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NOTES ON MAXIMAL COMMUTATIVE
SUBALGEBRAS OF 14 BY 14 MATRICES

YOUNGKWON SONG

ABSTRACT. Let Q be the set of all commutative k-subalgebras of
14 by 14 matrices over a field £ whose dimension is 13 and index
of Jacobson radical is 3. Then we will find the equivalent condition
for a commutative subalgebra to be maximal .

1. Introduction

In this paper, k will denote an arbitrary field. We will denote
M, wn(k) by T,. All k-algebras will be assumed to contain a (mul-
tiplicative) identity 1 # 0. Let R be a local commutative k-subalgebra
of T,,. R is called a maximal commutative k-subalgebra of T, if R
satisfies the following property : If R’ is a commutative, k-subalgebra
of T,, and R C R, then R = R’. Thus, a maximal, commutative, k-
subalgebra of T;, is a maximal element with respect to inclusion in the
set of all maximal, commutative, k-subalgebras of T;,. We will denote
the set of all maximal, commutative, k-subalgebra of T;, by M., (k).

Thus, if Cr,(S) = {A € T,, | As = sA, for all s € S} is the
centralizer of a set S in T}, then R € M,, (k) if and only if Cr, (R) = R.

We will use the notation (R, J(R),k) € M, (k) to denote a local,
commutative, k-algebra R € M,, (k) which has J(R) as its Jacobson
radical and k as its residue class field. Let i(J(R)) be the index of
nilpotency of the ideal J((R)) and let Q = {(R, J(R), k) € My4(k) |
dimy(R) = 13,i(J(R)) = 3}.

In [3], R.C. Courter constructed an algebra C € Mj4(k) which is
local, dim(C) = 13, and i(J(C)) = 3. It has been conjectured for a
long time that the set {2 has only one isomorphism class [C]. It was
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proved in [4] that the isomorphism class [C] in 2 is not unique. It is
very natural to ask how many nonisomorphic classes are in §2.

In section 2, we will recall some general properties of (R, J(R), k) €
Q.

In section 3, we will prove an equivalent condition for a commutative
subalgebra R of Mj4(k) having dimension 13 and i(J(R)) = 3.

2. Algebras in (2

If (R,J(R),k) € €, then we have the following properties. The
proofs can be found in [4].

THEOREM 2.1. Suppose that (R, J(R),k) € Q. Then there exists
(Ry,J(Ry), k) € Q such that R and Ry are conjugate and each element
r € J(Ry) is a matrix of the following form

O, O O
(1) A O O
C B Oy

Here, O,, denotes the zero matrix of size n by n, A € Miox2(k),B €
M2><10(k>; and C € Ts.

Recall that the socle of R, Soc(R) = Anngr(J(R)) = {r € R |
rJ(R) = (0)}.

LEMMA 2.2. Let R and Ry be finite dimensional, commutative, k-
algebras. If R =~ Ry as k-algebras, then Soc(R) = Soc(Ry).

THEOREM 2.3. Suppose (R, J, k) € Q. Then, dimy(Soc(R)) = 4.
Furthermore, R is conjugate to an (R, J(R1),k) € Q such that each
element of Soc(Ry) has the following form.

O, O O
(2) r= O 010 O
C 0O 0O

Thus, we can always assume that a specific representative R of an
isomorphism class [R] has the following property. Every element r €
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J(R) can be written in the form

O, O O
r = A 010 O
C B 0O,
Furthermore, the socle of R is the set of all matrices of the form
O, O O
SOC(R) = O O, O ‘ Cel;
C O O

3. Main Results

If (R, J(R),k) € Q, then by Theorem 2.1, we may assume every r €
J(R) has the form in (1). From Theorem 2.3, we may assume every r €
Soc(R) has the form in (2). We can then write R = k[\q,..., A, F11,
Elg, Egl, EQQ], where

0, 0 0\ 0, 0 O
(3) Ai=| A Ow O |, Epn= O O, O
O Bz 02 Emn O 02

Here, E,,, is the (i,j)-th matrix unit in 75. Conversely, suppose R is
a commutative, k-subalgebra of T4 of the form R = k[\1,..., A, 11,
Elg, Egl, Ezg], where dimiR = 13 and Ay, ..., A\g have the form given
in (3). Then, R is a local ring with Jacobson radical given by J(R) =
(A1, ... ,)\S,Ell,Elg,Ezl,EQQ) and residue class field k. We will give
a necessary and sufficient condition on the A;’s and B;’s which will
imply R € Q.

For a matrix A € M,,xn(k), we let ker A = {u € Myxm(k)|ud =0}
and NS(A) = {v € M,x1(k)|Av = 0}.

THEOREM 3.1:. Let R = k[}\l, RN )\87 E117 Elg, EQl, E22] be a com-
mutative, k-subalgebra of Ti4. We assume dimipR = 13 and each
A; has the form given in (3). Suppose ﬂle ker(A;) = (0) and
ﬂle NS(B;) =(0). If r € Cp,,(R), then r has the following form.

Oy, O O
r = P 010 O + CLIl4, a € k.
Z Q O
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X1 X9 X3
Proof. Let r = | X4 X5 X6 | € Cp,(R). Here, X7,Xg € Ty
X7 Xsg Xo

and X5 € Tp. Then TE’ij = Eij r and

X1 X9 Xs O, O O

Xy X5 X A, O O | =

X7 Xs Xo W B; O
O, O O X7 X9 X3
A; O O Xy X5 Xg
W B, O X7 Xs Xo

for all + =1,...,8. Thus, we have the following equations.
(a) XoA; + XsW =0

(b) X3B; =0

(c) XsA;, + XgW = A; X4

(d) XeB; = A; X5

(e) AiX3=0

(f) XgA; + XgW =W X, + B; X4

(2) X9B; = WX + B; X5

(h) WXs+ B;Xe =0

These equations hold for all ¢ = 1,...,8 and all W € T,. We also
have the equations obtained by replacing A; and B; in (a) through
(h) with the zero matrix. Since X3W = 0 for all W € T5, we have
X3 = 0. Then, (a) implies X2A4; = 0 for all i = 1,...,8. Thus,
Xo € ﬂ;g:l ker(A;) = (0). Hence, Xo = 0. Equation (h) implies
BiXg=0foralli=1,...,8 Thus, Xg € >_; NS(B;) = (0). Hence,
X = 0. Since XgW = WX, for all W € T, from (f), we have the
following equations.

XoF11 = E11X1, XoE12 = E12X4
XoFo = E91 X1, XgFE9 = Fop X;.
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_ (ann are _ [ bir bi2 o
Let X7 = <a21 a22> and X9 = (b21 b22). Here, a;;,b;; €

k, 1,7 = 1,2. Then, a1; = azx = b11 = ba2 and aj2 = a2y = b1z =
boy = 0. Thus, X; = X9 = ay1l2. In (c), let W = 0. Then, X54; =
Ain = AZ'(CLHIQ) = allAZ-. Hence, <X5 - alllm)Ai = O, for all
i =1,...,8 Thus, X5 — a1 lio € (;_; ker(A;) = (0) which implies
X5 = a11119. Therefore, the proof is completed. O

In the next theorem, we characterize those P’s and )’s for which
r e CT1 4 (R)

THEOREM 3.2. Let R = k’[/\l, e ,)\8,EV11,EV12,EV21,EV'22] be the k-

O, O O
subalgebra in Theorem 3.1. Let r = | P Oy9 O | +alis € Tiy.
Z Q Os
(Row1 Q)T
Then, r € Cp,(R) if and only it |  C°0F | € NS(A). Here
) 14 (ROU)QQ)T . ’
COZQP

Row;(Q is the i-th row of (), Col; P is the i-th column of P, and A €

M3ox40(k) is the following matrix.

(COllAl)T —Row131 O O ]
(COlgAl)T O O —Row1B1
O —R0w231 (COllAl)T O
O O (COlgAl)T —R0w2B1
4) A=
(COllAg)T —Row138 . @, O
(COZ2A8)T O @) —ROwlBg
O —RO’LU2B8 (COllAg)T O
L O O (COZQAg)T —ROwQBg _
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Proof. Suppose r € Cp,,(R). Then, for alli=1,...,8,

Oy, O O Oy, O O

P 010 O Ai 010 O =

Z Q O W By O
02 O O 02 O O
A; O O P 0O, O
W B, O Z Q O

Therefore, QA; = B;P fort =1,...,8. Let
() (4)

aip Q19 i i
DU S T e
e e ) by oo by
A101 Q102
for:=1 8
P11 P12
. . qi1 - 4110
P = . . , = .
' ' @ (CI21 CJ210)
P1o1  P1o2
Here, a%)n, bﬁfﬁn, DPmns Gnm € k, n = 1,2,m = 1,...,10 . Since
QA; = B;P forall i =1,...,8, we have
(5)
10 i 10 (4 10 10 (4
S qyal) =0 v p =0, Y2 quja 52)—2911781%2:0

10 i 7o
Z] 19254 51) _Z bé]) pj1 =0, Z] 19250 52) _Z b;j) pj2 = 0.

It is easy to check (5) is equivalent to

(Row, Q)T
Col, P

® M (Rows@)"
COZQP

=0.

Conversely, if P and @ satisfy Equation (6), then QA; = B;P for
alli=1,...,8. Hence, r € Cp,, (R). O
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THEOREM 3.3. Let R = ]{[)\1, ceey )\8, Ell, Elg, Egl, EQQ] be a com-
mutative, k-subalgebra of T14. We assume dim;R = 13 and each \;
has the form given in (3). Then, the following two statements are
equivalent.

(a) R €Q

(b) No_y ker(A;) = (0), N, NS(B;) = (0), and rank(A) = 32.

In Theorem 3.3, A is the 32 x 40 matrix given in (4).
Proof. (a) = (b) Let u = (uq,...,u19) € ﬂ,?:l ker(A;). Then,

O, O O
O O, O S SOC(R)
o () 0

Theorem 2.3 implies u = (0) and hence ﬂ§:1 ker(A;) = (0).
Let v = (vy,...,v10)T € °_; NS(B;). Then,

O, O O
(vo) O19 O | € Soc(R).
O O 0Oy

Since Soc(R) = L(E11, E12, Fa1, Fa2), v = (0). This implies that,
N>_, NS(B;) = (0). Let

(Row1 BZ>T
. COllAi
(7) i = (Roszi)T ’
COZQAi

i=1,...,8.

Since \; € R = Cp,(R), oy € NS(A) by Theorem 3.2. Since
A1,...,Ag are linearly independent, aq,...,ag are linearly indepen-
dent. Hence, dim; NS(A) > 8. Let w € NS(A). Since w € Mygx1(k),

we can write w as follows.

(Row:Q)T
COllp
(ROWQQ)T
COZQP

w =
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for some P € Mloxg(k’) and Q S M2><10(k)~ Let

Oy, O O
r = P 010 O
O Q O,

Then, by Theorem 3.2, r € Crp,,(R) = R. Thus, r = c; A1+ -+cgAs
for some ¢; € k, 1 =1,...,8. Hence, w = c1a; + - - - + cgag. Therefore,
dimNS(A) < 8 and hence dim; NS(A) = 8. We conclude rank(A) =
32.

(b) = (a) Since rank(A) = 32, dimyNS(A) = 8. Let «;, be the
vectors defined in (7). Since dimiR = 13, A1,..., As are linearly inde-
pendent over k. It easily follows that aq,...,ag are linearly indepen-
dent over k. Thus, {a1,...,as} is a basis of NS(A). If r € Cp, (R),
then Theorem 3.1 and Theorem 3.2 imply

(Rowr Q)T
COllp

(ROUJzQ)T
COZQP

€ NS(A).

Thus,
O, O O
P O, O GL()\l,...,)\g).
O @ O,

Therefore, r € R and hence Cr,(R) = R. We conclude R €
M14(l{7). O]
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