpy = IIGs.r — Grallsv < L for cach n € N. We
can show easily that f 4 fndp — 0 weakly in X for each A € ¥. By
Theorem 1.1, (f.) converges to 0 weakly in £'(u, X).

Now let g € P.(u,X)*. Then g € L'(u,X)* . Hence g(f;) —
0 weakly as n — oo . We have |g(fn) — 9(f2)l < llgllllfn — fallp, <
gl — 0 as n — oco. Thus nli_}rrolo alfn) = nli_)rrolo g(f!) = 0. This implies

that (f,) converges to 0 weakly in Pe(p, X). O
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THEOREM 2.5. A bounded subset K of P.(u, X) is relatively weakly
compact if
(1) The set {u(A)~" [, fdp: f € K, A € X, u(A) > 0} is relatively
weakly compact in X,
(2) im E, f = f weakly in P(p, X) uniformly on f € K.

Proof. For every A € Z, we have

{fAfdu:fEK}C#(A){#—(lﬁfsfdy:feK,Bez,p(B)>o}

Hence by (1), { Jyfdpafe i } is relatively weakly compact in X.
By Theorem 2.2, H is weakly precompact in P.(p, X).

Now let (f,) be a sequence in K. Then (f,) has a weak Cauchy
subsequence, say (fn,). For every A € %, the sequence ([, fa,dp) is
also a weak Cauchy sequence in {[, fdu : f € K} . Since {[, fap :
f € K} is relatively weakly compact in X, there is an m(4) € X such
that < m(4),z* >= kli_}r{.lo [4 < far(8),2* > dp, for all z* € X*.

The set function m : £ — X is a p -continuous vector measure and
the average range {m(A)/u(4) : A € £, u(A) > 0} is contained in the
weak closed convex hull of {,u(A)_l Jufdp:feK,Ae ¥, p>0},
which is a weakly compact convex set in X. Hence the average range
{m(A)/u(A) : A € B,u(A) > 0} is relatively weakly compact in X.
Thus there is an f € P.(u, X) such that m(A) = [, fdu for all A € E.
Hence [, < f(s),z* > dp = klinc}ofA < fo(8),z* >duforall Aec X
and z* € X* . By Lemma 2.4, klg{)lo fn. = f weakly in P.(p, X). Thus

K is relatively weakly compact in P.(u, X). O

We obtain the following corollary from Theorem 1.3 and Lemma 2.4.

COROLLARY 2.6. Let (f,) be a sequence in P.(u,X). Then (fy)
converges to 0 weakly in P.(u, X) if and only if IA fadp — 0 in the o,
-topology for each A € %.

We obtain the following corollaries from Theorem 2.2, Theorem 2.5
and Corollary 2.6.
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COROLLARY 2.7. Let K be a bounded subset of P.(u, X). Then K
is weakly precompact in P.(u, X) if and only if

(1) {f, fdu : f € K} is precompact in the o. -topology for each
Aex,

(2) lim [, Ex fdu = [, fdp uniformly on f € K in the o, -topology
for each A € ¥.

COROLLARY 2.8. Let K be a bounded subset of P.(, X). Then K
is relatively weakly compact if
(1) {u(A)* [, fdu: f € K,A € Z,p(A) > 0} is relatively com-
pact in the o.-topology,
(2) lim [, Exfdp = [, fdu uniformly on f € K in the o, -topology

for each A € %.
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