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ON C-INTEGRAL OF BANACH-VALUED FUNCTIONS

GuUoJU YE AND DAFANG ZHAO*

ABSTRACT. In this paper, we define and study the C-integral and
the strong C-integral of functions mapping an interval [a,b] into a
Banach space X. We prove that the C-integral and the strong C-
integral are equivalent if and only if the Banach space is finite di-
mensional, We also consider the property of primitives corresponding
to Banach-valued functions with respect to the C-integral and the
strong C-integral.

1. Introduction

It is well known that the Henstock integral is a kind of non-absolute
integral and includes the Riemann, improper Riemann, Newton, and
Lebesgue integrals. From the following function

(1) Flz) = xsinmi2 ?f0<$§1,
0 if v =0,

we know that it is a primitive for the Henstock integral, but it is neither
a Lebesgue primitive, neither a differentiable function, nor a sum of
Lebesgue primitive and a differentiable function. It is natural to ask
that is there a minimal integral includes the Lebesgue integral and the
derivative?

In 1996 B.Bongiorno provided a constructive minimal integration pro-
cess of Riemann type, called C-integral, which includes the Lebesgue
integral and also integrates the derivatives of differentiable function.
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B.Bongiorno and L.Di Piazza [1,2,6] discussed some properties of the
C-integral of real-valued functions.

In this paper, we define and study the C-integral and the strong C-
integral of functions mapping an interval [a,b] into a Banach space X.
We prove that the C-integral and the strong C-integral are equivalent if
and only if the Banach space is finite dimensional. If the function has
the property S*C' then it is strongly C-integrable, but the converse is
not true. We also consider the property of primitives corresponding to
Banach-valued functions with respect to the C-integral and the strong
C-integral.

2. Definitions and basic properties

Throughout this paper, Iy = [a, b] is a compact interval in R. X will
denote a real Banach space with norm || - || and its dual X*. A partition
D is a finite collection of interval-point pairs {(f;, &)}, where {I;}I,
are non-overlapping subintervals of Iy. (&) is a positive function on Iy,
Le. 0(¢): Iy »R*. We say that D = {(1;,&)}, is

(1) a partial partition of I if ;_, I; C Io,

(2) a partition of Iy if U}, I; = Io,

(3) 0 - fine McShane partition of [0 if [z C B(&, 6(51)) = (51—5(51), fz—l-
0(&)) and &; € I for all i=1,2,--- n,

(4) 6 - fine C-partition of Iy if it is a 0 - fine McShane partition of I
and satisfying the condition

Z dlSt(fi, IZ) < g
i=1

for the given e, here dist(&;, I;) = inf{|t; — &| : t; € L;},
(5) 0 - fine partition of [y if & € I; C B(&;,0(&)) for all i=1,2,--- n.
Given a 0 - fine C-partition (McShane partition) D = {([;, &)}, we
write

S(f,D)=>_ f(&)IL|
i=1
for integral sums over D, whenever f: Iy — X.

DEFINITION 2.1. A function f : [y — X is C-integrable if there exists
a vector A € X such that for each € > 0 there is a positive function
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d(§) : Iy — R* such that

IS(f, D) — Al < e
for each 0 - fine C-partition D = {(I;,&)}._, of Iy. A is called the
C-integral of f on Iy, and we write A = [ for A= (C) [, f.

The function f is C-integrable on the set F C I if the function fxg
is C-integrable on Ip. We write [, f = [, fxe.

We can easily get the following two theorems.

THEOREM 2.1. A function f : Iy —X is C-integrable if and only if
for each € > 0 there is a positive function §(§) : [y —R™ such that

I1S(f, D1) = S(f, D2)|| < e
for arbitrary ¢ - fine C-partition D1 and Dy of I.

THEOREM 2.2. Let f : [y — X and g : [ — X.

(1) if f is C-integrable on Iy, then f is C-integrable on every subin-
terval of I,

(2) if f is C-integrable on each of the intervals Iy and I, where I
are non-overlapping and I, | J Iy = Iy, then f is C-integrable on Iy and

f11f+f12f:f10f7

(3) if f and g are C-integrable on Iy and if a and [ are real numbers,
then af + Bg is C-integrable on Iy and [, (af +Bg) =a [, f+ 8 [, g-

LEMMA 2.3. (Saks-Henstock) Let f : Iy — X is C-integrable on I.
Then for each € there is a positive function (&) : Iy — R™ such that

15(f, D) - i flh<e

for each ¢ - fine C-partition D = {(I,£)} of Iy. Particularly, if D" =
{(I;,&)}, is an arbitrary ¢ - fine partial C-partition of Iy, we have

Is(.0) =3 [ sl <e

Proof. The proof is similar to the case for Banach-valued Henstock
integrable functions and the reader is referred to [7, Lemma 3.4.1.] for
details. ]
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THEOREM 2.4. Let f : Iy — X, if f = 0 almost everywhere on I,
then f is C-integrable on Iy and ffo f=

Proof. Let € be given. Assume E = {{ € Iy : f(§) # 0} and F =
UE, C Iy where E, = {£ € Iy : n—1 < || f(§)]] < n}. Obviously,
w(E) = 0 and therefore p(E,) = 0, then there are open sets G,, C I
such that £, C G, and u(G,) < —5. We define a positive function
5(&) : Iy — R™ in such a way that §(§) = 1 for £ € [)\E and B(&,6(€)) C
G,if& ek,

Suppose that D = {([,£)} is a 0 - fine C—partition of Iy, then

Hzf+m<2n <

Hence f is C-integrable on Iy and [, f Lt =0 n

COROLLARY 2.5. Let f : Iy — X is C-integrable on Iy. If f = g
almost everywhere on Iy, then g is C-integrable on I and [ I =1 LY
almost everywhere on I.

THEOREM 2.6. Let f : Iy — X is C-integrable on I.
(1) for each xz* € X*, the function x*f is C-integrable on Iy and

S f =2, f)
(2) If T : X — Y is a continuous linear operator, then Tf is C-
integrable on Iy and [, Tf =T(/[, f)

Proof. (1) Since f : Iy — X is C-integrable on Iy, for each € > 0 there
is a positive function §(€) : [y —R™ such that

for each § - fine C-partition D = {(I, €)} of IO. Hence for each z* € X*,
we have

WW%m—ﬁ%fMQWWWMM—[HKe

(2) T : X — Y is a continuous linear operator, then there exists
a number M > 0 such that ||Tz|| < M]||z| for each z € X. Since
f Iy — X is C-integrable on [y, for each € > 0 there is a positive
function 6(§) : Iy — R™ such that

IS D) = | fll<
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for each ¢ - fine C-partition D = {(/,£)} of . Hence we have

I1S(Tf, D) =TC| Pl <M-[5(f,D) - f [l <e

Io

3. C-integral and strong C-integral

DEFINITION 3.1. A function f : Iy — X is strongly C-integrable if
there exists an additive function F' : Iy — X such that for each ¢ > 0
there is a positive function 6(§) : Iy — R* such that

Z £ L] = F(L)| < e

for each 0 - fine C-partition D = {([;,&)}.—, of Ip. F(Ip) is called the
strong C-integral of f on Iy, and we write F(lp) = [, f.

THEOREM 3.1. Let f : Iy — X is strongly C-integrable on Iy, then f
is C-integrable on I.

Proof. 1t follows from the definitions of the strong C-integral and C-
integral that if f is strongly C-integrable on Iy, then f is C-integrable
on Ij. O

DEFINITION 3.2. A function f : [y — X is strongly Henstock (Mc-
Shane) integrable if there exists an additive function F' : Iy — X such
that for each € > 0 there is a positive function §(§) : Iy — R™ such that

>IN - P < e

for each ¢ - fine (McShane) partition D = {(I;,&)}, of In. F(ly) is
called the strong Henstock (McShane) integral of f on Iy, and we write
F(IO) - f]o f

By the definitions of strong Henstock, strong C-integral and strong
McShane integral and the fact that each ¢ - fine partition is also § -
fine C-partition and therefore is also § - fine McShane partition, we get
immediately the following Theorem.
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THEOREM 3.2. Let the function f : Iy — X.
(a) if f is strongly McShane integrable then f is strongly C-integrable.
(b) if f is strongly C-integrable then f is strongly Henstock integrable.

THEOREM 3.3. If a Banach space X is finite dimensional then a func-
tion f : Iy — X is C-integrable on I, if and only if [ is strongly C-
integrable on .

Proof. We only prove if X is finite dimensional and f : [ — X is
C-integrable on [ then f is strongly C-integrable on I;.

Let € be given. It follows from the definition of the C-integral that
there is a positive function §(&) : Iy — R such that

1> FOU = F(D)| <e
for each ¢ -fine C-partition D = {(I,£)} of Iy. Let {e1,ea,--- ,e,} be

a base of X and ¢; : Iy — R (i = 1,2,--- ,n). By the Hahn-Banach
Theorem, for each e; there is x7 € x* such that

@ SCR oy

for 4,7 = 1,2,--+ ,n and therefore z;(f) = > 7_, g;;(e;) = gi. Since

gi - Ip — R is C-integrable on Iy from Theorem 2.6, there is a positive
function 0,(¢) : Iy — R such that

|15 (gi, Di) — Z/Igz’| <e

for each 0; - fine C-partition D; = {(1,£)} of Ip. By an easy adaptation
of Saks-Henstock Lemma we have

S (Ol - / ol < 2

We also have

F(I):/If:/lggieizgflgieideiGi([)
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where G;(I) = [, g;- Let 6(&§) < §;(€) fori =1,2,--- ,n and consequently

an(g)m—F(f)n = I 0@l = L e
Zuezanz | = Gi(1)
< Yl

for each ¢ - fine C-partition D = {(I,€)} of I,. Hence f is strongly
C-integrable on . O]

IA

THEOREM 3.4. If X is a Banach space then the C-integral is equiva-
lent to the strong C-integral on Iy if and only if X is finite dimensional.

Proof. The proof of necessity is similar to the case for Henstock (Mc-
Shane) integral, see, for example, [8, Theorem 3]. In [8], if X is infinite
dimensional, there exist x7, x5, --- , 25 € X such that

1
27’
for each r, 1 <7 < 2" and we also have

IIZQ ||2<—

for every 0] with |67] < 1,1 <14 < 2". V.A.Svortsov and A.P.Solodov
defined a function f : [0, 1] — X in the following way

B

0 ifteC, ort=d,r>01<i<2,
(3) ft)=<2-32 ifte(al,d)r>01<i<2,

R}

—2-3"xf ift e (d,b)r>0,1<i<2".

1771

Here C' be the cantor ternary set, (af,b}),r > 0,1 < i < 2" being the
intervals of rank r contiguous to C' w1th middle points d] and satisfying

b —af = 3-0+D),

The function is McShane integrable but is not strongly Henstock inte-
grable, then we have f is C-integrable and is not strongly C-integrable.
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In other words, if the C-integral is equivalent to the strong C-integral
then X is finite dimensional. O

DEFINITION 3.3. A function F': [j — X is differentiable at & € I if
there is a f(§) € X such that

jim | ZEED=EE) sy =

We denote f(&) = F'(§) the derivative of F' at &.

THEOREM 3.5. If a function F' : Iy — X is differentiable on I, with
f(&) = F' (&) for each & € Iy, then f : Iy — X is strongly C-integrable.

Proof. Let € be given. By the definition of derivative, for each £ € I,
there is a positive function 6(§) : Iy — R* such that
F(Q) = F(§) ¢
|———F—FOl < 57777
(—¢& 2(1 + €| do])
for all ¢ € Iy with [(—¢| < §(§). Assume D = {(I;, &)}, is an arbitrary
0 - fine C-partition of I, we have

n 2 n
€
DM@ = P < 57 D o(dist )+ 1)
€2 1
—(—+ | <
1+€‘IO‘(6+‘0D €.
Hence f : Iy — X is strongly C-integrable on [j. O

DEFINITION 3.4. A function f : I — X has the property S*C' if for
each ¢ > 0 there is a positive function §(&) : [y — R™ such that

DD &) = FHI - L Lyl < e

i=1 j=1

for arbitrary 0 - fine C-partitions Dy = {(I;,&;)};", and Dy = {(Lj;, Cj)}?zl
Of Io.

THEOREM 3.6. If a function f : Iy — X has the property S*C' then
f is strongly C-integrable on I,

Proof. We will prove the Theorem in two steps.
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Step 1. Let € be given. Assume Dy = {([;,&)}~, and Dy = {(L;, Cj)}?zl
are arbitrary ¢ - fine C-partition of I, then we have

I £EIE =Y SIS

= DD FEOL( Ll = DD AL Ll

= 122D (&) = FGDIL Ll
< ZZ 1£(&) = FIl - 1L Ll < e

By Theorem 2.1 we have f is C-integrable on I;.

Step 2. By Definition 3.4, for each € > 0 there is a positive function
5(§) : Iy — R* such that

m n

SN NG = FEHI L)Lyl <€

i=1 j=1

for arbitrary 0 - fine C-partition Dy = {(I;,&;)};-, and Dy = {(Lj;, Cj)}?:1
of Iy. f is C-integrable on [, and therefore C-integrable on I; for

i = 1,2,--- ,m. Hence for given € > 0 there is a positive function
6i(§) : Ip — R such that 6;(§) < 6(£) and such that for any §; -fine

C-partition D; = {(Lé-, CJZ)};Z  fori=1,2,--- mof I;, then

S NILE < i T €
ISl [ A== [ <5
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Assume D = |JI*, D;, obviously it is a ¢ -fine C-partition of I,. Hence
we have

Z (&)L — F(L)]|

= fjHZf (&) ﬂm—ZF (L)

=
= Ejj [ Z:;(f(&) — FEEDIL () Lyl + ;[ﬂc;)mﬂm — F(L;(|L)]
< Eij 1£(&) = FEOI - 1) Ll
+i H i[f((}ﬂh Nzl - e )l
< fs i <
By Definition 3.1 , f is strongly C-integrable on Ij. O

REMARK 3.1. The converse of Theorem 3.6 is not true, in other words,
if f is strongly C-integrable on Iy, it does not necessarily have the prop-

erty S*C.
Proof. Assume a real-valued function f by

(4) fz) =

2wsinm%—%cosx—12 if0<z <1,
0 if x =0.

It is easy to know that the primitive of f is

(5) Flz) = mzsinz% if0<az <1,
0 if v =0.

F(x) is differentiable everywhere and F'(x) = f(z) everywhere on
[0, 1], then f(z) is strongly C-integrable on [0, 1] from Theorem 3.5.
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Assume f has the property S*C', then for each € > 0 there is a positive
function §(¢) : [0,1] — R* such that

DD &) = FGI - (Ll < e

i=1 j=1
for arbitrary 0 - fine C-partitions Dy = {(I;,&;)};~, and Dy = {(L;, Cj)}?zl
of [0, 1]. Consequently we have

DD MFE =LA Lil < 30D 1) = £ LV Ll < e
i=1 j=1 i=1 j=1

and therefore |f(x)| has the property S*C, then |f(z)| is C-integrable
on [0,1] from Theorem 3.6 and Theorem 3.1. We claim that f(x) is
Lebesgue (McShane) integrable, the proof is too easy and will be omit-
ted. But in fact F'(x) is not absolutely continuous on [0, 1] and therefore
f(z) is not Lebesgue integrable on [0, 1], then f(x) does not have the
property S*C. O

4. Primitive of the C-integral and strong C-integral

DEFINITION 4.1. Let F': I; — X and let £ be a subset of 1.

(a)F' is said to be *AC, on E if for each ¢ > 0 there is a constant
n > 0 and a positive function 6(§) : [y — R* such that || >, F(L)|| < €
for each 0 - fine partial C-partition D = {([;,&;)} of I, satisfying & € F
for each ¢ and ), |I;| <.

(b)F is said to be AC. on E if for each € > 0 there is a constant > 0
and a positive function §(¢) : Iy — RT such that >, ||F(I;)]] < e for
each 0 - fine partial C-partition D = {(;,&;)} of I satisfying &; € F for
each i and ) . |[;| <.

(c)F is said to be ACY on E if for each € > 0 there is a constant n > 0
and a positive function §(¢) : Iy — RT such that ), w(F,I;) < € for
each ¢ - fine partial C-partition D = {(/;,&;)} of I, satisfying &; € F for
each i and ) . |[;| <.

(d)F is said to be *ACG. (ACG., ACG})on E if F is continuous on
E and FE can be expressed as a countable union of sets on each of which
Fis *AC, (AC,, ACY).

THEOREM 4.1. If a function f : Iy — X is C-integrable on I, with
the primitive F : Iy — X, then F is *ACG, on I
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Proof. Since f is C-integrable on I, by the Saks-Henstock Lemma,
for each € > 0 there is a positive function §(¢) : [y — R™ such that

m

DY ) — FU)| < e
i=1
for each ¢ - fine partial C-partition D = {(;,&)}.~, of Io.
Let B, ={(€ly:n—1<|f(&)] <n}forn=1,2,---. Obviously,
the union of E,, is the whole interval I,. Assume that & € E,, for each 1
and )" |I;| < £. Then we have

||ZF(L')H < ||Z f(&) |f|||+||Zf§z | Zi |
< e+n-2|fi|<26_
i=1

This shows that F'is *AC. on FE,,. Hence F is *ACG, on I.
O

THEOREM 4.2. If a function f : Iy — X is strongly C-integrable on
Iy with the primitive F' : Iy — X, then F' is ACG? on I.

Proof. Since f is strongly C-integrable on Iy, by the Saks-Henstock
Lemma, for each € > 0 there is a positive function §(§) : [y — RT such
that

S I - P < e

for each ¢ - fine partial C-partition D = {(;,&)}.~, of Io.

It is easy to get that the primitive F' is continuous on Iy. Thus, for
each i = 1,2, ...,m there exists I, C I; such that the oscillation w(F, I;)
of F on I; equals ||F(L,)||, i.e., w(F, I;) = |F(I,)||. Consequently, we can
get a new § - fine partial C-partition Dy = {(I;, &)}, of Ip. Using the
Saks-Henstock Lemma again, we have

> IFEIE] = FI) < e
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Let B, ={(€ly:n—1<|f(&)] <n}forn=1,2,---. Obviously,
Iy =, Ey. Assume that & € E, for each i and Y. |[;| < £. We have

m

Ywr L) = S IR

=1

< D OEWEL) = FENLIT+ Y IFE - 11
i=1 i=1
< e—i—n'zm:\fg|<2€,
i=1

Hence F'is AC} on E,,. Consequently, F'is ACG}; on I,. O

THEOREM 4.3. If a function F : Iy — X is ACG} on Iy and f(§) =
F'(&) almost everywhere on Iy, then f : Iy — X is strongly C-integrable
on Iy with the primitive F': [y — X.

Proof. There exists a set E C Iy be of measure zero such that f(§) =
F'(&) for € € I)\E. For & € [)\E, by the definition of derivative, for
each £ > 0, there is a positive function 6(¢) : Iy — R such that

AN = F(D) < el]

for |I] < §(¢).

F is ACG?, then there is a sequence of closed set {E;} such that
Iy =, E; and F is AC* on each E;. Let E;; ={{ € ENY;:j—1<
||f(§)|| < ]} where Y = El,Y;‘ = El\(ElLJEQU . 'UEi_l) fori = 2, 3, cee
Obviously E; j,j = 1,2,--- are pairwise disjoint and £ = |J E;;. F is
also AC? on Ejj, So there is a 7 ; < =57 such that

D IEI@)] <270
k

for arbitrary 0 - fine partial C-partition D = {(I, &)} satisfying at least
one endpoint of I, belonging to £;; and >, |Ix| < 1; ;-

There are open intervals G;; such that E;; C G,; and |G, ;| < n;;.
Now for { € E; j,i=1,2,---, put §(§) > 0 such that B(&;,(&)) C Gy
Hence we have defined a positive function §(§) on Iy. Splitting the sum
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> into two partial sums with £ € E and £ € I\ E respectively, we have

Z||f(§z)|fz| — F(L)|
= > @I = F@)l+ Y I @] - Fn)|

l,Eelp\E RIS
< D @I = F@)+ D IF@I+ Y A&
LEEIO\E LEEE l,€E
< E|Io| + ZE .9~ (i49) + Z] “ i
4. 4.
< €2+ |Ip])

for arbitrary ¢ -fine C-partition D, = {(;,&)} of Iy. Hence f is strongly
C-integrable on .
O

From Theorem 4.2 and Theorem 4.3 we get immediately the following
theorem.

THEOREM 4.4. A function f : Iy — X is strongly C-integrable on I
if and only if there is a function F': Iy — X which is ACG? on I, such
that f(&) = F'(§) almost everywhere on I.
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