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GENERALIZED SOBOLEV SPACES
OF EXPONENTIAL TYPE

SUNGJIN LEE

ABSTRACT. We study the Sobolev spaces to the generalized Sobolev
spaces H¢ of exponential type based on the Silva space G and inves-
tigate its properties such as imbedding theorem and structure the-
orem. In fact, the imbedding theorem says that for s > 0 v € Hg
can be analytically continued to the set {z € C"||Im z| < s}. Also,
the structure theorem means that for s > 0 u € Hg_S is of the form

slel

u = Z ?Do‘ga

«

where go’s are square integrable functions for a € N.

Moreover, we introduce a classes of symbols of exponential type
and its associated pseudo-differential operators of exponential type,
which naturally act on the generalized Sobolev spaces of exponential

type.
Finally, a generalized Bessel potential is defined and its proper-
ties are investigated.

1. Introduction

The Sobolev space H® serves as a very useful tool in the theory of
partial differential equations, which is defined as follows.

DEFINITION 1.1. A tempered distribution u € &’ belongs to the
Sobolev space H* = H*(R"), s € R if u({) is a function and

(L.1) / A(E)R(1 + 6P)° dé < .

The Sobolev space H® has been generalized to BP* by replacing
(14 [£]?)® in (1.1) by a more general tempered weight function k(€)
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in Hormander [H]. He develops a very similar theory parallel to the
Sobolev spaces. Here, a positive function k£ defined in R™ is called a
tempered weight function if there exist constants C' and N such that
k(€ +n) < (1+CE))"k(n), £ neR™

Also, the Sobolev space H® has been generalized to H;, by Park and
Kang [PH] by using the weight function w instead of (14 |£[?)® in (1.1)
satisfying the following conditions

(@) 0=w(0) Sw(E+n) <w)+wmn), (EneR),

(8) Jw(&)/(L+ g+ dE < oo,

(7) w(§) > a+blog(1+[£]), &€ € R™ for some real a and positive b,
(0) w(&) is radial. i.e., w(§) = Q(|£]) with ©Q concave on [0, c0),

which appear in the ultradistribution theory of Beurling and Bjorck as
in [B3].

On the other hand, R.S. Pathak [P] has introduced generalized
Sobolev spaces H f My} and H ka) of Roumieu type and Beurling type
respectively by using the LP norms related to estimates appearing in
the theory of ultradifferential functions of Roumieu and Beurling. Also,
he introduced natural classes of symbols related to the theory of ul-
tradistributions of Roumieu type, Beurling type and Beurling-Bjorck
type and shows that its associated pseudo-differential operators act
very nicely on his generalized Sobolev spaces.

In this paper we introduce generalized Sobolev spaces of exponential
type by replacing (1+]£|?)® in (1.1) by an exponential weight function,
which is the limiting case of both generalizations by Pahk—Kang and
Pathak when w(§) = € in the case of Pahk-Kang and the associated
function, for the defining sequence M,,, M (§) = £ in the case of Pathak.
More clearly, the generalized Sobolev space of exponential type HZ
consists of all u € G’ such that @, the Fourier transform of u, is a
function and satisfies

1/2
ulls = {/eQS'f'm(g)\?dg} < .

Also, we investigate their properties such as the imbedding theorem
and the structure theorem in Section 2. In fact, the imbedding theorem
means that for s > 0 u € HZ can be analytically continued to the set
{z € C"||Im z| < s} and the structure theorem means that for s > 0
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u € Hg_s is of the form

where g,’s are square integrable functions for a € Nj.

In section 3 we introduce certain classes of symbols of exponential
type whose symbols have suitable growth condition and its associated
pseudo-differential operators of exponential type. We show that these
pseudo-dif- ferential operators naturally act on the generalized Sobolev
spaces of exponential type. In other words, for r, I € R with [ > 0
the space S&lp of symbols is defined so that its associated pseudo-
differential operators map Hg to Hngs. As an example, we give a
differential operator of infinite order with variable coefficients of this
class.

Finally, in section 4 a generalized Bessel potential is defined and its
properties are investigated. The theory developed in this paper can
be applied to the study of differential operators of infinite order with
variable coefficients.

2. Generalized Sobolev spaces of exponential type

We first briefly introduce the space Gof test functions for Fourier
ultrahyperfunctions which we need in this paper, which is introduced
by di Silva.

DEFINITION 2.1. We denote by G the set of all ¢ € C*°(R™) such
that for any h,k > 0

o [020@)exp il
aeNY

[

where Ny is the set of nonnegative integers. The topology in G is
defined by the above seminorms. And we denoted by G’ the strong
dual of the space G and call its elements Fourier ultrahyperfunctions.
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THEOREM 2.2 ([CK]). The Fourier transformation on G is a topo-
logical isomorphism. Also, the Fourier transform on G’ is a topological
isomorphism.

If we substitute the weight function w(&) in the distribution space of
Beurling type to |£| (although we cannot do this), the space G’ is just
one of the Beurling’s generalized distribution space. Thus it is natural
to define the generalized Sobolev space of exponential type as follows:

DEFINITION 2.3. For s € R, we denote by H¢ the set of all gen-
eralized Fourier ultrahyperfunction v € G’ such that 4 is a function
and

1/2
lull, = [ / e%lfua(gwg] .

We call HE the generalized Sobolev space of exponential type of order
S.

From the above definition we can easily see that G is contained in
H§ for all s € R; HY = L*(R™). Also, we have H® C H§ for s < 0
and H® D Hg for s > 0. Immediately it is easy to see that HZ has a
Hilbert space structure.

THEOREM 2.4. H§ is a Hilbert space with inner product given by

(2.1) (u,0)s = / 2916146 )5(&) de.

Proof. Tt is clearly an inner product. Since L?(R™,e?/€ld¢) is com-
plete and the Fourier transform is an automorphism of G’, HE is a
Banach space. O]

REMARK. Unfortunately G is not dense in Hé.

The inclusion map and differential operators with constant coeffi-
cients are continuous.

COROLLARY 2.5. Hé C Hg fort > s, the inclusion is continuous.

COROLLARY 2.6. If P is a linear partial differential operator with
constant coefficients, and v € H, then Pu € Hé for all t < s, and the
map P: H; — Hé is continuous.
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REMARK. Every differential operator P with constant coefficients
as in Corollary 2.6 maps H® to H*~™ if the degree of the polynomial
P(&) is m.

COROLLARY 2.7. Let P(D) = ZaeNg} ao D™ be a differential oper-
ator of infinite order such that there are constants C > 0 and h > 0
satisfying

(2.2) lao| < C(h/v/n)1¥jal  for all a.
If u € Hy then Pu € Hy™". Also, the map P : Hy — HZ ™" is
continuous.

Proof. 1t is easily shown that the necessary and sufficient condition
of (2.2) is that

|P(¢)| < Cexp(h|é])

for all £ in some tubular neighborhood of R™ of C". Hence the result
is immediate. 0J

As an example we give a differential operator of infinite order be-
tween generalized Sobolev spaces of exponential type, which is an iso-
morphism.

EXAMPLE. The operator exp(v1 —A) : HE — Héil is an isomor-
phism where exp(y/1 — A) is defined by

exp(VI=B)u = [ e exp(/T+ EPa(©)lds.
Proof. For u € H; we have
ey = (f e R i o )

< (Supez\/w_mﬂ)% (/628|§|‘a(€)|2d£>2

3

= ¢2|ul]s.
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Also, foru € H 5_1 the operator exp(yv/1 — A) maps the inverse Fourier
transform of exp(—+/1 + |£]|?)@ to u. Thus we obtain

([ seravisier ra<£>|2d5)%

< (sup e2/€1-2VITIER )3 (/ 21l |@(§)|2d§> :

3
= [Juls-1-

Hence the operator is an isomorphism. O

To find the relation between H§ and Hj*, we define the pairing

(2.3) (,0) = / a(e)i(e)de,

for u € Hg and v € H;®. Then we can easily obtain the following.

ol < ( | e2slf'm<£>12ds)l/2 ([ e>eaopa)

= [Julls[[ol]-s-

1/2

Thus (u,v) is a continuous bilinear form on Hg x Hg*.

THEOREM 2.8. The pairing (2.3) gives a canonical isometric iso-
morphism of Hg* and (Hg)', which is the dual of Hg.

Proof. Tt follows from (2.3) that for fixed u € H;*, v = (u,v) is
continuous linear form on Hg, whose norm does not exceed ||uf|_.
Taking vy = (e=2*I¥14(¢))” € HE one can obtain that (u,vo) = ||ul|—s.
Hence the norm of v — (u,v) is equal to ||u||—s, and we thus have an
isometry Hg® — (Hg)'.

To prove that this isometry is surjective hence an isomorphism, let
u* € (Hg)'. By the Riesz representation theorem and (2.1) there exists
w € HE such that

u(v) = (w,v)s = /e2s|£|w(§)@(§)d§ for all v e Hg.
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If we set u = ((2m)"w(€)e?1€1)" then u € Hg® and u*(v) = (u,v) for
all v € Hg, which completes the proof. O

We are now in a position to state and prove the imbedding theorem
and the structure theorem.

THEOREM 2.9. Every u € H§ is a holomorphic function in an infi-
nite strip {z € C"||Imz| < s} if s > 0.

Proof. Let u(z) = (2m)™" [ e**%0(£)d¢ with 2 = x + iy. Then for
each o € NJ we have

(2m) " / €)emvEsIel|eslel o 6) de

1/2
< ||UHS </‘€a’€—2y§—2s|§|d£> .

Since the integral in the last part of the above inequality is integrable
if |y| < s, the result follows. O

THEOREM 2.10. Let s > 0. Then every u € Hg® can be represented
as an infinite sum of derivatives of square integrable functions g, in
other words,

Proof. If u € Hg® then by definition

exp(—slé|)a(§) € L*(R™),

which implies that

L*(R™).

36 = =)

ol oo ©
Za ol |£ |
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Hence, we have

where G, (&) = (]€¥|/£€%)g(¢) € L?*(R™). This completes the proof. [

3. Pseudo-differential operators of exponential type

The pseudo-differential operator A(x, D) associated with the symbol
a(z,£) is defined by

(3.1) (A(x, D)u)(x) = (2%)_"/2 /emga(x,f)ﬂ(é)dﬁ, ueg

where a(z, ) belongs to the class SI_, r > 0, defined below:

exp’

DEFINITION 3.1. The function a(x,§) is said to be in SI, if and

exp

only if a(z,&) € C*°(R™ x R™) and for each compact set K C R™ and
each o, 8 € N, there exists a constant C'x = C, g K such that the
estimate

|D§‘Dfa(x,§)] < Ciexp(rl¢]), forall (z,8) € K x R"

holds true.

THEOREM 3.2. Ifa(x,&) € S, then the operator A(z,D) in (3.1)

exp

is a well-defined mapping of G into C*°(R").

Proof. For any compact set K C R"”,

a(z,§) < Ck exp(r[]), for all (z,£) € K x R".
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Also since u € G we have

[ le=tata,a@las < Culluly ([ 20 lag)

is integrable for A > r. This demonstrates the existence of (A(z, D)u)(x)
for all x € R™ and also its continuity in R™. The result now follows by
using Leibniz formula. O

Now we consider the symbol which belongs to the class Ser)fp defined
below:

DEFINITION 3.3. Let r,l € R be numbers with [ > 0. The function
a(z, &) : R" xR™ — C belongs to S/, if and only if a(z, £) € C=(R" X

R™) and for each L > 0, v, B € Njj there is positive constant C' = C,.; o
such that

D¢ Dia(e, )| < CLVI||texp(r(¢| - 1|z]).

To obtain some deep and interesting results we need the following
alternative form of A(x, D).

THEOREM 3.4. For any symbol a(z,&) € ST

exp’
tial operator A(x, D) admits of the representation:

the pseudo differen-

(Al Dyu)(a) = 2m) " [ ¢ [ale — n.myan)ande

for all u € G where all the involved integrals are absolutely convergent.

Proof. For 7 > 0 we have

exp(rlyl) < Y (7F/kY) D (k/B]Y7).

k |Bl=k
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exp(rlyl)aly, &)l < Y (7"/k) Y (k/BYly aly, €|

K 18l=k

=D (F/RY D (kY BY|(DEa(x,€))"|
k

|B|=Fk

= Yotk 3 (s (em 2 [ Do)l
k

1Bl=k

< Co(2m)™2 Y (R /K Y (RYBHLIN(|B)Y)

k |Bl=F

exp(rlé]) / exp(—ilz])dx

< C.Y) (rLn)* exp(r(¢])

k=0
< Cexp(r])

choosing 7 < (Ln)~! where C is a constant depending on r,l,n, L.

Therefore

(3.2)

la(y, &) < Cexp(rl¢] —Tly[), 7>0.

Now since u € G, |u(n)| < C’"exp(—A|n|) for all A > 0. Then

|a(§ — n,m)a(n)| < C" exp[—(A = r)ln| — 7|¢ — n|] € L1 (R")

for A > r, 7 > 0. So that

/I&(é —1,m)a(n)|dn < C”/eXp[—(A —r)nl = 71§ — nl]dn.

The right-hand side is a convolution of two integrable functions and
hence is an integrable function on R™. Therefore the function [ a(§ —
n)a(n)dn is in L*(R™). Applying inverse Fourier transform we get the

result.

O

Now we prove the fundamental result:
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THEOREM 3.5. Let a(z,£) € S;L and let A(x, D) be the associated

exp

pseudo-differential operator. Then for all u € G and all s € R

(3-3) | A(z, D)ulls < Csl[ul]r+s-
Proof. Consider the function

UL() = (2m) /25l / a( — ma(ndy, s R
Then
U.(6)] < (2m) "2, / €l — )] e a(n)|dn

Now, invoking inequality (3.2) we have
(3.4)
Us(6)] < (2m) 201 /eXp((S = )| = nl) exp((r + s)|nl)|a(n)|dn.

The integral of (3.4) can be considered as a convolution between f(£) =

exp((s — 7)[¢]) and g(&) = exp((r + s)[¢])a(E). Clearly f,g € La(R")
for 7 > s since @ € G. Then f * g € L*(R") and

1f o gllee < Il z2llgll L2

This proves (3.3). O

Some differential operator of infinite order with variable coefficients
has its symbol in Sg;{lp:

COROLLARY 3.6. If P(z,D) = ZaeN(} ao(x)D* where a, () satis-
fies that for each k and o, 3 € N[ there exist constants [ > 0, h > 0
and C = Cj, 1, > 0 such that

(3.5) sup ]Dﬁaa(a:)| < C(h/ﬁ)'o‘lk'ﬁ'\ﬁ!]exp(—l|x\)/a!,
then for u € G and s € R there exists a constant Cy > 0 such that

|P(, D)ulls < Csllulnts-
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Proof. The condition (3.5) implies that

IDPDP(,€)| = | Y DPaa()y1€~*/(v =)

Y>>

< CR| 3l exp(=llal)(h/ V) *! Y (h/v/n) 7€ /4!
< G 81 exp(hlg] - U]a]).

This completes the proof. O

4. Generalized Bessel potential of exponential type

Let a(z) # 0 be a multiplier in G such that §~1(a=™)(¢) € L' (R")
for m = 0,1,... where ! is the Fourier inverse transform. Then for
f € @', we can define the products fa™ € G’ by means of the following
two relation

(fa™, @) = (f,a"d), ¢€G

and

(fa™™ a"¢) = ([, 9), o€

respectively, where m is a nonnegative integer. Therefore, fa™ € G’
for all m € Z.

Since the Fourier transform § is a continuous linear map of G’ onto
G’, the same being true for F~! also, we conclude that for m € Z, the
generalized Bessel potential J,,, defined by

Jn=F ta " ™Fu, ued

is a continuous linear map of G’ onto G’. Clearly J,, is a pseudo-
differential operator with symbol a="".
The following properties of J,,, can be easily be established.

LEMMA 4.1. Let u € G'. Then for m,l € Z

(i) JnJiu = Jpyiu
(ii) Jou=wu
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For m € Z and 1 < p < oo, define Hg’p to be the set of all Fourier
ultrahyperfunctions w for which J,,u € LP(R™). We equip this space
with the norm

(7.1) ullmp = [J-mul|e, we HGP.

THEOREM 4.2. Hj"" is a Banach space with respect to the norm
(4.1).

THEOREM 4.3. J; is an isometry of H;"" onto Hg”l’p and we have
Tty = ullmp,  uw€ Hg™.

An analog of Sobolev imbedding theorem is the following:

THEOREM 4.4. Let 1 < p < oo and m <. Then Hg" C H{"", and

[l < Contlull1pr u € HE.
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