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THE FROBENIUS NUMBERS OF SOME NUMERICAL
SEMIGROUPS

HyunGg NAE LEE AND ByYuNG CHUL SONG

ABSTRACT. Let S; be the numerical semigroup generated by the set
{a,a+d, - ;a+ (i—1)d,a+ (i + 1)d,--- ,a+ rd}. In this paper,
we will formulate the largest nonmember, the Frobenius number, of
each set S;.

1. Introduction

If the greatest common divisor of the positive integers ag,aq, - - - ,a,
is 1, then the set

1=0

where N* = NU{0}, contains all the nonnegative integers except a finite
set of numbers. In this case we call the set S a numerical semigroup
generated by the set {ag,ay,---,a,}. Denote S by < ag,ay, -+ ,a, >.
We denote F'(S) by the largest nonmember, the Frobenius number, of S.
In 1956, Roberts [?] found F(S) for S =< a,a+d,--- ,a+ rd >, when
(a,d) = 1. In general if 2 numerical semigroups 7; and T3 are generated
by 2 sets By and B, respectively with By C Bs, then F(T) > F(T3).
So if we add (or delete) terms into (or from) a given set B to make B’,
then the Frobenius number of the numerical semigroup generated by B’
may be changed. Several authors [?], [?], [?] treated F/(B’) when B is a
finite arithmetical progression. Throughout this paper we assume that
the positive numbers a, d, r satisfy (a,d) = 1 with a > r > 3. Now we
consider the sets B = {a,a+d,--- ,a+rd}, B = B\{a+id}, S =< B >
and S; =< B; > for 1 <i <r — 1. Note that F(S) = [“2]a+ (a — 1)d
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(See [?]), where [g] be the largest integer less than or equal to ¢. In
this paper we will compute F(S;) and find a necessary and sufficient

condition under which F(S) = F(S;).

2. Main Theorems

Let Agm) be the set of numbers with m addition of elements from B;,
that is,

A = {3 ajla; € B}
j=1

Then clearly S; = UanZOAEm), where AEO) = {0}.

If2<i<r—2andm>2, then Aﬁ’”) ={ma,ma+d,--- ,ma+ mrd}.
Since S; =< a,a+d, - ,a+rd > \{a+ id},

F(S;) = max{F(S),a + id}.
Note that Agm) = {ma,ma + d,--- ;ma + mrd} for m > 2. If we
choose ng be the smallest integer such that ngr > a + 1, then it’s easy
to check that ng = [¢] + 1. Since nor > a + 1, A" contains the set

C={npa+2d, - ,noa+ (a+1)d} =noa+{2d,3d,--- ,(a+1)d}. We
also note that since (a,d) =1 the set C' = Z, (mod a).

THEOREM 2.1. F(S1) = [¢]a + (a + 1)d.

Proof. Let a = [%]a + (a + 1)d, then since ngr > a+1 > (ng — 1)r
we have a = [%]a + (a + 1)d > (ng — 1)a + (ng — 1)rd. Which means
that o ¢ U?ialAgj). Since (a,d) = 1, we have kd # d (mod a) for any

k=2,3,---,a. So the smallest number in u;‘;noAY) that is equivalent to
d modulo a is noa+(a+1)d. But nga+(a+1)d > «, so that a ¢ Uj‘;noAgj).

In conclusion we have o ¢ U;’-’;OASJ ) = 5. Since C contains an element
in each residue class modulo a, for any p > 1 there exists 3 € C such
that a+p = [ (mod a). But we have f—a < (ng—1)a+(a+1)d < a+p,
so that o+ p > 3. And since § € C C AY‘O) C Sp, we have o+ p € S;.
So that a = F(S1). O

Now we consider Aﬁ”ﬁ ={ma,ma+d,--- ,ma+ (mr—2)d, ma+mrd}.
And let ng be the same as above. We denote the residue of n modulo ¢
by n (mod t).
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THEOREM 2.2. If a (mod r) = 1, then F(S,_;) = [%]a + (a — 2)d
when a > d and F(S,_1) = ([¢] = 1)a + (a — 1)d when a < d.

Proof. If a > d, since a = (ng — 1)r + 1, we have
AV = (ng — Da+{0,d, -+, ((ng — 1)r — 2)d, (ng — 1)rd}
= (no—1)a+{0,d,2d,--- ,(a — 3)d, (a — 1)d}.
Clearly a = [%]la+ (a —2)d ¢ Affiofl), and so o ¢ u;?gglAij_)l. Now since
a = (a—2)d (mod a) and (a,d) = 1, the smallest element in U AD

=n r—1
that is equivalent to a modulo a is nga+ (a — 2)d which is largefr than a.
That is o ¢ U;’inOAij_)l. Now since the set D = (ng—1)a+{0,d,--- , (a—
1)d} = Z, (mod a), for p > 1, a +p = [ (mod a) for some 5 € D. If
B # (np—1)a+(a—2)d, since f—a < (ng—2)a+(a—1)d = a—a+d < a,
a+p>pe€ Afﬁ(’fl) C Sp-1. f 8= (ng—1)a+ (a —2)d = a, since
a+p>p, at+p>pF+ac AT(ZOI) C S-—1. S50 a+p € S._4. Thus
F(Sr—l) = Q.
Let v = ([4] — 1)a+ (a — 1)d. If a < d, since [*=2] = [¢] — 1, F(S,_1) >
F(S) =~1Ifp>1 ~v+p = [ (moda) for some § € D. If § #
(ng—1)a+ (a—1)d, since 8 < (ng—1)a+(a—2)d=~v+a—d<~y+p,
we have y+p > f+a € Afiol) C Sp1. I B=(ng—1)a+ (a—1)d, since
b—a=v<~v+p,yv+p>pE€ Affiofl) C Sr—1. Sovy+peS,_1. Thus
F(Srfl) =7 L

THEOREM 2.3. If a (mod r) # 1, then F(S,_1) = [%]a + (a — 1)d.

Proof. Since (a,d) = 1 and a — 1 < ngr — 2, the set £ = nga +
{0,d,--- ,(a—1)d} C Afﬁol) is equivalent to Z, modulo a. If @ (mod r) =
0, then a = (ng — 1)r. So Affiofl) = (no — 1)a+{0,d,---,(a —2)d,ad}
and @ = (ng — Da+ (a — 1)d & U?ialAijjl. Moreover, since (a,d) =
1, the smallest number in U?‘;noAgjj , which is equal to o modulo a is
noa + (a — 1)d. And since nga + (a — 1)d > a, « ¢ S,_1. Since E = Z,
(mod a), for any p > 1 there exists § € E such that a+p = (mod a).
But f—a<(ng—1l)a+ (a—1)d < a+p. Sothat a+p > € S,_;.
So a+p € S,_1. We have F(S,_1) = [%]a+ (a —1)d. If a (mod 7) > 1,
then a > (ng—1)r+1. So that the largest element (ng—1)a+ (ng—1)rd
in the set U?ialA,@l is smaller than o = (ng — 1)a + (¢ — 1)d. And
0o A(j)

since (a,d) = 1, the smallest element in U2, A", that is equivalent to
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a modulo a is nga + (a — 1)d, which is larger than «. Finally for any
p > 1 there exists § € E such that a + p = # (mod a). Similar to the
above, a +p > [ € S,_1, which implies F(S,_1) = a. O

COROLLARY 2.4. Two Frobenius numbers F(S;) and F(S) are differ-
ent if and only ift =1 orr =a—1 and id > ad—a—d ori=r—1 and
a (modr)=0ori=r—1a>danda (mod r) = 1.

Proof. If i =1, F(S1) = [%4]la+ (a + 1)d > [“2]a + (a — 1)d = F(95).
If2<i<r—2andr<a-1,since a+id <a+ (a—1)d < [“2]a+
(a —1)d = F(S), F(S;) = F(9).

If2<i<r—2andr=a-—1, F(S;) = F(5) is equivalent to a + id <
(a —1)d.

If i =r—1and a (modr) # 1, by Theorem 2. 3., F'(S;) = F(S) is
equivalent to [¢] = [¢2]. This condition is identical to a (mod r) > 2.
Ifi=r—1a (modr)=1and a > d, F(S,_1) = [*|la+ (a — 2)d #
[“2la+ (a — 1)d = F(95).

Ifi=r—1,a (modr)=1landa <d, F(S,_1) = ([%]-1)a+(a—1)d =
[“2]a+ (a — 1)d = F(95). O
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