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G-FUZZY CONGRUENCES GENERATED
BY COMPATIBLE FUZZY RELATIONS

INHEUNG CHON

ABSTRACT. We define a G-fuzzy congruence, which is a generalized
fuzzy congruence, and characterize the G-fuzzy congruence gener-
ated by a left and right compatible fuzzy relation on a semigroup.

1. Introduction

The concept of a fuzzy relation was first proposed by Zadeh [9]. Sub-
sequently, Goguen [2] and Sanchez [7] studied fuzzy relations in vari-
ous contexts. In [5] Nemitz discussed fuzzy equivalence relations, fuzzy
functions as fuzzy relations, and fuzzy partitions. Murali [4] developed
some properties of fuzzy equivalence relations and certain lattice the-
oretic properties of fuzzy equivalence relations. Samhan [6] discussed
the fuzzy congruence generated by a fuzzy relation on a semigroup
and studied the lattice of fuzzy congruences on a semigroup. Gupta
et al. [3] proposed a generalized definition of a fuzzy equivalence rela-
tion on a set, which we call G-fuzzy equivalence relation in this paper,
and developed some properties of that relation. In [8] Tan developed
some properties of fuzzy congruences on a regular semigroup. Chon
[1] characterized the G-fuzzy congruence generated by a fuzzy relation
on a semigroup and gave some lattice theoretic properties of G-fuzzy
congruences on semigroups. The present work has been started as a
continuation of these studies.

In section 2 we define a G-fuzzy congruence and review some ba-
sic definitions and properties of fuzzy relations and G-fuzzy congru-
ences. In section 3 we find the G-fuzzy congruence generated by a

Received November 13, 2006.
2000 Mathematics Subject Classification: 03E72.
Key words and phrases: G-fuzzy equivalence relation, G-fuzzy congruence.

This work was supported by a research grant from Seoul Women’s University
(2005)



242 Inheung Chon

left and right compatible fuzzy relation p on a semigroup S such that

sup u(x,y) > 0 for some x # y € S, find the G-fuzzy congruence
rH£YeS
generated by a left and right compatible fuzzy relation p on a semi-

group S such that p(z,y) =0 for all x # y € S and p(z,z) > 0 for all
z € S, and show that there does not exist the G-fuzzy congruence gen-
erated by a left and right compatible fuzzy relation i on a semigroup
S such that pu(x,y) = 0 for all z # y € S and pu(z,2) = 0 for some
zeS.

2. Preliminaries

We recall some basic definitions and properties of fuzzy relations
and G-fuzzy congruences which will be used in the next section.

DEFINITION 2.1. A function B from a set X to the closed unit
interval [0, 1] in R is called a fuzzy set in X. For every x € B, B(z) is
called a membership grade of x in B.

The standard definition of a fuzzy reflexive relation p in a set X
demands p(z,x) = 1. Gupta et al. ([3]) weakened this definition as
follows.

DEFINITION 2.2. A fuzzy relation p in a set X is a fuzzy subset of
X x X. pis G-reflezivein X if p(z,x) > 0 and p(z,y) < tin)f( p(t,t) for
€

all z,y € X such that x # y. p is symmetric in X if p(x,y) = u(y, )
for all x,y in X. The composition A o u of two fuzzy relations A, p in
X is the fuzzy subset of X x X defined by

(Aop)(z,y) = sup min(A(z, 2), u(2, y))-

A fuzzy relation p in X is transitive in X if popu C u. A fuzzy
relation p in X is called G-fuzzy equivalence relation if p is G-reflexive,
symmetric, and transitive.

DEFINITION 2.3. Let p be a fuzzy relation in a set X. p is called
fuzzy left (right) compatible if p(z,y) < p(zz, zy) (u(z,y) < plxrz,yz))
for all z,y,2 € X. A G-fuzzy equivalence relation on X is called a
G-fuzzy left congruence (right congruence) if it is fuzzy left compatible
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(right compatible). A G-fuzzy equivalence relation on X is a G-fuzzy
congruence if it is a G-fuzzy left and right congruence.

DEFINITION 2.4. Let p be a fuzzy relation in a set X. p~! is defined
as a fuzzy relation in X by p=(z,y) = u(y, x).

It is easy to see that (uov)™t =v~topu~?! for fuzzy relations u and
v.

PROPOSITION 2.5. Let p be a fuzzy relation on a set X. Then
Use, u™ is the smallest transitive fuzzy relation on X containing p,
where u" = popo---opu.

Proof. See Proposition 2.3 of [6]. O

PROPOSITION 2.6. Let p be a fuzzy relation on a set X. If p is
symmetric, then so is Uy p™, where p™ = pto o ---o .

Proof. See Proposition 2.4 of [6]. O

PROPOSITION 2.7. If u is a fuzzy relation on a semigroup S that
is fuzzy left and right compatible, then so is U2, p", where p" =

,u le) :U’ O--+0 /’l“
Proof. See Proposition 3.6 of [6]. O

3. G-fuzzy congruences generated by fuzzy relations

In this section we characterize the G-fuzzy congruence generated by
a left and right compatible fuzzy relation on a semigroup.

PropoOSITION 3.1. Let p be a fuzzy relation on a set S. If u is

G-reflexive, then so is U2 p", where ™ = 1o j1o--- o f.

Proof. Clearly u' = u is G-reflexive. Suppose p* is G-reflexive.

p ,2) = (0 ). 2) = sup minfu (. 2). (2. )

> min[u* (z, x), p(z, )] >0
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for all x € S. Let x,y € S with x # y. Then

inf (¢, ¢) = inf (u* t.t
inf p" (8 8) = nf (1" o p)(t,1)

= inf sup min[u®(t, ), u(z,t)]
tES ZES

> 3 . k
2 inf min[p"(¢,¢), p(t, )]

> min [inf 1" (¢,t), inf p(t,t)] > min[p®
> min [inf p*(¢,7), inf p(t,6)] 2 minfp®(z, 2), p(z, y)]
for all z € S such that z # z and z # y. That is,

inf p"1(t,t) > sup  minfp"(z, 2), p(z,y)).
tesS zeS—{z,y}
Clearly

inf p(t,t) > min [u* (2, 2), p(z, y)]

and

inf pF(t,t) > min 1" (z,y), w(y, y)].

Since p*ti(t,t) > uk(t,t) > u(t,t) for k > 1,
inf p* (¢, 1) > min [u* (@, 2), p(@,y))
S

and

inf p () > min [4* (2, y), 1y, y)].
€

Thus

inf (¢, ¢) > max [ sup  min(u"(z, 2), u(z,v)),
tes zeS—{x,y}

min (p*(z, 2), p(z, y)), min (1" (2, y), 1y, y))]

= sup min[,uk(xa Z)a //J(Za y)]
z€S

= (1" o p)(z,y) = p* (2, y).
That is, 1 is G-reflexive. By the mathematical induction, p" is G-
reflexive for n = 1,2,.... Thus tmg (U, u™|(t,t) = tlng sup(p(t,t), (uo
€ €
p(6:t),...] 2 sup [inf u(,¢), inf (uo p)(tt),...] = suplu(,y),

(Hop)(z,y),...] = [Uplypu"|(z,y). Clearly [UpZ, p"](z,z) > 0. Hence
Use; u™ is G-reflexive. O

k—|—1(
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THEOREM 3.2. Let p be a fuzzy relation on a semigroup S such
that p is fuzzy left and right compatible.

(1) If u(z,y) > 0 for some x # y € S, then the G-fuzzy congruence
generated by p is U, [nUp~t UG]", where 0 is a fuzzy rela-

tion on S such that 6(z,z) = sup p(x,y) for all z € S and
rH#YES
O(x,y) = 0(y,z) < min [u(z,y), u(y,x)] for all z,y € S with

x #y.

(2) If p(x,y) =0 for all z # y € S and p(z,z) > 0 for all z € S,
then the G-fuzzy congruence generated by p is Up2 | p'™.

(3) If p(x,y) =0 forall x #y € S and u(z, 2) —Oforsomeze S,
then there does not exist the G-fuzzy congruence generated by

L.

Proof. (1) Let p3 = pUp~t UB. Since 0(z,2) > 0, p1(z,2) >
for all z € S. Let z,y € S with  # y. Then 0(x,y) < u(z,y)
sup pu(z,y) =0(t,t) for all t € S. Thus

rH#YyeS

. o
inf pa(t,¢) 2 inf 0(¢,¢)

0
<

> max[u(z,y), p~ ' (z,y), 0(z,y)] = m(z,y).
That is, p; is G-reflexive. By Proposition 3.1, Up2; u7 is G-reflexive.
Since 0(z,y) = 0(y,z), § = 6~1. Thus
pa(z,y) = max [u(z,y), n~ " (2,), (2, y)]

= max [~ (y,2), u(y, ), 07" (2, y)]

= max[u~" (y, z), u(y, 2), 0(y, z)]

= p(y, ).
That is, p; is symmetric. By Proposition 2.6, U2, pf' is symmetric.

By Proposition 2.5, U2 | uf is transitive. Hence Uy, pf is a G-fuzzy
equivalence relation containing p. Since 6(x,y) < ,u(a: y) < u(zz, zy),

p (2, y) = max [u(z, y), p~ " (2,y), 0(z, y)]

= max [u(z, y), u(y, x),0(z, y)] = max [u(z,y), u(y, v)]
< max [u(zx, zy), u(zy, zz)]

< max [u(zz, zy), u(zy, zz), 0(zz, 2y)]

= max [z, 29), 5z, ), 6022, 23)] = (e, 23)
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for all x,y,z € S such that x # y. Since §(z,x) = (zx zx) for all
r,z €S, :U’l(m?x) = max [M(%w)aﬂ 1(3:737)70( )] <m [,u(za:,zx),
0(zx,2x)] = max [u(zx, zx), u (22, 21), 0 (2, zx)] = ul(zx,zx) for
all x,z € §. Thus py is fuzzy left compatible. Similarly we may
show py is fuzzy right compatible. By Proposition 2.7, US2; up is
fuzzy left and right compatible. Thus U2, uf is a G-fuzzy con-
gruence containing p. Let v be a G-fuzzy congruence containing pu.
Then pu(z,y) < v(z,y), p ' (z,y) = ply,z) < v(y,z) = v(z,y), and
O(x,y) < p(z,y) < v(x,y). Thus pi(z,y) < v(z,y) for all z,y € S
such that x # y. Since v(a,a) > v(z,y) > p(z,y) for all a,z,y €
S such that =z # y, 0(a,a) = sup p(z,y) < v(a,a) for all a €

w;éyeS
S. Since v(a,a) > p(a,a) = p~(a,a) and v(a,a) > O(a,a) for all
a € S, max [u(a,a),u (a,a), (a a)] < v(a,a) for all @ € S. Thus
1

p1 C v. Suppose pf C v. Then pft(b,c) = (ub o p1)(b,c) =
S

sup min[u¥ (b, d), u1(d, )] < sup min [v(b,d),v(d,c)] = (v ov)(b,c) for
des des

all b,c € S. That is, ukﬂ C (vov). Since v is transitive, ,uk’“ Cv. By
the mathematical induction, ,u” C v for every natural number n. Thus

2y [pupTtUl =0y " = U (pop)U(popop) - C .
(2) Let z,y € S with z # y. Since u(z,y) =0, tingp(t,t) > p(x,y).
€

Thus p is G-reflexive. Since u(z,y) = 0, p is symmetric. By Propo-
sition 2.5, Proposition 2.6, and Proposition 3.1, UsZ; p" is a G-fuzzy
equivalence relation containing . Since p is fuzzy left and right com-
patible from the hypothesis, US2; p™ is a G-fuzzy congruence con-
taining p by Proposition 2.7. Let v be a G-fuzzy congruence con-
taining pu. By the mathematical induction as shown in Theorem 3.2
(1), we may show that p™ C v for every natural number n. Hence
Upty p" = pU (pop)U(popop)--- Cw.

(3) Suppose ¢ is the G-fuzzy congruence generated by u. Then
&(z,z) > 0 for every z € S. Let 6 be a fuzzy relation such that
0(a,b) = %8 for all a,b € S. Then 6(z,2) > 0 for all z € S. Let
x,y € S with z # y. Since £ is G-reflexive, inff(t t) > &(z,y). Since

0(a,b) = 'E(a Y for all a,b € 8, 1nf0(t t) > 6(z,y). Since p(z,y) = 0,
mf (p U 0)(75 t) > tmé@(t t) Z (u U6@)(z,y). That is, p U6 is G-
€

reﬂexwe Since ¢ is symmetric, 6 is symmetric. Since  is symmetric
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and p(z,y) =0, pUO = (pUO) L. That is, u U6 is symmetric. By
Proposition 2.5, Proposition 2.6, and Proposition 3.1, U2, (u U 6)"
is a G-fuzzy equivalence relation containing p. Since 6(a,b) = @
for all a,b € S and £ is fuzzy left and right compatible, 6 is fuzzy left
and right compatible. Since p is fuzzy left and right compatible, U6
is fuzzy left and right compatible. By Proposition 2.7, U2, (u U 6)"
is a G-fuzzy congruence containing u. Since 6(a,b) = 5((;_,17) < &(a,b)
and p(a,b) < &(a,b) for all a,b € S, pUO C & Let uy = p U 6.
Then py C €. By the mathematical induction as shown in Theorem
3.2 (1), we may show that u} C & for every natural number n. Hence

oL rudr =uU2, ™ C €& Let v £ w € S. Then py(v,w) =
(pU8)(v,w) =0(v,w) < tiggﬂ(t,t) < p1(z, z) for every z € S. Suppose

pf (v, w) < pi(z,2) for every z € S. Then

(o) = sup i [k (0,), (5. 0)
s€
= max [ sup min(ulf(v, 5)7 /1’1(57 U))),

seS—{v,w}
min (u’f(v,v),ul(v,w)), min (ulf(v,w),ul(w,w))]

< max [Hl(z7z)’ /Ll(Z,Z), M]f(v7w)] = :ul(zvz)'

By the mathematical induction, pt(v,w) < ui(z,z) for every natural
number n. Clearly u¥(z,2) = pi(z,2) for k = 1. Suppose pf(z,2) =
p1(z,2).  Since p¥(z,8) < pi(z,2) for s # z € S, pitl(z,2)

sup min [ (2, 5), pa(s,2)] = max [ sup min(uf(z,s), m(s,2)),
ses seS—{z}

min (u¥(z,2), u1(2,2))] = pi(z,2). By the mathematical induction,
pi(z,2z) = pi(z, z) for every natural number n and every z € S. Let

p be in S with u(p,p) = 0. Then pa(p,p) = 0(p,p) = G2 < &(p,p).
Since pu}(z,z) = p1(z, z) for every natural number n and every z € S,

[Unzy (wU0)"](p,p) = [UnZy m"](p,p) = pa(p,p) < &(p,p) for some
p € S such that u(p,p) = 0. Hence U2, (U 0)™, which is a G-fuzzy
congruence containing p, is contained in . This contradicts that £ is
the G-fuzzy congruence generated by pu. O
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