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INEQUALITIES FOR JACOBI POLYNOMIALS
IN Soo PyuNnG AND HAE Gyu KiMm

ABSTRACT. Paul Turan observed that the Legendre polynomials
satisfy the inequality P,(x)? — P,_1(2)Ppii(z) > 0,—1 < 2 < 1.
And G. Gasper(ref. [6], ref. [7]) proved such an inequality for Ja-
cobi polynomials and J. Bustoz and N. Savage (ref. [2]) proved
PX(x)Pl () — P2 (2)PP(z) >0, <a<f<a+20<z<]l,
for the ultraspherical polynomials (respectively, Laguerre ploynomi-
als). The Bustoz-Savage inequalities hold for Laguerre and ultras-
pherical polynomials which are symmetric. In this paper, we prove
some similar inequalities for non-symmetric Jacobi polynomials.

1. Introduction

A distribution function «a(z) is a non-decreasing function defined
on (—oco,00) such that the moments [~ a"da(x) are finite for n =
0,1,2,--- . A sequence of polynomials{ P, (z)} with degree P,(z) = n is
said to be orthogonal if

(1.1) / P, () Py (z)da(z) = kpbmp, m,n =0,1,2,--- .
where k,, > 0.

Probably the best known orthogonal polynomials are the classical or-
thogonal polynomials. These include the Jacobi, Laguerre and Hermite
polynomials. The ultraspherical polynomial is a special cases of the Ja-
cobi polynomial and in turn the Legendre and Chebyshev polynomials
are special ultraspherical polynomials. The Hungarian mathematican
Paul Turan observed that the Legendre polynomials satisfy the inequal-
ity
(1.2) Py(2)* = Py 1(2)Pra(2) >0,-1 <z < 1.
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Gabor Szego(ref. [10]) gave two very beautiful proofs of (1.2). In the
years since Szego’s paper appeared, it has been proved by various people
that the classical orthogonal polynomials satisfy (1.2) (ref. [1], ref. [3],
ref. [4], ref. [8], ref. [9], ref. [11]). In particular, G. Gasper(ref. [6], ref.
[7]) proved such an inequality for Jacobi polynomials and J. Bustoz and
N. Savage(ref. [2]) proved

(1.3)
1
P ()Pl () = PS4y () Pl () > 0, gSa<f<at20<z<l,

for the ultraspherical polynomials (respectively, Laguerre ploynomials).
The Bustoz-Savage inequalities hold for Laguerre and ultraspherical poly-
nomials which are symmetric.

In this paper, we prove some similar inequalities for non-symmetric
Jacobi polynomials.

2. Main results

We will need the following inequalities(ref. [5], ref. [11]). We will
frequently suppress the independent variable and write P»® for P%*(x).

2n+1)(n+a+b+1)(2n+a+b)PY,
2.1) =@n+a+b+1)[2n+a+b)(2n+a+b+2)x+a® — b PP’
—2n(n+a)(n+b)(2n+a+b+2)P" n=1,23, .

n—1

(22)  pt=2y (”; “) (:ji) (z— 1) ™z + 1)™.

(2.3) (1 —2)P 4 (1 + 2) PeOTE = 2p%b,
(2.4) (2n + a+b)P 1 = (n 4 a + b)P** — (n+ b)P™,.
(2.5) (2n+a—+b)P* ' = (n4+a+b)P* + (n+a)P"’,.

(2.6) pob-l _ parib — pb

b
(27) (n+5+5+ VA=) = (n+at+ DP = (n+ )P,
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b a
(2.8) m+g+§+nu+waﬁﬂ:m+b+nm#+m+naﬁ.

Writing R,, = R,(z) = P*(z), S, = S,(z) = P%¢(x) and letting a
prime denote differentiation with respect to x, we find from pp.71-72 of
ref. [11] that

(1-2*)R, = E,R, + F,R,_1

= Gan + Han+17
(1-— :L'Z)Sn =E'S,+ F’S, 4
=G S, + H, Sni1,
where
B B n(b—a)
By = Bn(w) = —na n+a+b’
2(n+a)(n+0b)
Fn: )
2n+a—+b
(n+a+b+1)(a—>b)
= == 1
Gp,=Gpx)=n+a+b+1)z+ mtatbr2
H 2+ 1)n+a+b+1)
" on+a+b+2 ’
(2.10) n(d— )
Ef=FE* = —nr— ——
" n(7) ne 2n+c+d’
P 2(n+c)(n+d)

Y

" 2n+c+d
(n+c+d+1)(c—d)

Gy = Gi(a) = (e +d+ Do+ T

I

o —2(n+1)(n+c+d+1)
" 2n+c+d+2 '

Note that E,,, G, E and G, are linear in z, while F,, H,,, F;; and H}
are independent of x. Define 6, = d,(x;a,b,¢,d) = R,Sni1 — Rut15n.
Since (1 —22)8, = (1 — 22)(R,,Sn11+ Sy 1 By — Ry 1S — Rny1 S,,) from
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(2.9), we obtain

/

(1 -2,
= (Ean + Fanfl)Snfl + (E:LHSnJrl + F;HSn)Rn
— (Bnp1 Rug1 + Foy 1 Ry)Sn — (ERSn + FySu1) R
= (Gn+ E,1)R.Sny1 — (G, + Eni1)Roya S

+ (Hp — Hpy) Ry Sngr + ( ;—i-l — Fo1) RnSh.

(2.11)

If weset c=a+k,d=0b—Fkin (2.11), we get
(1 - xQ)A;l = (CHAZ+1)RnQn+1 - (CT*L + An+1)Rn+1Qn

(2.12) .
+ (By1 — Bnt1) RnQn,
where
An = RnQnJrl - Rn+1Qn7 R'FL — P,r?’b’ Qn = P;Zﬁ’k,b*k’
b—a— 2k
An - EnaAZ = —nNTr — w7
2n+a+b

(mn+a+b+1)(a—0b+2k)
2n+a+b+2

and k£ = +1.

?

Con=GpCr=(Mn+a+b+1)x+

2(n+a+k)(n+b—k)

B, =F,, B, =
2n+a+b

After adding and substracting (CF + A,41)RyQny1 from (2.12), we
get

(2.13)
(1—a2%)A,
= (CZ + An+1)(RnQn+1 - Rn-i-lQn) + (Cn + AZH - O; - An+1)
RnQnH + ( :L+1 - Bn+1>RnQn
= (CZ + AnH)An + Rn[(Cn - CZ + A;-s—l - An+1>Qn+1
+ (B:H-l - Bn—l—l)Qn]'

’

Further, since

[(1—2)" 1+ 2)°A] =(1—2)* 1+ 2)" ' [{-a(l +2)
+ B(1 —2)A )} + (1 — 22)A,).



Inequalities for Jacobi Polynomials 71

We get from (2.13) that

(2.14)
[(1—2)*(1+ x)ﬁAn]'
=(1—2)* "1 +2) "{-a(l+2)+ 801 —2)A, + (C + A1) A}
+ R {(Cr, = Cp + Ay — Ani1)@nir + (B 1 — Bag1)Qn )l

Therefore, setting

_ 2a+dad*+ab+2an+k(l+a+b+n)

k
a(n, k) 2n+a+b+2

and
204+ +ab+2n—k(1+a+b+n)

Bln. k) Mt+atbht? '

We get for —1 < x < 1 and n > 0 the identity

[(1—2)*(1+2)° D)
(215)  =(1-2)"'"1+2) 'RJ(Cp— Ci4+ Al — A1) Qui1
+ (B — Bni1)@nl

upon which our proof of the following Theorem 2.1 will be based.

THEOREM 2.1. If b > a > 0, then

A, = PRPPetTt  peb patlbl S () for —1 <z < 1.

Proof. We get from (2.15) that

[(1—2)°(1 +2)P A
= (1—2)* (14 2)* 1 PUY(C, — O 4+ A%y — Apyy) PUHI
+ (Bhy1 — Bpy1) P,

where
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2a+a*+ab+2an+ (14+a+b+n)
o =

0 +a+b+2 ’
ﬁ:Qb+62+ab+26n—(1+a+b+n)’

2n+a+b+2

b+1)(a—b

Cn<x>=(n+a+b+1)“mzsiaib)% g
Ciz)=(n+a+b+1)x+ (n + Q2Zi—g_1i_)§)a+_2b+ 2>7
Anpa(z) = =(n+ 1)z — é:;ii)j_bb—ﬁ;’
Appa(@) = —(n+ Do - B0,
Buae) = 2
A e e

(Case 1) If P*b(z) = 0 for some x, then
(2.16) An(x) = — P, patib-1,

n+l-n
From (2.7) and (2.8), we have
b
(217) (n+5 45+ DAL +a) Pt — (1= 2) Py} = 2(n + 1P,
From (2.3) and P**(z) = 0, we have
Pa,b—H _ _( 1— x)Pa—&-l,b.
From (2.17) and the above equation, we have
(n+2+24+1)(1-2)
n+1
From (2.4) and (2.16), we have

An(r) =

a+1,b pa+1,b—1
potibpati-1

(n+a+b+ 1P = (n 4 b) P2
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and

(2.18) potib—l — patld

From (2.18), we have
m+2+2+D)(1—2)n+a+b+1)

Bnlw) = (n+1)(n+b)

(Pg+1,b)2 > O,

for -1 <z < 1.

(Case 2) We now consider the case when P%*(z) # 0, and

(219> (Cn o 0:’21 _'_A;H-l - AnJrl)Pr(Ll-iJ-rll’bil +< ;1-&-1 — Bn+1)Ps+1’b71 =0

: 1b-1 _ ba— _
for some x € (—1,1), i.e., P! = %Pgﬂ,b 1

From (2.4) and (2.19), we have

(n+b—1)(a+b)

ab—1 _ a—1,b—1
20 2n4+a+b)P» " =[(n+a+0) b—a-1 | P?
_ (e’ +ab+n+2an) patL1
(b—a—1) "
From (2.5) and (2.19) we have
(2n + a + b)Peb!
(2.21) —[(n+a+b)+ %] o
_ (a—l—b+ab+62+n—|—26n)Pa7b‘
b—a+1 "
Combining (2.20) and (2.21), we have
ap _ (@ Fab+nt2n)(1—at+b) i,
" (a+b+ab+b2+n+2m)(1+a—>b) "
and
(222) Po (1+2a+a®+ab+n+2an)(l—a+Dd) .15

T Qt+a+3b+ab+b2+n+2m)(1+a—0b) "
From (2.19) and (2.22), we have
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AMC)

_ pa,b pa+1,b—1 a,b pa+1,b—1
_Pn Pn+1 _Pn+1Pn

_ (1—a®+2b+0%) ( a+1,b—1)2
(a+b+ab+b2+n+2m)(1+a+3b+ab+b24+n+20m) "

>0ifb>a>0.

The Bustoz-Savage inequalities hold true for Laguerre and ultras-
pherical polynomials which are symmetric. Here we prove some similar
inequalities for non-symmetric Jacobi polynomials. After using The-
orem 2.1, we get the following corollary. Thus we prove Paul Turan
inequalities for the non-symmetric Jacobi polynomials.

COROLLARY 1. If b > a > 0, then
A (x) = PHPIALY _ psb prttb S 0 for —1 <z < 1.
Proof.

a,b pa+1,b a,b pa+1,b
Pn Pn _PnJranfl

_ | P §f1

- Pgi-ll,b P,:;+1’b

= e ngl (Using the theory of determinant)
_| B P r?fl .

= | patis P;Llj:ll’b_l (Using (2.6))

1b—1 b _ o
= prbprrPTt — pol PotLbTl S 0 in view of theorem 2.1.
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