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GAUSS SUMS OVER GALOIS
RINGS OF CHARACTERISTIC 4

YUNCHANG OH AND HEUNG-JOON OH

ABSTRACT. In this paper, we define and study Gauss sums over
Galois rings of characteristic 4. In particular, we give the absolute
value of Gauss sum over Galois rings of characteristic 4.

1. Introduction

Let GF(2) be the prime field of characteristic 2 and GF(2") an
extension field of degree r. Then GF'(2") is a simple algebraic extension
over GF'(2). That is, if © is a primitive element of GF'(2"), then

(1.1) GF(2") =GF(2)[0] 2 GF(2)[z]/(F(z))

where F'(x) is a monic irreducible polynomial in GF'(2)[z] of degree r
having © as a root.
Let Z/AZ denote the ring of integers modulo 4. It is a finite local

[a¥)

commutative ring with the unique maximal ideal m = 2(Z/4Z) =
Z)27. Let py : Z/AZ — (Z/AZ)/m = GF(2) denote reduction modulo
2. We can extend p; to (Z/47)[x] in the natural way.

In (1.1), since O is a simple zero of F(x), if f € (Z/4Z)[x] is a pre-
image of F' under the homomorphism 1, then by Theorem 1.1 below,
there is precisely one element 6 such that p(f) = © and f(6) = 0.

THEOREM 1.1 [3, Lemma (XV.1)]. Let f € (Z/AZ)|x] be a regular
polynomial (i.e., u1(f) # 0) and suppose that pi(f) has a simple zero
a in GF(2"). Then f has one and only one zero « such that p;(a) = a.

The Galois rings R of characteristic 4 is defined to be the ring
(Z/AZ)[f]. Many papers have been studied concerning Gauss sums
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over finite fields (see [1]). In this paper, we define and study Gauss
sums over Galois rings R. In particular, we give the absolute value of
Gauss sum over R.

2. Characters on the Galois rings R

It is well-known in [cf. 3] that

(GR1) R is a finitely generated free Z/4Z-module and |R| = 4".

(GR2) R is a finite local commutative ring with the unique maximal
ideal M = 2R and the residue field K = R/M = GF(2").

(GR3) Gal(R/(Z/AZ)) = Gal(GF(2")/GF(2)) and the Frobenius
automorphism o of R given by 0 — 62 is a generator of Gal(R/(Z/AZ)).

(GR4) Let R* and K* denote the unit group of R and K, respec-
tively. Then

(2.1) R*=2 K" x(14+ M) (direct product of groups)

where K* is a cyclic group of order 2" — 1 and 1 + M is a group of
order 2" such that 1+ M is a direct product of r cyclic groups each of
order 2.

From (2.1), R* contains a cyclic subgroup 7,* of order 2" — 1. Let
6 be a generator of 7,* (such 0 is called a primitive element of R) and

T, =T u{0}={¢"|0<i<2 —2}uU{o0},

which is called the Teichmiiller set for K(= R/M) in R. Then 7, is
isomorphic to GF'(2") under the homomorphism obtained by reduction
modulo 2. It can be shown that every element s € R has the 2-adic
expansion s = a+283 (a,3 € 7,). Thus M = 27,, M? = 0 and every
element of R* has a unique representation in the form

(2.2) a(l+28) (a €T, BET).

Also, from (GR3) the Frobenius automorphism o on R is given by
o(s) = o(a+28) = o® + 262 In analogy with finite fields, the trace
function Tr : R — Z/4Z is defined by

(2.3) Tr(s) = Z T(s) = Z o' (s).

Tr€Gal(R/(Z/AZ)) i=0
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Also, the additive characters A\; (£ € R) on R are defined by

(2.4) M) = v=1 " for seR.

We see that \g is the trivial character on R, A¢(s) = A1(ts) and A\¢(s) =
At(—s). Also, if t1 # ta (t1,t2 € R), then Ay, # Ay,

Since 1+ M has the structure of a multiplicative group of order 27,
1+ M is isomorphic to the additive group of GF'(2") via the map

(2.5) 1428~y (BeT, with =y (mod M), y € GF(2")).

Hence there is a one-to-one correspondence between the set of all mul-
tiplicative characters on 14 M and the set of all additive characters on
GF(2"). Thus, each multiplicative character x on R* can be written
as

(2.6) x(s) = (). (y)

for all s = a(1+20) (o € 77, B € 7, with § = y (mod M), y €
GF(2")), where 7 is a character on 7,* and 1, is an additive character
on GF(2")* (x € GF(2")) which is given by

2.7) baly) = (1" for y e GF(2)
where tr(z) is the trace of x from GF(2") to GF(2) given by tr(x) =
Z;;é z?

3. Gauss sums over Galois rings R and its absolute value

Let C[R] denote the space of all C-valued functions on R. Then the
set of characteristic functions {J; | t € R}, where

1 if s=t
575(5) = .
0 if s#t,

is a basis of C[R]. Hence C[R] is a 4"-dimensional C-vector space. We
define an inner product on C[R] by

(f,g) = % S Fs)o) = 3 O F($)90s).

sER SER
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Then {6; | t € R} is an orthonormal basis of C[R] and the set of
all additive characters on R is an orthonormal basis of C[R] by the
character orthogonality condition [2, Theorem 4.4]

(3.1) > Mils) =

{ 4" if A is trivial
sER

0 if \; is nontrivial.

It is convenient to extend the domain of definition of a character y
from R* to R by setting

1 if x is trivial
(32) V(M) = {

0 if x is nontrivial.

With above definition we have

4" if  x is trivial
(3:3) > x(s) = {

=y 0 if x is nontrivial,

and x € C[R]. Thus

(3.4) X =D 06 =Y (6 A = = > 906 )N

47“
At teER teER
where
(3.5) 906 ) = ) x(s)(s).
SER

We call each g(x,A:) the Gauss sum over R. From (3.2), (3.3) and
(3.5) we have

4" if x and \; are both trivial

0 if x is nontrivial and \; is trivial.

g Ar) = {

Also, we have the following theorem.

THEOREM 3.1. Let x be a nontrivial character on R*. Then (a)
Ift € R*, then g(x,\) = x(t71)g(x,\1). In particular, g(x, A1) =
x(—=1)g(x,A1). (b) If t € M and x is nontrivial on 1 + M, then
g(x; Ae) = 0.
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Proof. For (a). If t € R*, then
906 A) = Y x()Ai(ts) = x(t71) D x(ts)Ma(ts) (setting u = ts)

SER* SER*

=x(t™) Y7 x(wAi(u) = x(t gl M).

uER*

Also, we have

g06A) = Y x(sTHA(=s) = x(=1) Y x((=s)"HAi(—s)

=x(=1) Y x(s7HAils) = x(—1)g(x, A1)

SER*

To prove (b), let ¢t € M. If x is nontrivial on 1 + M, then by (2.6) we
have x = n - ¢,, where n is a character on 7,7 and 1, is a nontrivial
character on GF(2")". Thus

g06A) = Y x(8)A(s)

SER*
(s = a(1428), a € 7,7, f € 7, with ﬁ =y (mod M), y € GF(2"))

=> > Ae(e(1 4 2y))

a€Tx yeGF(27)

— Z Z tr my)\/_T‘r(ta(1+2y))

a€Tr yeGF(2)
(by (2.4) and (2.7))
o1 e Tr(2ta
— Z 77(&) -1 (ta) Z (_l)tr(my)\/__l ( ZJ).
o€l yEGF(2)
Since tav € M, ie., ta = 0 (mod M), we get
2tay = 0 (mod 4).

Hence

gheM) = D m@i(@) Y wa(y) =0

acTr yEGF(27)

since ), ¢ gr(ar) Ya(y) = 0 for a nontrivial character ;. O
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COROLLARY 3.2. Let x be a nontrivial character on R*. If x is
nontrivial on 1 + M, then

X =4""g06 M) Y x(EHA

tER*
Proof.

X=47") gl (sce (3.4))

teR

=477 ) " g6 AN +H4TT D gl AN

teER* teM

=4""g(x, A1) Z x(t7HA;  (by Theorem 3.1 (a) and (b)).
teER*

O

THEOREM 3.3. Let x be a nontrivial character on R*. If x is non-
trivial on 1 + M, then

(3.6) 90 A)g(X A1) =4"x(=1)  and
27 if teR*

3.7 M) =

3.7) sl ={ o eu

Proof. For (3.6). Theorem 3.1 (a) and (b) imply

Z g(X7 )‘t)g(Y7 /\t) = Z g(X7 At)Q(Ya /\t) + Z g(X? /\t)g(Y7 )‘t)

teR tER* teM
= Q(X, )\1)9(%, >‘1) Z 17
tER*
and so
(3:8) > 906 A9 A) = (47 = 27)g(x, A)g(X: M-

teR
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On the other hand, (3.5) yields that

Zg Xs Ae)g(X; Ar) = Z Z Z Y As+u(t)

teR tER SER* uER*
—1) Z Z 1+ Z Z x(su™t) Z)‘s+u(t)
tER uER* UER* ser* teR

s+u#0

Since D, cr Astu(t) = 0 for s,u € R* with s +u # 0, we have

(3.9) D906 Mg A) = (47 = 274" x (—1).

teR

By comparing (3.8) and (3.9) we have (3.6). Next, for (3.7). If ¢t € M,
it follows from Theorem 3.1 (b). Let ¢t € R*. Then

1906 A2 = 90 A)g(x, M) = 9(x, M)g(x, A1) (by Theorem 3.1 (a))
= x(=1)g(x, M)g(X, A1) (by Theorem 3.1 (a))
— 4" (by (3.6)).
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