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ON T-FUZZY GROUPS

INHEUNG CHON

ABSTRACT. We characterize some properties of t-fuzzy groups and
t-fuzzy invariant groups and represent every subgroup S of a group
X using the level set of t-fuzzy group constructed from S.

1. Introduction

The concept of fuzzy sets was first introduced by Zadeh ([7]). Rosen-
feld ([3]) used this concept to formulate the notion of fuzzy groups.
Since then, many other fuzzy algebraic concepts based on the Rosen-
feld’s fuzzy groups were developed. Anthony and Sherwood ([1]) re-
defined fuzzy groups in terms of t-norm which replaced the minimum
operation of Rosenfeld’s definition. Some properties of these redefined
fuzzy groups, which we call t-fuzzy groups in this paper, have been
developed by Sherwood ([5]), Sessa ([4]), Sidky and Mishref ([6]). As a
continuation of these studies, we characterize some basic properties of
t-fuzzy groups and t-fuzzy invariant groups and represent every sub-
group S of X using the level set of t-fuzzy group constructed from

S.

2. t-fuzzy groups

DEFINITION 1. A function B from a set X to the closed unit interval
[0, 1] in R is called a fuzzy setin X. For every x € B, B(z) is called a
membership grade of x in B.

Received August 6, 2001.

2000 Mathematics Subject Classification: 20N25.

Key words and phrases: t-fuzzy group, t-fuzzy invariant group.

This paper was supported by the Natural Science Research Institute of Seoul
Women’s University, 2000



150 Inheung Chon

DEFINITION 2. (Definition 1.3 of [4]) A t-norm is a function T :
[0,1] x [0,1] — [0, 1] satisfying, for each p,q,r,s in [0,1],

(1) T7(0,p) =0, T(p,1) =p

(2) T(p,q) <T(r,s)ifp<randqg<s
(3) T(p,q) =T(q,p)

(4) T(p,T(q,7)) =T(T(p,q),7))

DEFINITION 3. Let S be a groupoid and 7" be a t-norm. A function
B:S —[0,1] is a t-fuzzy groupoid in S iff for every z,y in S, B(xy) >
T(B(z),B(y)). If X is a group, a fuzzy groupoid G is a t-fuzzy group
in X iff for each z € X, G(z7!) = G(x).

PROPOSITION 4. Let G be a fuzzy subset in a group X. G is a
t-fuzzy group such that G(e) = 1 iff G(zy~') > T(G(x),G(y)) and
G(e) = 1.

Proof. Straightforward. O

PROPOSITION 5. Let G be a t-fuzzy group in a group X such that
G(a) =1. Let r, : X — X be a right translation defined by r,(x) = xa
and let [, : X — X be a left translation defined by l,(x) = ax. Then
ro(G) =1.(G) = G.

Proof. 7,(G)(xz) = sup G(z) = G(za ) > T(G(z),G(a™?1)) =

zErgl(a:)
T(G(x),G(a)) = G(z) = G(zra™ta) > T(G(za™1),G(a)) = G(za™t) =
rqo(G)(x). Thus r.(G)(z) > G(z) > ro(G)(z). That is, r,(G) = G.
Similarly we may show [,(G) = G. O

For fuzzy sets U,V in a set X, UoV has been defined in most articles
by
sup min(U(a),V (b)) if ab==x
(U oV)(a) = ab=r
0 if ab # x.
We generalize this in the following definition and develop some prop-
erties of t-fuzzy groups and t-fuzzy invariant groups.

DEFINITION 6. Let X be a set and let U, V' be two fuzzy sets in X.
U oV is defined by
sup T(U(a),V (b)) if ab==x

(UoV)(zx) = { ab=x .
0 if ab # x.
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PROPOSITION 7. Let A, B be fuzzy sets in a set X and let x,,,y, be
fuzzy points in X. Then
(1) zpoyq = (TY)1T(p,q)-

2) Ao B = U T, O here
( ) T, €Ay, €EB P yq; v

(zp 0 yq)(2) = sup T(xp(c),yq(d)).

cd=z

Proof. (1) (zpoyy)(zy) = Sup T(zp(a),yq(b)) = T(xp(w),y,(y)) =
T(p,q). If z # zy,
(zp 0 yg)(2) = sup T(zy(a),ye(b)) < max[T(p,0),7(0,q)] =0,

ab=z
that is, (2, 0 y¢)(2) = 0. Thus x, 0 yg = (2Y) 7(p,q)-
(2) If x,, € A and y, € B, then A(s) > z,(s) and B(t) > y,(t). Thus
(Ao B)(z) = sup T(A(s), B(t))
st=z
> sup sup  T'(xp(s),yq(1))
st=z x,€A,y€B

= sup sup T(»’Up(s)»yq(t))
rp €AY EB st=z2

= sup (zp 0 yg)(2)
rp €AY EB

= U .
(:npeA,yqu Lp © yq)(Z)

Thus Ao B C U xp0y,. Since sy5) € A and tp(y) € B,

oo Tpo z)= sup  sup T'(xp(s),yq(
e oW = s sup Ty (), (0)

> i}l:pz T(SA(S) (S)atB(t) (t))
= sup T(A(s), B(t)) = (Ao B)(z). O

st=z
ProPOSITION 8. Let X be a set. Then
(1) If X is associative, commutative, respectively, then so is o.
(2) If X has a unit e, then Aoe, = e, 0 A for a fuzzy set A in X
and the fuzzy singleton e; is a unit of the operation o, that is,
Aoe;=A=ej0A
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Proof. (1) Suppose X is associative. Then

(Ao B)oC](z) = sup T[sup T(A(p), B(q)),C(b)]

ab=z pg=a

= sup T[T(A(p), B(q)), C(b)]

(Pq)b==
_ (psql)lbzz T[A(p), T(B(g),C(b))]
= psq}lzpzT[A(p), qSl}l:I:" T(B(Q)a C(b))]
= ps;}l:pz T[A(p),(BoC)(r)] =[Ao (BoC)|(z).

Suppose X is commutative. Then (Ao B)(z) = ;}Z%T(A(y),B(z)) =
sup T'(B(z), A(y)) = (B o A)(x).

?Zf(el;Ax:c) = T(er(e), () = A(z) and (Aoey)(x) = T(A(), ex(c))

(Aoep)(z) = T(A(z), ep(e)) = T(ep(e), A(z))
= sup T(ey(y), A(2)) = (ep 0 A)(x). O

Yyz=x

THEOREM 9. Let A be an non-empty fuzzy set of a groupoid X.
Then the following are equivalent.

(1) A is a t-fuzzy groupoid.

(2) For any zp,y, € A, x,0y, € A.

(3) Ao A C A.

Proof. (1) — (2). Suppose that A(zy) > T'(A(x), A(y)). By Propo-
sition 7,

T(p,q), ifz=
(o 1)(e) = (el ={ 7 T2
Let zp,y, € A. Then A(z) > p and A(y) > ¢. If z = a2y, A(z) =
A(zy) = T(A(x), A(y)) = T(p, q) = (xpoy,)(2), and hence z, 0y, € A.
If z # xy, A(2) > (xp 0 yq)(2) =0, and hence x, oy, € A.
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(2) — (3). Suppose that for any z,,y, € A, z, oy, € A. By Proposi-
tion 7,
Ao =[ U _oull) = s (5,00 < AL)
p 1Jq Tp sYq

(3) — (1). Suppose Ao A C A. Then A(zy) > (Ao A)(zy) =
sup T(A(a), A(b)) > T(A(x), A(y)). Thus A is a t-fuzzy groupoid.d

ab=xy

DEFINITION 10. Let A be a t-fuzzy subgroup of a set X. A is called
a t-fuzzy invariant (or normal) subgroup of X if A(xy) = A(yz) for all
z,y € X.

THEOREM 11. Let A be a t-fuzzy invariant subgroup of an associa-
tive set X. Then

(1) For a fuzzy set B of X, Ao B = Bo A.
(2) If B is a t-fuzzy subgroup of X, so is B o A.

Proof. (1)
(Ao B)(z) = sup T(A(y),B(z)) = sup T(A(wz"),B())

= sup ) T(B(2), Az 'z)) = §111p: T(B(z), Az 'z))

= sup T(B(:), () = (B o A)a).
(2) By Theorem 9 and part (1) of this theorem, (B o A)o (Bo A)
c(AoB)oA =Bo(BoA)oA = (BoB)o (AOA)Q o A.
(Bod)(@™) = sup T(B(y),Al2))= sup T(A(T),By™) =

(Ao B)(x). Since A oB=BoA, (BoA)(z™1!)=(BoA)(x).

O

PROPOSITION 12. If A is a t-fuzzy invariant subgroup of a group
X such that A(e) =1, then X4 = {z € X : A(z) = A(e)} is a normal
subgroup of X.

Proof. 1t is easy to see that X 4 is a subgroup of X. Let g € X
and h € X 4. Then A(h) = 1. Since A is a t-fuzzy invariant subgroup,
A(ghg™') = A(hg~tg) = A(h) =1, and hence ghg™! € X 4. Thus X4
is a normal subgroup of a group X. O
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PrOPOSITION 13. If A is a t-fuzzy invariant subgroup of X and B
is a fuzzy set in X, then h™1(h(B)) = Xs 0 B, where h : X — X/Xa

is a natural homomorphism.

Proof.
[ (h(B)))(z) = h(B)(h(z)) = sup  B(y)
yeh=1(h(x))
= sup  B(y)= sup B(y),
yXa=xXa zy~1€Xa
(Xao0B)(z) = sup T(Xa(z),B(y) = S T(1,B(y))
= sup B(y).
zy~leXa
Thus h=}(h(B)) = X4 o B. O]

DEFINITION 14. Let B be a fuzzy set in a set X and f be a map
defined on X. Then B is called f-invariant if, for all z,y € X, f(x) =

f(y) implies B(z) = B(y).

THEOREM 15. Let N be a normal subgroup of a group X and let
G be a t-fuzzy group in X such that G(z) = 1 for all x € N. Let
¢ : X — X/N be a canonical homomorphism. Then G is ¢-invariant
and ¢(G) is a t-fuzzy group in X/N.

Proof. Suppose ¢(z) = ¢(y). Then N = yN, that is, zy~1 € N.
Glx) = Glay~ty) > T(Glay~), G(y)) = T(1,G(y)) = Gly). Gly) =
G(yz™'z) > T(G(yz™'),G(z)) = T(G(zy™'),G(z)) = T(1,G(z)) =
G(x). Thus G(x) = G(y), that is, G is ¢-invariant. Since G is ¢-
invariant, ¢(G)(zNyN) = ¢(G)(zyN) =  sup G(z) = G(zy),

z€¢~ 1 (zyN)
P(G)(aN)= sup G(z)=G(x),and ¢(G)(yN) = sup G(z) =
z€p— L (xN) z€p~(yN)
). Thus
eNyN) = G(zy) > T(G(x), G(y)) = T(#(G)(xN), ¢(G)(yN)),

(
G ((zN)) =o(G) (=™ 'N) = sup  G(2)

z€p—1(xz—1N)
=G(z7") = G(z) = (G)(aN).
Thus ¢(G) = G/N is a t-fuzzy group. O
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PROPOSITION 16. Let S be a fuzzy set in a group X. If Sy = {x €
X : S(z) > t} is a subgroup of X for all t > 0, then S is a t-fuzzy
group in X.

Proof. Let S(z) = t; and S(y) = to with t; < t5. Then z € Sy,
y € Sy, and Sy, C St,. Thus y € Sy,. Since z,y € S, and S, is
a subgroup, zy € Sy,, and hence S(zy) > t1. Since T'(S(x),S(y)) =
T(tl,tg) S T(tl,l) = tl, S(l‘y) 2 tl Z T(S(:L‘),S(y)) Let S(Z) = t.
Then z € S;. Since S; is a subgroup, 2= € Sy, that is, S(z7!) > ¢t.
Thus S(z71) > S(z). Similarly, we may show S(z) > S(271). Hence
S is a t-fuzzy group. O

THEOREM 17. Let S be a subgroup of a group X and let H be a
fuzzy set in X defined by
if veS
nw={" "
0 ifrzeX-5.

Then H is a t-fuzzy group and every subgroup S of a group X can be
represented as S = H, = {x € X : H(x) = p}, where 0 < p.

Proof. Let x,y,z € X.
(i) Suppose x,y € S.
Then zy € S, and hence H(x) = p, H(y) = p, and H(zy) = p. Since
T(H(z),H(y)) =T(p,p) < T(p,1) = p, H(xy) =p = T(H(z), H(y)).
If € S, then 271 € S, and hence H(z7!) =p= H(2). If 2 ¢ S, then
271 ¢ S, and hence H(z7!) = H(z) = 0. Thus H is a t-fuzzy group.
(ii) Suppose z € S, y ¢ S, and zy € S.
Then H(z) = p, H(y) =0, and H(zy) = p. Since T'(H(z),H(y)) =
T(p,0) < T(p,1) = p, H(xzy) = p > T(H(z),H(y)). We may show
H(z7') = H(z) for all z € X as shown in part (i). Thus H is a t-fuzzy
group.
(iii) Suppose z € S, y ¢ S, and xzy ¢ S.
Then H(z) = p, H(y) = 0, and H(zy) = 0. Since T(p,0) = 0,
T(H(x),H(y)) =T(p,0) =0. Thus H(zxy) =T(H(x),H(y)). We may
show H(z7!) = H(z) for all 2 € X as shown in part (i). Thus H is a
t-fuzzy group.
(iv) Suppose z ¢ S and y ¢ S.
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Then H(x) = d Hy) = 0. If zy € S, then H(zy) =

T(H (), ()) (00) nd hence H(zy) > T(H(z), H(y)). Ify
S, then H(zy) = T(H(x), H(y)) = 0. We may show H(z71) = H(
for all z € X as shown in part (i). Thus H is a t-fuzzy group.

From (i), (ii), (iii), and (iv), H is a t-fuzzy group in X. Let oo € H,.
Then H(a) = p > 0, and hence v € S. Thus H, C S. Let g € S.
Then H(B) = p, and hence 8 € H,. Thus S C H,. Hence S = H,. O

\‘Eml\/
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