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SOME CONDITIONS FOR
COMAXIMALITY OF IDEALS

SuNnc HuN AHN

ABSTRACT. In this paper, it is shown that if R is a commutative
ring with identity and there exists a multiplicatively closed subset S
of Rsuch that SNZ(R/(I112---I,)) =0and 1 Rg, [2Rs, - ,InRgs
are pairwise comaximal, then I1I2---I,, = I1NIaN---NI, =

ﬂ?zl(fi r I1--- Ii71[i+1 cee In)

1. Introduction

Throughout this paper, R will be a commutative ring with identity
and I, J and Iy, Is,---, I, are ideals of R, unless otherwise stated.
If S is a multiplicatively closed subset of R, then Rg is the quotient
ring of R with respect to S and IRg is the extension of I in Rg.
Assr(R/I) denotes the set of all associated prime ideals of I. We
denote by (I :g J)={r € R : rJ C I} the annihilator of (J+1I)/I.
It is well known that if I, I, - - - , I,, are pairwise comaximal ideals of R,
then I1yNIyN---NI, = I1I5---1,. In[3], Ratliff gave some variations of
this. He showed that if I, I5,--- , I,, are ideals of a Noetherian ring R,

n
then Ilfgfn == Il ﬂfgﬂ"'ﬂfn = ﬂ (IZ ‘R Il "'Ii—1[i+l In)
i=1
if and only if each P € Assr(R/I1I5---I,) contains exactly one of the
ideals Iy, Is,---,1,. The purpose of this paper is to generalize this
result for ideals in a commutative ring with identity.
In section 2, it is shown that if R is a commutative ring with
identity and there exists a multiplicatively closed subset S of R such

that SN Z(R/(I1Is---1,)) = 0 and I Rs, I5Rg,--- ,I,Rs are pair-
wise comaximal, then I1I5---I, = L NLN---NI, = (L :r
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Ii---I;_1I;y1 -+ I,). 1t is also shown that if I; I - - - I,, has a finite pri-

mary decomposition and each [; is finitely generated, then I1I5--- I, =
n

Ilﬂfgﬂ"'ﬂln = n(IZ ‘R Il"'IiflliJrl"'In) ifandonlyifthere

=1
exists a multiplicatively closed subset S of R such that I Rg, IsRg, - - - ,
I, Rg are pairwise comaximal and

Finally, we show that if I, I5, - - - , I,, are ideals in a Noetherian ring R,
then each P € Assg(R/I115---1,) contains exactly one of the ideals

n

I, I,--- I, if and only if (R/(I112---1,))s = [] (R/I;)s,, where

7j=1
S = R\U{P : Pe Assg(R/I115---1,)}
and

S; = R\| {P : P e Assg(R/IiI,---1,) and I; € P}.

2. Main Results

We begin this section by listing some of known results that will be
used in this paper.

LEMMA 2.1. Let R be a commutative ring with identity, Iy, I, - - -,
I,,1,J and K ideals of R and S a multiplicatively closed subset of R.
Then

(1) IJ)Rs = IRsJRg.
(2) (IﬂJ)RS = IRsNJRg.
(3) I :r J)Rs € (IRs :grs JRs).
If J is finitely generated then the equality holds.
(4) I C(IRs)NR.
The equality holds if and only if SN Z(R/I) =0,
where Z(R/I)={z€ R : (I :p x)#1 }.
(5) If I has a finite primary decomposition then
Z(R/I)=U{ P : Pec Assr(R/I) }.
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Y

(6) (I1ﬂIQﬂ"'ﬂIn ‘R J): (IZ ‘R J)

=1

(M p Dt 1) = Nt 1),
(8) If Q is a primary compo;;ant of [ then I C (I :gp Q).
9) (I :r JK))=( :r J) :r K).

Proof. This is straightforward. 0

The following results concerning pairwise comaximal ideals are well
known.

LEMMA 2.2. Let R be a commutative ring with identity and let
I,I5,--- I, be pairwise comaximal ideals of R. Then

(1) For each i, I; and (Iy---I;_11;41---1,)™ are comaximal, for
all positive integer m.
(2) Foreachi, (I; :p (I1---Li—1livq1---Ip)™) = 1;, for all positive

integer m.
n

(3) 11[2 s In == Ilﬂlgﬂ- . 'ﬂ[n = ﬂl(IZ ‘R (Il tee Ii—1[i+1 tet In)m),

for all positive integer m. '

Proof. Tt is easy to see that if I and J are comaximal then (I :p
J) = I. Hence (2) follows from (1). To prove (1), it suffices to show
that if I, J and K are pairwise comaximal ideals then I and JK are
comaximal. Since R= (I+J)I+K)=I*+I1J+IK+JK CI+JK,
hence I and JK are comaximal. For (3), the last equality follows from
(1). To show the first equality, it may be assumed that n = 2. Let
x € Iy N I. Since I; and Iy are comaximal, there exist a € I, b € I
such that a+b=1. £ = ax +bx € I1I;. Thus Iy NIy C I[;I5. The
opposite inclusion is clear. Hence I1 15 = 11 N I5. O

The following is the Chinese remainder theorem which is well known,
so we omit the proof.

THEOREM 2.3. Let R be a commutative ring with identity and let
Iy, I,--- I, be pairwise comaximal ideals of R. If by, by, -+, b, are
elements of R, then there exists b € R such that b =b; (mod I;), for
i=1,2 -, n
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LEMMA 2.4. Let R be a commutative ring with identity and let
I, I,--- I, be pairwise comaximal ideals of R. Then A map f
n

R — T[] R/I; defined by f(r) = (r+1I, r+1s, ---, r+1,) is an epi-
=1
morphism of rings if and only if I, I5,--- , I, are pairwise comaximal.

In this case, R/(I1Iy---I,) = [[ R/I,.
j=1

Proof. Let the map f : R — ][] R/I; defined by f(r) = (r +

j=1
Iy, r+ Iy, ---, r+ I,) be an epimorphism of rings. For any i €
{1, 2, -+, n}, by resubscripting, if necessary, we may assume that
i = 1. Since f is onto, there exists r € R such that f(r) = (1 +
I, Iy, ---, I;). Thusr—1€ [ and r € IbNI3N---N1I,. This implies
that there exists a € I1 such that r —1 =a. Thus 1 =r —a € I, + I},
forj =2, 3, ---, n. Hence Iy, I5, - - - , I,, are pairwise comaximal. The
converse follows from the Chinese remainder theorem. O

Theorem(2.5) is one of our main theorems in this paper.

THEOREM 2.5. Let R be a commutative ring with identity and let

Iy, I>,--- I, be ideals of R. If there exists a multiplicatively closed
subset S of R such that SNZ(R/(I115---1,)) = 0 and [ Rs, I2Rs, - - -,
I, Rg are pairwise comaximal, then I1I5---1, = L NIl;N---N1I, =

ﬂ (Ii R Ly il In)-

i=1
Proof. Let S be a multiplicatively closed subset of R such that
SNZR/(I1Iy---1,)) = 0 and I Rs,I3Rgs, -+ ,I,Rs are pairwise
comaximal. By lemma(2.1)(4), (I112---I,)RsNR = 115---1,. Since
I1Rs,IoRg,--- ,I,Rg are pairwise comaximal,

IiRsIoRg---1I,Rs = L RsNIhaRsN---NI,Rg

= (@iRs :rs LiRs--Ii_1Rsliy1Rs - IRs).
i=1

By contracting these ideals to R, we get

Liy---I,ChLNnlbn---NI, C(1RsNI;RsN---NI,Rs)NR
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= (LRsLRs- I,Rs)NR = (Iils---I,)RsNR = LI -1,

and

C ﬂ(Ii r Di-- Lo Ligg -+ 1)
< ((m(Iz r i Lioiliyr---1n))Rs) N R
= (ﬂ((lz R I Lialiyr -+ In)Rs)) N R

C (((IiRs :rs NRs---Ii1Rsliy1Rs---I,Rs)) N R

=1

= (I1RsﬂIQRSﬂ--'ﬂInRS)ﬂR = LI, ---1,.

Thus[1[2-~~ln:I1ﬂfgﬂ---ﬂln: n(II ‘R Il~"I7;,1[i+1"'In).|:|
i=1

As an application of the result in [3], Ratliff proved the following
theorem. This gives an example of ideals for which the conditions in
theorem(2.5) are satisfied. We refer the reader to [3, theorem(2.7)] for
a proof.

THEOREM 2.6. Let R be a Noetherian ring and ay, ao,--- and ay,
nonunit elements on R. Let each permutation of a1, as,--- and a,, be
an R-sequence. If I, Is,--- and I, are ideals generated by disjoint
subset of ay, ag,--- and ay, then IF'[52 ... [km — [Fvypka o phn —

m

N (LY g (I Lj—1Ljpr -~ L)), for all positive integer ki, -+ , ki
j=1

and t.

Theorem(2.7) is another main theorem in this paper.
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THEOREM 2.7. Let R be a commutative ring with identity and let
Iy, Is,---, I, be finitely generated ideals in R. Let II5---1, have
a finite primary decomposition. Then I1Is---1, = I1NIx;N---N

I, = N :g I Ii_1Iixq---1,) if and only if there exists a

=1
multiplicatively closed subset S of R such that I1Rs,IsRg,--- ,1,Rg
are pairwise comaximal and SN Z(R/(I115---1,)) = 0.

Proof. Assume that

Lily--- I, = [ NLN---N1I,

ﬂ r Iy Lol - 1).

Let S = R\ Z(R/(I1I2---1,)). Then S is a multiplicatively closed
subset of R such that SN Z(R/(I112---1,)) = 0. Since I1Iy---1I,

has a finite primary decomposition, it follows from lemma(2.4)(5) that
Z(R/(I1Iy---1,)) =U{ P : Assg(R/(I115---1,)) }. Thus, to show

that I Rg, IsRs,--- , I, Rg are pairwise comaximal, it suffices to show
that no P € Assgr(R/I115---I,) contains more than one of the I;. For
any i # k € {1, 2, ---, n}, by resubscripting, if necessary, we may

assume that ¢ = 1, k = 2. Then we have

n

LNnLN---NI, C(hNLN-Nl, g +L)= ()T g i+ 1)
=1
:([1 ‘R Ig)ﬂ([Q!le)m(Ig ‘R Il—l—Ig)ﬂm(In ‘R Il+I2)
Q(Il ‘R Ig)ﬂ([giRll)ﬂ(Ig ‘R Ilfg)m'--ﬂ(ln ‘R 11]2)
ﬂ i ‘R Il z 1Iz+1 I)
=IHNnlkn---NI,.

This show that, for all i # k € {1, 2, ---, n},

[1ﬂ[2ﬂ"~ﬂ[n:(Ilmfgﬂ-“ﬂjn ‘R Iz+Ik)
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By hypothesis, for all i # k € {1, 2, ---, n},
11]2 In = (11[2 In ‘R Iz —I—Ik)

Hence I1Iy---1, = (I11y---1, g (I; + Ix)™), for all m > 1 and
forall i #ke{l, 2, ---, n}. If P € Assg(R/I11---1,) such that
I; + Iy C P, then (I; + I;,)™ is contained in a P—primary component
Q of I1I5---1,, for large m. This implies that

Lily---1,C (Lily---1, :r Q)

C(hily -1, :rp (Li+1)")=LIy--- 1,

which is a contradiction. Hence I1Rg,I2Rg,--- ,I,Rs are pairwise
comaximal. The converse follows from theorem(2.7). O

If R is a Noetherian ring then each ideal has a finite primary de-
composition. Hence we have the following corollary.

COROLLARY 2.8. Let R be a Noetherian ring and let Iy, Is,--- , I,
be ideals in R. Then I115---1, = ILNlN---N1I, = ﬁ (I; :r
I---I;_11;y1---1,) if and only if there exists a mu]tip]icativg; closed

subset S of R such that I Rg, IsRgs,--- , 1, Rs are pairwise comaximal
and SN Z(R/(Ilfg s In)) = Q)

Proof. This immediately follows from theorem(2.7). O

The following theorem is proved by Ratliff in [3].
THEOREM 2.9. Let R be a Noetherian ring and let Iy, Io,--- I,
be ideals in R. Then I1ls---1, = L NlbNn---NnI, = ((; :r

I+ I_1Iiyy -+ I) if and only if each P € Assp(R/L1 15+ 1,,) con-
tains exactly one of the ideals I, I5,--- , I,

COROLLARY 2.10. Let R be a Noetherian ring and let I, Is,--- , I,
be ideals in R. Then there exists a multiplicatively closed subset S
of R such that SN Z(R/(I1Iz---1,)) = 0 and I Rg,I2Rg,--- ,I,Rs
are pairwise comaximal if and only if each P € Assgr(R/I113---1I,)
contains exactly one of the ideals Iy, I, - , I,
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Proof. This follows from corollary(2.8) and theorem(2.9). O

The following corollary is analogous to lemma(2.4).

COROLLARY 2.11. Let R be a Noetherian ring and let I, Is,--- , I,
be ideals in R. Then each P € Assr(R/I1I5---1I,) contains ex-
actly one of the ideals Iy, Io,--- , I, if and only if (R/(I112---1,))s &

I1 (R/1;)s;, where

71=1
S=R\| P : P e Assg(R/IIy---1,)}
and

S;j=R\| J{P : P e Assg(R/IiI,---1,) and I; € P}.

Proof. By corollary(2.10), each P € Assr(R/I112---1,) contains
exactly one of the ideals I, I5,--- I, if and only if I Rg, I5Rg, - -,
I, Rs are pairwise comaximal. Thus, by lemma(2.4),

Ro/((IiLo- 1) Rs) = T Rs/ (1, o)

It is easy to see that Rg/(I;Rs) = Rs, /(IjRs,) and (R/I)r = Rr/(IR7)
for all ideals I and for all multiplicatively closed subset T" of R. This
completes the proof. O
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