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A HOPF BIFURCATION IN A
MULTIPLE FREE BOUNDARY PROBLEM

SANGSUP YUM

ABSTRACT. In this paper we study a Hopf bifurcation in a parabolic
multiple free boundary problem. We are dealing with the following
problem:

Introduction

Consider the following problem:

v = Dvgy — v+ H(z — s(t)) — H(x — m(t)) + H(z — n(t)),

(1) (r,t) € Q- UQT,
v.(0,t) =0 = v, (1,1), t >0,
v(z,0) = vo(x), 0<z<1,

ds

T = C(v(s(t),t)), t>0
dm

T = —C(v(m(t),t)), t>0
dn

T = C(v(n(t),t)), t>0
s(0) = sp,

m(0) = my,

n(0) = nyg,

where v(z,t) and v, (z,t) are assumed to be continuous in 2.(this last
reuirement imposes a kind of boundary condition at the interface ).
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Here H(y) is the Heaviside function, 2 = (0,1) x (0,00), Q™ = {(z,t) €
Q:0<x<s(t)} and QF = {(x,t) € Q: z € (s(t),m(t)) U (m(t),1)}.

The velocity of the interface C'(v) in (1), which specifies the evolu-
tion of the interface s(t), m(t) and n(t), is determined from the first
equation in (1) using asymptotic techniques ( see in [5,9] ). The func-
tion C(v) can be calculated as

-2
C(U) — 2v — ?1-1-03

— Y

(Ccll-i-:z N U)(U T 01-?—02)

c1(ca—a)

where —c; < b < e
We rewrite (1) as an abstract evolution equation.

and ¢ ,co are positive constants.

d(v,s,m,n)
dt
(v,s,m,n)(0) = (vo(.), S0, Mo, n0)

+ A(v,s,m,n) = F(v,s,m,n),

Here, A is a differential operator, and the nonlinear operator F' .

Since the nonlinear forcing term F'(v, s, m,n) contains a Heaviside
function in its first component, the combination of this jump discon-
tinuity and the nature of the dependence of v on s ;;m and n in the
second, third and the fourth components of F makes it impossible to
find a function space of the form X = L,, 1 < p < oo such that F
satisfies a Lipschitz condition on X C X x R x R x R. Therefore, we
need to make a regular problem for this one.

2. Well - Posedness

We now examine a free boundary value problem depending on a new
parameter € R, p = % of the form

v+ Av=H(x —s)— H(x —m) — H(x — n),

(F) x € (0,1) {s,m,n},t >0
s(t) = pC(v(t),t)), t>0
m(t) = —pC(v(m(t),t)), t>0
n(t) = pC(v(n(t),t)), t>0

( ,
v(x,0) = vo(x), s(0) = sp,m(0) = mg, n(0) = my.
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Here A is the operator Av = —v,, + c*v together with Neumann
boundary conditions v, (0) = v,(1) = 0. The results in this section
apply to any invertible second order operator A. On the functionC', we
assume that C' : I Cypen,— R is continuously differentiable, where I is
open in R. For the application of semigroup theory to (F'), we choose
the space X := Ly((0,1)) with norm || - ||2.

We obtain more regularity for the solution by applying semigroup
methods, considering A as a densely defined operator

A:D(A) Chense X — X
D(A) := {v e H*?((0,1)) : v,(0) = v,(1) = 0}.

For fixed s,m and n , the map t — (H(-—s(t))—H(-—m(t))—H(-—
n(t))) is locally Holder-continuous into X on (0,7"), so by standard
results for parabolic problems (see e.g. [4]) we obtain from the first
equation in (F') that the following regularity holds for v.

PROPOSITION 2.1. If (v,s,m,n) is a solution of (F'), then v(-,t) €
D(A) and the map t — (-, t) is in C°([0,T), X) N C1((0,T), X).

An existence proof for (F) can be obtained along these lines, but
it is impossible to get differential dependence on initial conditions this
way, because the right hand side H(- —s) — H(- —m) + H(- —n) is not
regular enough. The remedy is that we decompose v in (F) into a part
u , which will be a solution to a regular problem, and a part g, which

will be explicitly known in terms of Green’s function G of the operator
A.

PROPOSITION 2.2. Let G : [0,1]> — R be a Green’s function of the
operator A. Define g : [0,1]* — R by

g(z,s,m,n) / G(x y)dy+/ G(z,y)dy

=AY H( —s)— H(—m)+ H(- —n))(z)
and for each i(1 < i < 3) we define v* : [0,1]> — R by

Y (s,m,n) == g(s,s,m,n),
v (s,m,n) := g(m,s, m,n),
7 (

s,m,n) := g(n,s,m,n).
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Then g(-,s,m,n) € D(A) for all s,m,n and 22 22 (x,5,m,n) = G(x,s),
gf;(m s,m,n) = G(ac,m), gn(x s, m n) = G(x,n) are in H>°((0,1) x

(0,1)). Furthermore, v', ¥? and v3 are in C*°([0,1]3).
Proof. See [1] O

Applying the well-posedness theorem and the globality theorem to-
gether with the starting regularity of solutions to (F") (Proposition 2.2),
as well as the regularity of the functions g and {y!,~?2,~3}(Proposition
2.3), we obtain the following result of the global solution.

THEOREM 2.3. Let S(t) := (s(t),m(t),n(t)), and Sy := (S0, mo,no)-J
Then :

i) For any 1 > o > 3/4, (ug,So) € W NX® and pu € R, there exists a
unique solution (u, S)(t) = (u, S)(t; ug, So, pt) of

(R)

dt

—(u,s,m,n) + A(u,s,m,n) = uf(u,s,m,n)
(u, s,m,n)(0) = (u

( ) ( )’m<0)7n(0)) = (u07507m07n0)-
The solution operator

(uo, So, ) + (u, S)(t; uo, So, 1)

is continuously differentiable from X x R into X© for all t > 0. Then
functions v(x,t) is such that

v(x,t) := u(t)(z) + g(x, S(t))
and satisfies (F) with v(-,0) € X and v(Sp,0) € I.
ii) If (v, S) is a solution of (F') for some pn € R with initial conditions
vo € X% 1> a > 3/4, So € (0,1)% and vo(s0),vo(mo),vo(no) € I,
then (ug, So) := (vg — g(-,x0), So) in X* N W and

(v(-,t),S(t)) = (u, S)(t;uo, So, ) + (g(+, S(¢)),0),
where (u, S)(t; ug, So, pt) is the unique solution of (R).
iii) For any 1 > a > 3/4 and p € R, (vo,S0) € U := {(v,S5) € X x
(0,1) : v(s),v(m),v(n) € I}, the problem (F) has a unique solution
for all t > O(v(z,t),S(t)) = (v,5)(x,t;v0, 50, p). Additionally, the
mapping (vo, So, i) — (v, S)(+, t;vo, So, 1) is continuously differentiable
from X x R* into X* x R? for all t > 0.
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3. A Hopf bifurcation

The stationary problem for (R) is given by

Ap” = pCu(s™) +y(s%m™,n%)) - G(-, 87) + pC (™ (m”)
(s, m %)) - Glm) + pCt (1)) + (s, m*, 1)) - G

0= pC(u™(s7) +~(s",m",n7))

0= —pCu™(m”) +n(s",m*,n"))

0= pC(u*(n*)+((s*,m*,n"))

for (u*,s*,m*,n*) € D(A) N W. For nonzero u the above system

is equivalent to the pair of equations: u* = 0,C(y(s*,m*,n*)) =
0,C(n(s*,m*,n*)" = 0 and C(¢(s*,m*,n*)) = 0. We thus obtain the
following;:

PROPOSITION 3.1. If 0 < 3 —a < Z, then (R‘) has a unique
stationary solution for all u # 0 with n* = 1 — s* —m*,s* € (0,1).
Then lineariztion of f at (0,s*, m*,n*) is

+ (8™, m*, n*)n*) - (G(s*,n*,n*),1,°0,0) + (a(m*) + ns(s*,m*,n*)3

+ N (85, m™, n*)m* + 0, (s*, m*, n*)n*) - (G(s*,m*,n*),0,—1,0)

+ (a(n™) + (s(s™,m*,n™)s + (G (8™, m™, n*)m*

+ Cu(s*,m*,n*)n*) - (G(s*,m*,n*),0,0,1). |
The pair (0, s*, m*,n*) corresponds to a unique steady state (v*, s*, m*, n* )
of (F') for p # 0 with v*(x) = g(x, s*,m*,n*).

We now show that a Hopf bifurcation occurs as the parameter p
approaches zero.

THEOREM 3.2. (Hopf-Bifurcation ) Suppose that (0, s*, m*,n*, u*)
is a Hopf point for (R). Then there exist ¢; > 0 and a C°—curve

€ € (—er,e1) — (uo(e), sole), mo(€), nole), ple), ule)) € X x R x R
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such that
(U, s, m, ’I’L)(, UO(E)a S0 (6)7 m()(e)a no(ﬁ)/,b(ﬁ))
is a periodic solution of (R) of period p(e).
Moreover, ug(0) = 0,50(0) = s*,mp(0) = m*,no(0) = n*,p(0) =
2 1(0) = p* and
(up(€), so(€) — s*,mo(e) — m*, ng(e) — n*)

€

lime_)()

= Rep(u”).

proof. The proof is similar to the single free boundary case which is
in [4]. O

We next have to check (R) for Hopf points. For this, we first solve
the eigenvalue problem

—A(u,s,m,n) + uB(u,s,m,n) = \u, s, m,n)
which, by Proposition 3.1, is equivalent to
(2)
(A+ M= p(ys(s™,m*,n")s + ym(s™, m* n")m + v (s™,m" n*)n
+u(s)) - G(, %) + p(ns(s™,m* n")s + nm(s™,m*, n")m
+ (8™, m* 0 )n +u(m®)) - G(-,m*) + mu({s(s*,m*,n*)s
+ (™, m™, n")m + (, (s™, m*, n")n + u(n*)) - G(-,n™)
As = p(ys(s™,m* n*)s + v (s, m* n*)m + v, (s, m*,n*)n + u(s™))
Am = —(ns(s*,m*,n*)s + (s, m*, n*)m + 0, (s, m* ,n*)n + u(m*))
An = p(Cs(8™,m™,n")s + G (8™, m", n")m + Gu(s*,m", n")n +u(n®)) |

Here we note that

s* m*

%<s*,m*,n*>=—a<s*,s*>+/ Cols™,y) y+/ G(s
n

*

= =N (s, m*,n") = (, (s, m",

’Ym(S*Jm*an*) = G<S m ) = —77n(3*7m* ) 5<5 )
Furthermore, ~vs(s*, m*,n*) < 0 and fST* G.(s*,y)dy = (v*)(s*) > 0.
As a first result, we obtain that it suffices to find a unique, imagi-

nary eigenvalue A = ¢ of (2) with § > 0 for some p* in order for
(0, 8™, m*,n*, u*) to be a Hopf point.
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THEOREM 3.3. Assume that for p* € R— {0}, the | operator
—A + p*B has a unique pair {*i3} of imaginary eigenvalues. Then
(0,s*,m*,n*, u*) is a Hopf point for (R).

Proof. Without loss of generality, let 8 > 0, and let ¢* be the
(normalized) eigenfunction of —A + p*B with eigenvalue i 3. We
have to show that (¢*,i3) can be extended to a Cl—curve p
(p(1), M) of eigendata for —A + uB with A\(u*) # 0. To do this
let ¢* = (o, S0, Mo, n0) € D(A) X R x R x R. First, we can see that
so # 0 or myg # 0 or ng # 0. For, otherwise, by (3), (A + iB)yy =
i85y G(+, 8%) — i0m, G(-,m*) +iB,,G(-,n*) = 0 which is impossible, be-
cause A is symmetric. We consider the case of sg # 0,m¢ # 0 and
ng # 0. So without loss of generality, let s = 1, mg = 1 and ng = 1.
Then by (3), E(¢o,i8,u*) =0, where E : D(A)c x C x R — X¢ x C,

*

At (778(8*’ m”, n*) + N (8™, m*, TL*) + (s
A+ K- (Cs(8*7m

The equation E(u, A, ) = 0 is equivalent to saying that X is an eigen-
value of —A 4 B with eigenfunction (u,1,1). Let’s apply the implicit
function theorem to the E. For this, we have to check that E is in C*
and that

(3)
D )E(%o,i8, 1) € L(D(A)c x C,Xc x C) is an isomorphism.

Now it is easy to see that

Dy E(u, A\, p)a
— (A4 Na(1,0,0) — pa(s*) (G-, %), 1,0,0) — gi(m*)(G(-,m*),0,
- /ul(n*)(G(-,n*),0,0, 1)

A— - (73(5*7"1*7”*) + ’Y’m(S*am*vn*) + 7n<5*7m*7n*) + U<5*))
,m*,n*) +u(m*))

~1,0)
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= —ia(ys(s*m*,n*) + v (s*,m*,n*) + v, (s*,m*, n*)((G(-, s7),1,0,0)
5mEnT) (8T, mT,nT) 4+ 0 (st m n"))(G(,m*), 0
n

so E is in C*'. In addition, the mapping

Dy E(o, i, 1) (i1, A)
)

(A+iB)8 — 1 a(s")G(, 5%) — pa(me)G (-, m*)
—pru(n*)G(-,n*) + Mg

is compact perturbation of the mapping
(@, 2) = ((A+iB)a, ),

which is invertible. As a consequence, D, ) £(¢o,i3,u*) is a Fred-
holm operator of index 0. Thus to verify (3), it suffices to show that
the system

(4)  (A+iB)a+ M
= pu(s*)G(, %) + pra(m)G (-, m*) + pra(n*)G(, n*)

A~

necessarily implies that @ = 0 and A = 0. Thus let (@, A) be a solution
of (4), and define

1 =Yg — G(-, ")+ G(-,m") — G(-,n").

)+Cm(3*7m*vn*)+]Cn(8*vm*7n ))(G(= )707071)
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Then we have that
(5) (A+iB)i+ b = 0.

On the other hand, since 1 solve (2) with A = i3, s =m =n = 1,
we have i0G(-,s*) —iBG(-,m*) +iBG(-,n*) = Ay + ifg = (A +
i8)Y1 +0s+ —Omx +0p+ +iBG(-,s*) —iBG(-,m*) +ifG(-,n*) in the
weak sense, where J; is the delta distribution centered at s. So v is a
solution of the equations

(6)
(A+iB)Y1 = —6ge + Oppr — Oy
(7)
i =p" - (vs(s%,m,n") +ym (s, m* n") + o (s™,m”, %) + 4o(s7))
= p - (958", mnT) + (8T, m 0T 4 (8T, mT, n")
+1h1(s") + G(s",87) — G(s™,m") + G(s7, n"))

*
*

n’)

and we have that

(8)

Zﬁ = _/J’#< . (nS(S*a m*7 n*) + nm(S*a m*a n*) + nn(S*vm*7n*) + wO(S*))
= (5%, M0 ) A (8, 07 4 (55, m*,n") + Gm®, 5)

—G(m*,m") + G(m*,n")) |

and we have

(9)

Zﬁ = ﬂ* ' (€S(8*7m*7n*) + C’m(S*?m*?n*) + gn(S*am*vn*) + ¢O(n*))
= p" - (G (8", m™ ") + G (8™, m™,n") + (u(s™, m*,n") + 1 (n*) + G(
— G(n*,m*) + G(n*,n")).

Equation (6) implies that

IR 1
GG+ B+ ) = [ At i [l
0 0
So we have

m(ir(s%) — 1 (m*) + 1 (n ﬁ/|mﬁ
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Adding (7), (8) and (9), we obtain that vs(s*, m*,n*), ns(s*, m*,n*),
Cs(s*,m*,n*), G(s* s*), G(s*,m*) and G(s*,n*) are real valued.
Therefore, since § # 0, we have

(10) / [ |? =

From (6), we can calculate 4(s* m*) +a(n*) as

/0 bi(A +iB)a = —a(s") + a(m*) — a(n*).

Thus together with (5), (6) and (10), we obtain

5.
/2/)1 = — (m*)+ﬁ(n*):ZE=)\/O |¢1|2.

As a result, we have that

1
A(/O 2 = r2) = 0,

which implies A = 0. So we conclude that A = 0 and @ = 0. Therefore
we obtain a Ct—curve p +— (¢(u), AM(i)) of eigendata such that ¢(u*) =
¢* and A(p*) = if. It remains to show that ReA(u*) # 0. Let ¢(u) =
(¢(u, 1,1). Implicit differentiation of E(t(u), A(p), ) = 0 implies that
D(u,,u)E(QpOa 257 /’L*)(l/}/(u*)7 )‘I(H’*))

= (1s(7,m",n") + Y (87, M, n") + (s, m”, n7) + 4 (17)(s7)
-(G(-,s"),1,0, O) (ms(s™,m*,n™) + N (s, m*,n*) + np(s™,m*,n*) +
(G(,m™),0,=1,0) 4+ (Gs(s™,m" ") + G (s™,m™, n") + Cu(s™,m™, n") +
: (G(-,n*),0,0, 1).

This means that the function @ := ¢’ (x*) and A(u*) satisfy the equa-
tions

)i — i )
= —(s(s",m" n") + ym(s%,m",07) + o (sT,m" n") +a(s7))G(, s7)
= (ns(s%,m™, ") + 0 (87, m7, %) + (87, m”, ") + a(m*))G(-,m”)
= (Cs(s™,m*n%) + Gu(s™,m™, n%) + (s, m*, n%) + a(n”))G(,n"),

W' (u

") (m”))
¥ (1) (n"))
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(12)
— () + A= = (s (8T m ) (8T mE ) (st mT 0" 4 as™))

(13)
prA(m”) + X = ns(s*,m,n%) 4 0 (87, M, 07) 4 na (5T, m,n%) + a(m*)

(14)
— () + A = (5, mE ) + G (5%, m*,n") + Ca(s*,m* n*) + a(n”)

Using (11), (13), (14) and using 91 := g —G(+, s*) +G(-,m*)—G(-,n*)
and (6), we obtain

(15) (A+iB)i+ by =0

and

—a(s*) + a(m*) — a(n*)
— /0 (A+iB)ini

1
- / o - (A+iB)a + 2ip4)
0

_ 1 1
_ —A/ [ f? + w/ e
0 0
_ 92 _
— i+ zzﬂ/ 4.
H 0
It follows from (12), (13) and (14) that
pr(a(s") = a(m*) + a(n")) — 2A
=2(%s +ym + ) (%, m*, ") +a(s”) — a(m®) + a(n”),
where

('78 + Ym + 'Yn)(S*7 m*n*)

:—G(s*,s*)—i—G(s*,m*)—G(s*,n*)+/ Gs(s*,y)dy.



40 Sangsup Yum

Thus we obtain
1 9 I
Qiﬁu*/ w1 = 2(Ys + Ym + ) (85, m*,n*) + )\E + Qiﬁ/ U,
0 0

which implies that

~

Re = _M*('Ys + Ym +7n>(8*7m*7n*)

=—u* 1 — coshe(1 — 2s™)) > 0.
a csmhc( coshe( )
Thus the steady state loses stability as p increases beyond p*. For the
case sg # 0 and mg = ng = 0, let so = 1 and mg = ng = 0 in (2).
Then by a similar argument, we get the same results with

~

Rel = —p*vs(s*,m™n*) # 0.

In the case of ng = sg = 0 and mg = 1, let sp = ng = 0 and my = 1.
Then we have

~

Re\ = —p* vy, (s™,m*,n") # 0.

In the case of sg = mg =0, and ng = 1, let sg = my = 0 and ng = 1.
Then we have

~

Rel = —p* vy, (s*,m*,n*) # 0.
[

Now we will show that, whenever (R) admits a stationary solution,
there is a unique p* > 0 such that (0,s*, m*,n*, u*) is a Hopf point
with n* =1 — s* —m™*. Thus p* is the origin of a branch of nontrivial
periodic orbits. To do this, we only need to show that the function
(u, B, ) — E(u,i3mu) has a unique zero with § > 0 and p > 0. Let
vt i=u— G(,s*) —G(-,m*) — G(-,n*) in the system FE(u,if,pu) = 0.
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Then this system is equivalent to the weak system of equations
(16)
(A+if)v= =086+ — 0"
iB= 1 (ya(s™,m*,1%) + Y (5%, 0%, 1%) + (5, m* ) + G(s*, 5°)
—G(s",m") + G(s*,n") + v(s"))
i =—p-(ns(s*,m*,n%) + nm (s, m* n7) + 9 (s5,m" n%) + G(m*, s7) + G(m™, m")
+ G(m*, n") +v(m"))
I8 = (5™, m* %)+ (%, m*,n%) + Ca(s™m*,0*) + G0, 5%) — G(n*, m")
+ G(n",n*) +v(n")).
Actually, this is just the igenvalue problem for the forrmal linearization
of (F') about (v*,s*,m*, n*).
Now the first equation in (16) has for fixed 8 < 0, the unique solution
v =—Gg(,s*) +Ga(-,m*) —Gg(-,n*), where Gg is Green’s function
for the operator A + i(3. Thus it remains to solve the complex valued
equation
iB=p- (ys(s*,m*,n*) + G(s*,s*) — Gg(s*,s*) + Ga(s*,m") — Ga(s*,n"))
il =—p- (Mm(s*,m*,n") — G(m*,m") — Gg(m*,s*) + Gg(m*,m*) — Gg(m*,n"))
i3 =p- (Cu(s™,m",n") + G(n",n") + Gg(n*,s*) + Gg(n*,m") + Gg(n*,n")). |
So we obtain
iB=p- (ys(s*,m*,n*) + G(s%,s") — Gg(s*,s") + Gg(s*,m") — Ga(s*,n"))
= - ((V7)'(s7) — Gg(s", ") + Ga(s",m") — Gg(s",n")), 1
where ~,(s*,m*,n*) +G(s*,s*) = (v*)'(s*). Since 4(s*,m*,n*)

+G(s*,s*) is real valued, that is equivalent to the real valued system

(17) vs(s*,m*,n*) + G(s*,s") — ReGg(s*,s*) =0,

(18) p-Im(Gp(s™, s") — Gp(s™,m™) + Gp(s™,n%)) + f = 0.

Since the equation (17) does not depend on u, it suffieces to find a

unique solution § > 0 of (17). Using (18), the unique p* > 0 can be

calculated when Im(Gpg(s*,s*) —Gg(s*,m*) —Gg(s*,n*)) is negative.
The following theorem summarizes what we have proved :
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THEOREM 3.5. Assume that 0 < § —a < 2 ,so that (R), respec-
tively (2), has a unique stationary solution (0, s*, m*,n*), respectively
(v*,s*,m*,n*), for all u > 0 with n* = 1 — s* —m*. Then there
exists a unique p* > 0 such that the linearization —A + p*B has
a purely imaginary pair of eigenvalues. The point (0,s*, m* n*, u*)
is then a Hopf point for (R) and there exists a C°—curve of non-
trivial periodic orbits for (R), (F), respectively, bifurcating from
(0, s*,m*,n*, u*), (v*, s*, m*, n* u*), respectively.
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