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LINEAR FUNCTIONALS ON On AND
PRODUCT PURE STATES OF UHF

Jung-Rye Lee and Dong-Yun Shin

Abstract. For a sequence {ηm}m of unit vectors in Cn, we con-

sider the associated linear functional ω on the Cuntz algebra On.
We show that the restriction ω|UHFn is the product pure state of

a subalgebra UHFn of On such that ω|UHFn = ⊗ωm with ωm(·) =

< ·ηm, ηm >. We study product pure states of UHF and obtain a
concrete description of them in terms of unit vectors. We also study

states of UHFn which is the restriction of the linear functionals on

On associated to a fixed unit vector in Cn.

1. Introduction

In [4], J. Cuntz defined the Cuntz algebra On by the C∗-algebra
generated by n = 2, 3, · · · isometries s1, s2, · · · , sn satisfying the Cuntz
relations:

s∗i sj = δij1 and
n∑

i=1

sis
∗
i = 1.

A UHF algebra is a uniformly hyperfinite algebra and a UHFn alge-
bra is a UHF algebra with Glimm type n∞. We consider UHFn as a
subalgebra of On.

One of the recent topics of the study of On is that of representations
of On and UHFn(see [1], [2], [3], [7]). In detail, there is a correspon-
dence between representations of On and endomorphisms of B(H) of
Powers index n, where B(H) is the set of all bounded linear operators
on a Hilbert space H. However, to study of representations of the
Cuntz algebra On is not so easy. Because the simple C∗-algebra On

is the famous example whose representations are bad. In general, the
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representation of On, except with severe conditions in which cases give
irreducible representations, is decomposed into irreducible subrepre-
sentations of it. As is known, representations are related to states and
irreducible representations of a C∗-algebra correspond to pure states
of it by GNS constructions. Thus, our purpose is to study of pure
states of On and UHFn which give irreducible representations of these
C∗-algebras . More generally, we concern pure states of a uniformly
hyperfinite algebra UHF.

Glimm [5] showed that a UHF algebra is a norm separable C∗-
algebra which is the norm closure of an increasing sequence of type
Inm -factors. In other words, UHF can be identified with

∞
⊗

m=1
Mnm ,

where Mnm is an nm × nm matrix algebra, and UHFn is the UHF

algebra
∞
⊗

m=1
Mn. In addition, a state ρ of UHF is a product state if ρ

satisfies that ρ(xy) = ρ(x)ρ(y) for x ∈ I ⊗ · · · ⊗ I ⊗Mni ⊗ I ⊗ · · · and
y ∈ I ⊗ · · ·⊗ I ⊗Mnj

⊗ I ⊗ · · · (i 6= j) and Powers [8] studied product
states of UHF.

On the other hand, Bratelli, Jorgensen, and Price [3] introduced a
state ωη of On for a fixed unit vector η = (η1, η2, · · · , ηn) in Cn, defined
by

ωη(si1 · · · sik
s∗jl
· · · s∗j1) = ηi1ηi2 · · · ηikηjlηjl−1 · · · ηj1

and called it the Cuntz state which is a pure state of On. We know that
the restriction ωη|UHFn of the Cuntz state ωη to a subalgebra UHFn

of On becomes a product pure state of UHFn.
In this paper, we start with the natural generalization of the Cuntz

state to a linear functional associated to a sequence of unit vectors.
We obtain the description of product pure states of UHFn related to
sequences of unit vectors in Cn. More generally, we study all product
pure states of a UHF algebra in terms of unit vectors. We know that
the extensions of these product pure states of UHFn to On become
linear functionals on On. It is known that product pure states of a
UHFn algebra have extensions to On as states (see [3]). Furthermore,
we study states of UHFn which come from states of On.

Throughout this paper, the inner product < ξ, η > of two vectors
ξ = (ξ1, · · · , ξn), η = (η1, · · · , ηn) ∈ Cn is given by < ξ, η >=

∑
ξiηi.
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2. The relation between Product Pure States of UHF and
unit vectors

In this section, we describe all product pure states of a UHF algebra
in terms of unit vectors.

We note that a pure state of a matrix algebra is a vector state. So,
for a pure state ρ of a matrix algebra Mn, there exists a unit vector
η ∈ Cn such that ρ(A) =< Aη, η > for all A ∈ Mn.

We have already noted that the restriction ωη|UHFn
of the Cuntz

state ωη to a subalgebra UHFn is a product pure state of UHFn. But,
in general, the restriction of a linear functional ω on On to UHFn, even
when ω is a pure state of On, may not be a pure state. We investigate
a certain linear functional on On whose restriction to UHFn becomes
a pure state.

For our discussion, we define the linear functional on the Cuntz
algebra On associated to a sequence of unit vectors in Cn. Recall that
the Cuntz algebra On is the closure of the linear span of operators
si1si2 · · · sik

s∗jl
s∗jl−1

· · · s∗j1 for k, l = 0, 1, · · · . As a subalgebra of the
Cuntz algebra On, UHFn is the closure of the linear span of operators
si1si2 · · · sik

s∗jk
s∗jk−1

· · · s∗j1 for k = 0, 1, · · · .

Definition 2.1. For a sequence {ηm = (η1
m, · · · , ηn

m)}m of unit
vectors in Cn, the associated linear functional ω on On is defined by

ω(si1si2 · · · sik
s∗jl

s∗jl−1
· · · s∗j1) = ηi1

1 ηi2
2 · · · ηik

k ηjl

l η
jl−1
l−1 · · · η

j1
1 .

In fact, for a constant sequence {η = (η1, · · · , ηn)}m of a unit vector
in Cn, the associated linear functional ωη on On is just the Cuntz state.

Here we prove that the restriction of the associated linear functional
on On to UHFn is a pure state. But, it is not known yet that whether
these linear functionals are states of On or not.

In the following, a UHFn algebra can be identified with a UHF alge-
bra

∞
⊗

m=1
Mn which is the uniform closure of finite linear combinations

of the form A1⊗A2⊗· · · , where each Am acts on a fixed n-dimensional
Hilbert space and all but finitely many of the Am’s are identity.

Theorem 2.2. Let {ηm}m be a sequence of unit vectors ηm ∈ Cn

and ω the associated linear functional on On. Then the restriction



158 Jung-Rye Lee and Dong-Yun Shin

ω|UHFn
of ω is the product pure state of UHFn such that ω|UHFn

=
∞
⊗

m=1
ωm, where ωm is the vector state of Mn defined by ωm(·) =<

·ηm, ηm >.

Proof. For a sequence {ηm}m of unit vectors ηm ∈ Cn, consider
vector states ωm of Mn defined by ωm(A) =< Aηm, ηm > for A ∈ Mn.

Then we get a state
∞
⊗

m=1
ωm of

∞
⊗

m=1
Mn.

With the identification UHFn =
∞
⊗

m=1
Mn, since si1 · · · sik

s∗jk
· · · s∗j1

in UHFn can be identified with Ei1j1 ⊗ · · ·⊗Eikjk
⊗ I ⊗ · · · , where Eij

is the matrix in Mn whose (i, j)-component is 1 and the others are 0,
we have

(ω1 ⊗ ω2 ⊗ · · · ⊗ ωk ⊗ · · · )(Ei1j1 ⊗ Ei2j2 ⊗ · · · ⊗ Eikjk
⊗ I ⊗ · · · )

= ηi1
1 ηj1

1 ηi2
2 ηj2

2 · · · ηik

k ηjk

k .

Note that ω|UHFn(si1 · · · sik
s∗jk

· · · s∗j2s
∗
j1

) = ηi1
1 ηi2

2 · · · ηik

k ηjk

k · · · ηj2
2 ηj1

1 .

Therefore, we conclude that ω|UHFn
=

∞
⊗

m=1
ωm. Since the infinite

tensor product of vector states is pure, it is straightforward to check
that

∞
⊗

m=1
ωm is a product pure state of

∞
⊗

m=1
Mn, which completes the

proof. �

Thanks to Theorem 2.2 above, for the linear functional ωη on On

associated to a constant sequence {η}m of a fixed unit vector η ∈ Cn,
the restriction ωη|UHFn

is the infinite tensor product of a vector state
< ·η, η > which is a product pure state of Mn and so ωη|UHFn

is a pure
state of UHFn.

The following is an easy result but it is useful later. For the sake of
completeness, we give a proof.

Lemma 2.3. Let ρ be a product pure state of UHF. Then there

exist pure states ρm of Mnm for m = 1, 2, · · · such that ρ =
∞
⊗

m=1
ρm.

Proof. By using the identification UHF =
∞
⊗

m=1
Mnm , for a product

pure state ρ of a UHF algebra, if we let ρm be a state of Mnm
for
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m = 1, 2, · · · defined by

ρm(A) = ρ|I⊗···I⊗Mnm⊗I⊗···(1⊗ · · · ⊗ 1⊗A⊗ 1⊗ · · · ), A ∈ Mnm ,

then it is straightforward to see that ρ =
∞
⊗

m=1
ρm.

To prove that ρi’s are pure states, suppose that there exists j such
that ρj is not pure. Since a state is the linear combination of pure
states, there exist two distinct states θj and θ′j such that ρj = αθj +
(1 − α)θ′j for some α, 0 < α < 1. Let us consider two distinct states
given by

θ = ρ1 ⊗ · · · ⊗ ρj−1 ⊗ θj ⊗ ρj+1 ⊗ · · ·

and
θ′ = ρ1 ⊗ · · · ⊗ ρj−1 ⊗ θ′j ⊗ ρj+1 ⊗ · · · .

Then we have ρ = αθ + (1− α)θ′ which is not a pure state. The proof
is completed. �

The preceding lemma asserts that a product pure state ρ of UHF is
an infinite tensor product of vector states of matrix algebras.

Using Lemma 2.3, we obtain the following result which describes all
product pure states of UHF in terms of unit vectors. In the following,
the equivalent class [η] of a unit vector η ∈ Cn denotes the set {λη|λ ∈
C, |λ| = 1}.

Theorem 2.4. There exists a one-to-one correspondence between
the set of all product pure states of a UHF algebra and that of all
sequences {[ηm]}m of equivalent classes [ηm] of unit vectors ηm ∈ Cnm .

Proof. Let ρ be a product pure state of UHF. By Lemma 2.3, ρ is
the form of

∞
⊗

m=1
ρm, where ρm’s are pure states of Mnm and so there

exist unit vectors ηm ∈ Cnm with ρm(·) =< ·ηm, ηm >.
Since < ·ηm, ηm >=< ·ληm, ληm > for any λ ∈ C, |λ| = 1, we get a

sequence {[ηm]}m with unit vectors ηm ∈ Cnm corresponding to ρ.
Conversely, for any sequence {[ηm]}m with unit vectors ηm ∈ Cnm ,

let ρ(·) = ⊗ < ·ηm, ηm > be an infinite tensor product of vector states.
Since the tensor product of vector states is a product pure state of
UHF (see [6]), ρ is pure. �
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Since UHFn =
∞
⊗

m=1
Mn, for a product pure state ρ of UHFn, there

exist pure states ρm of Mn with ρ =
∞
⊗

m=1
ρm. ¿From Theorem 2.4, we

obtain a one-to-one correspondence between the set of all product pure
states of UHFn and that of all sequences {[ηm]}m of equivalent classes
[ηm] of unit vectors ηm ∈ Cn.

3. States of UHFn related to linear functionals on On

We examine linear functionals on a simple infinite C∗-algebra On

and states of UHFn related to linear functionals on On. For 2 ≤ n <
∞, the Cuntz algebra On is the universal C∗-algebra generated by
isometries s1, s2, · · · , sn satisfying the Cuntz relations. It turns out
that for a state ρ of On, the vector (ρ(s1), · · · , ρ(sn)) may not be a
unit vector, even when ρ is pure.

Note further that for the linear functional ωη on On associated to
a constant sequence {[η]}m of a fixed unit vector η ∈ Cn, ωη satisfies
ωη(sisj) = ωη(si)ωη(sj) and ωη(s∗i ) = ωη(si), but it can not be a
homomorphism.

In general, for a linear functional ρ on On, even when it is a state,
ρ(sisj) = ρ(si)ρ(sj) may not be true. In fact, the following says that a
state ρ of On can not have homomorphic property of ρ(xy) = ρ(x)ρ(y)
for all x, y ∈ On.

Proposition 3.1. Let ρ be a linear functional on On. If ρ is a
state of On, then ρ is not a homomorphism.

Proof. For a state ρ of On, suppose that ρ is a homomorphism.
Then kerρ is an ideal of On containing 0 ∈ On. Since the Cuntz
algebra On is simple, the ideal kerρ must be {0} or On. But the
facts that ρ(ρ(s2)s1 − ρ(s1)s2) = 0 and ρ(1) = 1 give kerρ 6= {0} and
kerρ 6= On, respectively, which is a contradiction. �

Recall that a state of a C∗-algebra is a positive linear functional
of norm one and the linear functional on On associated to a constant
sequence of a fixed unit vector in Cn is a state of On. Here we report
on the Cuntz state ωη which is a pure state of On and the restriction
ωη|UHFn is the product pure state of UHFn. In fact, the Cuntz state ωη
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is the linear functional on On associated to a constant sequence {η}m

of a fixed unit vector η ∈ Cn. If we consider the restriction ωη|UHFn ,
then ωη is the natural extension of ωη|UHFn and it is a state of On

associated to a constant sequence. Thus our concern is states of UHFn

which come from linear functionals on On associated to a fixed unit
vector in Cn.

In the following, we define a UHFn-state such as the restriction
ωη|UHFn

of the Cuntz state ωη to UHFn.

Definition 3.2. A state ρ of a UHFn algebra is called a UHFn-
state if there exists a constant sequence {η}m of a unit vector η ∈ Cn

such that ρ is the restriction of the associated linear functional ωη on
On to UHFn.

We note here that for the linear functional ωη on On associated to
a constant sequence {η}m of a fixed unit vector η ∈ Cn, the restric-
tion ωη|UHFn

is the product pure state with ωη|UHFn
= ⊗ωm, where

ωm(·) =< ·η, η > for m = 1, 2, · · · . Thus we conclude that a UHFn-
state defined in Definition 3.2 corresponds to a constant sequence of a
fixed unit vector in Cn.

From the definition of a UHFn-state, we know that a UHFn-state
has an extension to On associated to a constant sequence of a unit
vector. But the following example shows that a UHFn-state may have
another extension to On whose corresponding sequence of unit vectors
is not constant.

Example 3.3. For a unit vector η = (η1, η2) ∈ C2 and λ ∈ C, |λ| =
1, let ωη and ωλη be two linear functionals on O2 associated to con-
stant sequences {η}m and {λη}m, respectively. If we let ω be a linear
functional on O2 given by ω = 1

2 (ωη + ωλη). Then we obtain UHF2-
states ω|UHF2 , ωη|UHF2 , and ωλη|UHF2 with their extension ω, ωη, and
ωλη, respectively. Elementary computations give ω|UHF2 = ωη|UHF2 =
ωλη|UHF2 . However, for an extension ω of a UHF2-state ω|UHF2 , the
corresponding sequence of unit vectors cannot be constant.

To see this, let us consider ω(s1) = 1+λ
2 η1 and ω(s2

1) = 1+λ2

2 (η1)2.
Suppose that the sequence corresponding to ω is constant sequence of a
fixed unit vector. Then we have ω(s1)2 = ω(s2

1) and so ( 1+λ
2 )2 = 1+λ2

2
which implies λ = 1.



162 Jung-Rye Lee and Dong-Yun Shin

References

1. W.B. Arveson, Continuous analogues of Fock space I, Mem. Amer. Math. Soc.

80 (1989), no. 409.
2. O. Bratteli and P.E.T. Jorgensen, Isometries, shifts, Cuntz algebras and mu-

tiresolution wavelet analysis of scale N , Integral Equations Operator Theory 28
(1997), 382–443.

3. O. Bratteli, P.E.T. Jorgensen, and G.L. Price, Endomorphisms of B(H), Proc.

Sympos. Pure Math. 59 (1996), 93–138.
4. J. Cuntz, Simple C∗-algebras generated by isometries, Comm. Math. Phys. 57

(1977), 173–185.

5. J. Glimm, On a certain class of operator algebras, Trans. Amer. Math. Soc. 95
(1960), 318–340.

6. A. Guichardet, Tensor products of C∗-algebras, vol. 12, Math. Inst. Aarhus

University, Lecture notes, 1969.
7. M. Laca, Endomorphisms of B(H) and Cuntz algebras, J. Oper. Theory 30

(1993), 85–108.

8. R.T. Powers, Representations of uniformly hyperfinite algebras and their asso-
ciated von Neumann rings, Ann. Math. 86 (1967), 138–171.

Department of Mathematics
Daejin University
Kyeonggi, 487-711, Korea
E-mail : jrlee@road.daejin.ac.kr

Department of Mathematics
University of Seoul
Seoul, 130-743, Korea
E-mail : dyshin@uos.ac.kr


