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LIMIT THEOREM OF THE DOUBLY STOCHASTIC
MATRICES

SEUNG-IL BAIK AND KEUMSEONG BANG

ABSTRACT. In this paper we shall study the limit of the doubly
stochastic matrices obtained from Boolean regular matrices.

1. Introduction

In this paper we shall explain how our Boolean regular matrices lead
to doubly stochastic matrices. Suppose that 2 is a oc—algebra on a
non-empty set S. Then we can give a probability measure P on 2 as a
function of elements of () satisfying three axioms :

i) For every element a;; € €, the value of the function is a non-
negative number : P(a;;) >0 .

ii) For any two disjoint elements a;; and a;;, the value of the function
for their union a;;Ua; is equal to the sum of its value for a;; and its
value for a;, : P(a;jUay) = P(aij)+ P(ag) provided a;;Nagy =0 .

iii) The value of the function for S is equal to 1 : P(S) = 1. [Ref :
p.23.[2]]

Let A = (a;;) € M,(2°) be a Boolean regular matrix (That is,

Za““ =5 = Zaki,aik Naj, =0 = ag; Nay; for i # j.). Then by the
k=1 k=1

p?operties of the Boolean regular matrix we obtain a doubly stochastic
matrix P = (p;;) such that p;; = P(a;;) .

In this paper we use the Definitions and a Theorem which is related
to the stochastic matrix and a fixed vector in [5].
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DEFINITION 1.1. A row vector u = (uy, ug, -+ ,uy,) is called a proba-
bility vector if its components are nonnegative and their sum is 1.

DEFINITION 1.2. A square matrix A = (a;;) is called a stochastic
matrix if each of its rows is a probability vector, i.e. if each entry of A
is non-negative and the sum of the entries in every row is 1.

DEFINITION 1.3. A stochastic matrix A = (a;;) is called a semi-
positive if all the entries of some power A™ are positive.

DEFINITION 1.4. A non-zero row vector u = (uy, ug, -+ ,u,) is called
a fixed point of a square matrix A if u is left fixed, i.e. is not changed,
when multiplied by A :

uA =u .

NOTE : If u is a fixed vector of a matrix A, then for any real number
r # 0 the scalar multiple ru is also a fixed vector of A.

THEOREM 1.5. Let A be a semi-positive stochastic matrix. Then :

(1) A has a unique fixed probability vector t, and the components of t
are all positive ;

(2) the sequence A, A% A3,--- of powers of A approaches the matrix
T whose rows are each the fixed point t ;

(3) ifu is any probability vector, then the sequence of vectors uA, uA?,
uwA3, .- approaches the fixed point t.

Proof. See [4]. O

NOTE : A™ approaches T means that each entry of A™ approaches
the corresponding entry of 7', and uA™ approaches ¢t means that each
component of uA™ approaches the corresponding component of ¢.

DEFINITION 1.6. A stochastic matrix A is called a doubly-stochastic
if not only the row sums but also the column sums are unity.

Let SUL(RT) = {A = (aij) | Zaik = 1,Zakj =1} . Then SU,(R™)
k=1 k=1
is the set of all n x n doubly-stochastic matrices.

NOTE : If A and B are matrices in SU,(R"), then AB is also in
SU,(R"), i.e. SU,(R™) is closed with respect to multiplication.



Limit theorem of the doubly stochastic matrices 157

2. Main Theorem

Now we prove the limit theorem of semi-positive doubly stochastic
matrix that is not cyclic.

THEOREM 2.1. If A is a semi-positive doubly stochastic matrix, then
1

lim A™ = —J where J = (a;j),a;; =1 for all i,j .
n

m—00

Proof. : Let X = (z1,x9,--+ ,x,) be a fixed probability vector of A.
Then XA = X, le = 1 and x; > 0 for all 7. From the equation

i=1
XA =X, ie (z1,29, -+ ,2,)A = (21,29, - ,2,), Wwe obtains a non-
homogeneous system ;
n
() Zaikxi =ux, forall k=1,2,---,n.
i=1
n n—1
Since sz =1, z,=1-— sz . Thus we can write the equations
i=1 =1
as follows.

n—1 n—1

(#) Zaz‘kl‘mLank(l—Zx,;) =xp (E=1,2,--+,n).

i=1 =1

n—1 n—1
=1 i=1

n—1 n—1 n—1
If £ = n, then Zamxi — annz z;— (1 — Zacz) = —Qn, .
i=1 i=1 i=1

n—1

That is, Z(am —pp + D)z =1 — apyy -

=1

This equation is linearly dependent to the (n — 1) equations with
k=1,2,3,--- ,n—1.Hence it is enough to solve (n — 1) equations. We
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use the Cramer’s rule. Thus x; is given by

ay — app — 1 Q21 — Qnp1 s —Gnp1 ctr Qp—11 — A1

a12 — Gp2 a2 — Qpo — 1 ce —Aap2 o Ap—12 — Ap2

a1i — Qng Q2i — Qpy T Tl Tt QAp—14 T O

A1p—1 — Apn-—1 Ao2p—1 — Apnp—1 e —Qpn-—1 T Ap—1n—1 — Qnn—1 — 1
aip — apy — 1 ag; — apy St i — Qg “tt Gpo11 — Apl

a12 — Qp2 Ay — Apa — 1 crr Ui T Ap2 crr Qp—12 — Qp2

a1i — Qni 2i — Qnj C Qi = G — L Q1 — G

A1p—1 — Appn—-1 A2p—1 — Qpp—-1 °°° Aip—1 — Qpp—-1 An—1n—1 — Ann—-1 — ]-

Replacing the i—th column in the denominator by the sum of all the
columns and making the addition

(a1 = @pi) + (a2i = Qpg) + -+ + (@5 — Qpi — 1) + (Qigp1i — Qn) + -+ (Qn_1i — Qi)
= (ah-—i—agi—i—---+aii+ai+1i+---+an,1i)—(n—l)am—l
= (1—ay)—(n—1ay—1=-nay (i=1,23,--- ,n-1).

Then the denominator of x; is equal to n times numerator of z;.

Hence z; = % for all i = 1,2,--+ ,n — 1. Thus X = (%,%, ,%) is a
fixed probability vector of A. Therefore,

1 1 1 1
T 1

m—0oo .« .. DY . .. .« .. ... n
1 1 1 1
n n n n

0.1 0.3 0.2 04
0.5 0.1 0.3 0.1
02 04 01 03| adX = (zr,2,2524)
0.2 0.2 04 0.2
be a fixed probability vector of A.
Then

EXAMPLE 1. Let A =
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(0.1 — 0.2 = 1)xy + (0.5 — 0.2)z5 + (0.2 — 0.2)x5 = —0.2
(0.3 =0.2)z; + (0.1 — 0.2 — 1)zg + (0.4 — 0.2)z5 = —0.2

(02—=0.4)z1+ (0.3 —04)xs + (0.1 = 0.4 — 1)x3 = —0.4 .
Thus

((— 1.1z, + 0.324 =—0.2
0.1z — 1.1x9 + 0.225 =—0.2
|~ 0227 — 0.1y — 1323 =—04.
Hence
(1121 — 329 =2
r1— 1lxg + 223 =—2
L 2$1 + 29 + 13$3 =4 .

Thus ZE1:$2:$3:%:$4.
Therefore

lim A™ =

m—00

B 1 | s |
s [ [ [
s [ [ s
S [ [ s =

In fact we can check this by computer calculation.
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