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SOME RESULTS ON INVARINAT SUBMANIFOLDS OF
LORENTZIAN PARA-KENMOTSU MANIFOLDS

MEHMET ATCEKEN

ABSTRACT. The purpose of this paper is to study invariant submanifolds of a
Lorentzian para Kenmotsu manifold. We obtain the necessary and sufficient condi-
tions for an invariant submanifold of a Lorentzian para Kenmotsu manifold to be
totally geodesic. Finally, a non-trivial example is built in order to verify our main
results.

1. Introduction

The geometry of almost paracontact manifolds is a naturel extension of the almost
para Hermitian manifolds. The study of almost paracontact metric manifolds started
in [6]. After then, these manifolds were classified by many geometers(see references).

Let M be an n-dimensional Lorentzian metric manifold. This means that it is
endowed with a structure (p, &, n, g), where ¢ is a (1,1)-type tensor field, ¢ is a vector

field, n is a 1-form on M and g is a Lorentzian metric tensor satisfying;

(1) P’X = X+n(X)E, g(eX,9Y)=g(X,Y)+nX)nY)
(2) n€) = -1, n(X)=g(X,¢),

for all vector fields X,Y on M. Then Mn(gp,ﬁ,n,g) is said to be Lorentzian almost
paracontact manifold [13].

A Lorentzian almost paracontact manifold M "(p,&,m, g) is called Lorentzian para
Kenmotsu manifold if

(3) (Vxp)V = —g(pX,Y)E —n(Y)pX,

for all XY € I‘(TM ), where V and F(T]T/f ) denote the Levi-Civita connection and
differentiable vector fields set on M, respectively.
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In a Lorentzian para Kenmotsu manifold M "(p,&,1m,9), we have
(4) Vi€ = =X =X —p(X)¢
(5) (Vxn)Y = —g(X.Y) —n(X)n(Y),
for all X,Y € T(TM).

By R and S , we denote the Riemannian curvature tensor and Ricci tensor of
Lorentzian para Kenmotsu manifold M" (¢, &, n,g), then we have

(6) i R(X,Y){ =n(Y)X —n(X)Y,
(7) R, X)Y = g(X,Y)§ —n(Y)X,
(8) S(€,X) = (n—1)n(X),

The concircular curvature tensor of M "(p,&,m, g) is given by

(9) C(X,Y)Z=R(X,Y)Z — {9V, Z)X — g(X, Z)Y},

-
n(n —1)
forall X,Y, 7 € F(T]T/[/ ), where 7 is the scalar curvature of M.

Now, let M be an immersed submanifold of a Lorentzian para Kenmotsu manifold

M". By [(TM) and T'(T+M), we denote the tangent and normal subspaces of M in
M. Then the Gauss and Weingarten formulae are, respectively, given by

(10) VxY =VxY 4+ 0(X,Y),
and
(11) ViV = —AyX + ViV,

for all X, Y € I(TM) and V € I'(T+M), where V and V* are the connections on M
and I'(T+ M) and o and A are called the second fundamental form and shape operator
of M, respectively. They are related by

The covariant derivative of o is defined by
(13) (Vxo) Y, Z) =Vio(Y,Z) — o(VyY, Z) — o(Y,Vx2),

for all X,Y,Z € I(TM). If Vo = 0, then submanifold M is said to be its second
fundamental form is parallel [6].

By R, we denote the Riemannian curvature tensor of the submanifold M, we have
the following Gauss equation;

R(X,Y)Z = R(X,Y)Z+ Agx)Y — AsyyX + (Vx0) (Y, Z)
(14) — (Vyo)(X, 2),

for all X,Y,Z € T(TM), where if (Vxo)(Y,Z) — (Vyo)(X, Z) = 0, then it is called
curvature-invariant submanifold.
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For a (0, k)-type tensor field 7', k > 1 and a (0,2)-type tensor field A on a Rie-
mannian manifold (M, g), Q(A,T)-Tachibana tensor field is defined by

QAT (X1, Xo, o, Xis X,Y) = —T((XAAY)X1, Xo, oo, X3) .
(15) — T(X1, Xa, o X1, (XAAY)X0), |
for all Xy, X, ..., X, X,V € I(TM), where
(16) (X AAY)Z = A(Y, Z)X — A(X, Z)Y.

DEFINITION 1.1. A submanifold of a Riemannian manifold (M, g) is said to be pseu-
doparallel, 2-pseudoparallel, Ricci-generalized pseudoparallel and 2-Ricci-generalized
pseudoparallel if

R-o and Q(g,0
R-Vo and Q(g, Vo
R-o and Q(S, o
R-Vo and Q(S,%a

are linearly dependent, respectively [1].

)
)
)
)

Equivalently, these can be formulated by the following equations;

(17) R-o0 = LQ(g,0),
(18) R-Vo = L,Q(g,Vo),
(19) R-o = LQ(S.0),
(20) R-Vo = LQ(S, Vo),

where functions Ly, Ly, L3 and Ly are, respectively,Ndeﬁned on

My ={z e M:o(x)#gx)}, Mo ={z € M :Vo(z) # glx)}, My = {x € M :
S(x) #o(x)} and My ={x € M : S(z) # Vo(x)}.

Particularly, if L; = O(resp. Ly = 0), then submanifold is said to be semiparallel(resp.
2-semiparallel) [11].

2. Some Results on Invarinat Submanifolds of a Lorentzian Para Ken-
motsu Manifold

Now, we will investigate the above cases for the invariant submanifold M of a para-
Kenmotsu manifold M™ (¢, &, n,g).

__Now, let M be an immersed submanifold of a para-Kenmotsu manifold manifold
M* (o, & n,g). If o(T,M) C T, M, for each point at z € M, then M is said to be
invariant submanifold. We note that all of the properties of an invariant submanifold
inherit the ambient manifold.

In the rest of this paper, we will assume that M is invariant submanifold of a
Lorentzian para Kenmotsu manifold M" (¢, &, n,¢g). Thus by using (3) and (10), we
have

(21) 0(X,§) =0, o(pX,Y) =0a(X,9Y) = ¢o(X,Y),



178 M. Atceken

and
(22) Vx§=—-X —n(X)§,
for all X, Y € I'(TM).

LEMMA 2.1. Let M be an invariant submanifold of a Lorentzian para Kenmotsu

manifold Mn(ap, &,1,9). The second fundamental form o of M is parallel if and only
if M is totally geodesic.

Proof. Let’s assume that o is parallel. Then (13) yields to
Vxo(Y,Z) = a(VxY,Z) - o(Y,VxZ) =0,
for all X,Y,Z € I'(T'M). Here, taking Z = &, by virtue of (21) and (22), we reach at
(Vi Y.€) = oY, Vx€) = —o(¥, =X = n(X)¢) = o(¥. X) = 0
This proves our assertion. The converse is obvious. O
Lemma 2.1 is important for later theorems and propositions.

THEOREM 2.2. Let M be an invariant pseudoparallel submanifold of a Lorentzian
para-Kenmotsu manifold M™(p,&,n,g). Then M is either totally geodesic or Ly = 1.

Proof. Let M be pseudoparallel submanifold of a Lorentzian para Kenmotsu man-
ifold M (¢, &, m, g), then from (17) we have

(R(X,Y)-0)(U,V) = LiQ(g,0)(U,V; X, Y),
for all X,Y,U,V € I'(T'M). This implies that
R*(X,Y)o(U,V) — o(R(X,Y)U,V)—0o(U RX,Y)V)
= —Li{o(X AU V) +0(U, (X A, YIV)}
= —Li{o(g(Y,U)X —g(X,U)Y,V)
(23) + o(U.g(Y,V)X —g(X,V)Y)}

forall X,Y,U,V € I'(TM). Taking V = ¢ in (23) and taking into account of (21), we
obtain

o(R(X,Y)E,U) = Li{n(Y)o(X,U) = n(X)o(U,Y)}
o(X)Y —n(Y)X,U) = Li{n(Y)o(X,U) —n(X)o(U,Y)}

This completes the proof. n
From the Theorem 2.2, we have the following proposition.

PROPOSITION 2.3. Let M be an invariant pseudoparallel submanifold of a Lorentzian
para-Kenmotsu manifold M"(p,&,n,g). Then M is semiparallel if and only if M is
totally geodesic.

THEOREM 2.4. Let M be an invariant 2-pseudoparallel submanifold of a Lorentzian
para Kenmotsu manifold M™(p,&,n, g). Then M is either totally geodesic or Ly = 1.
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Proof. Let M be 2-pseudoparallel of a Lorentzian para Kenmotsu manifold M "(p,&,m, 9).
Then from (18), we have

(R(X,Y)-Vo)U,V,Z) = LQ(¢9,.Vo)(U,V, Z: X,Y),
for all XY, U,V,Z € I'(TM). This means that
RHX,Y)(Vuo)(V, Z) = (Vapywo) (V. Z) = (Vuo) (R(X, V)V, Z)
— (Vuo)(V,R(X,Y)Z) = —Lo{(Vxn,yywo)(V, Z) + (Vyo) (X A, YV, Z)
+ (Vuo) (V. (X A, Y)Z)},

RH(X,Y)(Vyo)(V, Z) — (Vrxywo) (V. Z) — (Vuo)(R(X,Y)V, Z)
— (Vo) (V,R(X,Y)Z) = —Lo{g(Y,U)(Vx0)(V, Z) — g(X,U)(Vyo)(V, Z)
+ (6UU)(9(K V)X - g(X7 V>Y7 Z) + (6UU)(‘/7 g<Y7 Z)X - g(X7 Z>Y>}

In the last equality, taking X = Z = £ and the after necessary arrangements are
made, we obtain

RHEY)(Vuo) (V&) = (Vaeruo)(V.€) = (Vuo)(R(EY)V.€)
— (Vuo)(V, R(£,Y)8) = —La{g(Y, U)(Veo) (V. €)
— (U)(Vyo)(V,€) + (Vuo)(g(Y, V)E = n(V)Y,€)
(24) + (Voo)(Vin(Y)é +Y)}.
Now, let us calculate each of these expressions. Making use of (13), (21) and (22), we
obtain
RHEY)(Vuo)(Vi€) = RHEYH{Vio(V,€) = o(VuVie)
— (V. Vyé)}
= RHEY){-o(V,Vue)}
= —RH(&Y)o(V,-U —n(U)¢)
(25) = RM(&Y)o(V,U).

Moreover, taking into account of (7) and (22), we have

(Vaerwo)(V,€) = Vieywo(V,€) = o(VaeyV:€)
- U(VR(g,Y)U§7 V)
= —o(=R(EY)U —n(R(EY)U)EV)
= o(R(&Y)U,V) =0(g(Y,U)§ —nU)Y,V)
(26) = —nU)o(Y,V).

(Vuo)(REYIV.E) = Vio(R(EY)V.€) —a(VuR(EY)V,E)
— o(R(&Y)V,VyE)
= —o(R(Y)V,-U —n(U)E)
(27) = o(g(Y,V)§{—n(V)Y,U) = —n(V)o(Y,U).
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(Vuo)(V,Y +n(¥)%)
- (T
(Vo

Y) + (Vyo)(Vin(Y)
Y) + Vo (V.n(Y)E)
(Y)E) —a(V, Vun(Y)§)
o(V,Un(Y)E +n(Y)ViE)
n(Y)e(V,U),

£)

Y) -
YY)+

and

(6(§A9Y)UU)<‘/7 £) Vé/\gY)UU(‘/ﬂ §) — (V(EA SUAZES)
o(V,Vier,iv€) = —o(V, Vyyuenw

v€)
—o(V,g(Y,U)Vel —n(U)Vy€) = nU )U(V,Vyﬁ)

(29) (U)o (V, =Y —=n(Y)§) = —n(U)a(V,Y),
(Vuo)(EA YIV,E) = VEa((E A YIVIE) = a(Vu(é A YV E)
— o((€ A, YV, V)
= —o(g(Y,V)§ —n(V)Y,=U —n(U)$)
(30) = —p(V)a(Y, ).
(Voo)(V.(ENY)E) = (Vo) (Vin(Y)E+Y)
= (Vuo)(Vin(Y)§) + (Vyo)(V,Y)
= Vio(V,n(Y)E) — o(VuV,n(Y)E)
~ oV Ven(V)E) + (Voo)(VY)
= —o(VUn(Y)§ +n(Y)Vys) + (Vuo)(V.Y)
= —n(Y)o(V,=U =n(U)§) + (Vyo)(V,Y)
(31) = (Y)o(V.U) + (Vyo)(V,Y).
Consequently, if we put (25), (26), (27), (28), (29), (30) and (31) in (24), we reach at
RHEY)o(V.U) +n(U)o(Y, V) +0(V)o(Y,U) = (Vyo)(V,Y)
- n(NY)U(U, V) = Lo{n(U)a(V.Y) +n(V)o(Y,U) = n(Y)o(V,U)
(32) — (Vyo)(V,Y)}
If taking X = £ in (32), considering (21) and (5), we get
(33)  —o(V.U)— (Fuo)(V.E) = ~Lofo(UY) + (Fuo) (V. )},
where
(Vuo)(&,Y) = Vio(Y,8) —o(VyY,€) — (Y, Vit)
(34) = —o(Y,-U —nU)) =o(Y,U).

From (33) and (34), we conclude that
(L = 1)o(U,Y) =0,
which is proves our assertions.

From Theorem 2.4, we have the following proposition.
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PROPOSITION 2.5. Let M be an invariant pseudoparallel submanifold of a Lorentzian
para Kenmotsu manifold M"(y,&,n,g). Then M is 2-semiparallel if and only if M is
totally geodesic.

THEOREM 2.6. Let M be an invariant submanifold of a Lorentzian para Kenmotsu
manifold M™(p,&,m,g). Then C' - o = 0 if and only if M is either totally geodesic or
the scalar curvature 7 of M™ is 7 = n(n — 1).

Proof. C-0=0 implies that

(C(X,Y)-o)(U,V) = RYX,Y)o(U,V)—o(C(X,Y)U,V)

(35) — o(U,C(X,Y)V) =0,

for all X, Y, U,V € I'(T'M). On the other hand, from (6) and (9), we can derive

(36) CXYE = (1= o) )X = n(X)Y),
Thus, for V = ¢, from (35) and (36), we conclude that

Jo(n(Y)X —n(X)Y,U) =0.

o(C(X,Y)§,U) = (1 - nin—1)

The proof is completed. O

THEOREM 2.7. Let M be an invariant Ricci-generalized pseudoparallel submanifold

of a Lorentzian para Kenmotsu manifold M"(p,&,1n,9). Then M is either totally
geodesic or the function L3 = ﬁ

Proof. If M is Ricci-generalized pseudoparallel of a Lorentzian para Kenmotsu
manifold M (¢, &, n,g), then from (15) and (19), we have

(R(X,Y)-0)(U, V) = L3Q(S,0)(U,V;X,Y)
= —L3{o(XAsY)U,V)+0(U, (X NsY)V)},
for all X,Y,U,V € I'(T'M). This means that
RY(X,Y)o(U, V) — o(R(X,Y)U,V)—a(U R(X,Y)V)

= —Ly{o(S(Y,U)X — S(X,U)Y,V)
+ o(S(V,Y)X — S(X,V)Y,U)}.

Here taking X =V = ¢ and by using (7) and (15), we reach at

R, Y)o(U,E) — o(R(EY)U.E) —o(U R(EY)E)

= —Ly{o(SY.U)§ = S(& U)Y.€)

(37) + (S Y)E-S(E Y, U}
By using (8) and (21), we can infer
—o(UY +n(Y)§) = —Ls{=5(,€)o(Y,U)}
—o(Y,U) = —(n—1)Lso(Y,U).
This proves our assertion. O

THEOREM 2.8. Let M be an invariant 2-Ricci-generalized pseudoparallel submani-

fold of a Lorentzian para Kenmotsu manifold M”(gp, €,1,9). Then M is either totally
1

geodesic or Ly = —.
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Proof. Let us assume that M is 2-Ricci-generalized pseudoparallel submanifold.
Then from (20), we have

(R(X,Y)-Vo)(U,V,Z) = LiQ(S,Vo)(U,V,Z; X,Y),
for all X,Y,U,V,Z € I'(TM). This implies that

RYX, V) Vuo)V,Z) — (Vexywo)(V,Z) — (Vuo)(R(X,Y)V, Z)
— (Vuo)(V, R(X,Y)Z) = =L{ (Vxnsvyoo)(V, Z)
+ (Vuo)(X AsY)V, Z) + (Vo) (V, (X As Y)Z)}.
Here taking X =V = ¢, we have

RYE,Y)(Vyo)(€.2) — (?R@,Y)Ua)(f, Z) - (%a)(R(f, Y)E, Z)
- (VUU) (57 R(f? Y)Z) = _L4{(V(§/\SY)U0—) (5? Z)
(38) + (Vo) (EAsY)E Z) + (Vo) (€, (EAs Y)Z)}.

Now, let’s calculate each of these expressions. Also taking into account of (21) and
(22), we arrive at

RHEY)(Vuo)(&.Z2) = RYEYViol(6,2) = o(VuZ,§)
— 0(Z,Vu&)} = R (&Y ){-0a(Z,~U —n(U)&)}
(39) = R Y)o(Z,U).

On the other hand, by using (21) and (22), we have

(Veeywo)& Z2) = Vieywol(& Z) — o(Vreywé Z)

o(&, VreywZ)
—o(—R(§,Y)U —n(R(& Y)U)SE, Z)
o(R(EY)U,Z) =0o(g(Y,U)§ —n(U)Y, Z)
—n(U)o(Y, Z),

(40)

(Vuo)(Y +n(Y)E, Z) = (Vyo)(Y, 2)
(Voo)n(Y)E, Z) = (Vyo)(Y, Z)
VoY), Z) — a(Vun(Y)E, Z)
oY), VuZ)

(ﬁUU) (R(f, Y)f, Z)

I+ +

ol
222
) -
)
=
|
Q.
d
33
=
782%
_|_
=
=
e
d
782%
N

)

(Vuo)(& R(EY)Z) = Vio(&,R(E,Y)Z) — o(Vué, R(E,Y)Z)
- 0-(57 VUR(£7 Y)Z) = _U(_U - n(U>§7 R(f, Y)Z)
(42) = —o(-U.g(Y,2)¢ —=n(2)Y) = —n(Z)o(U,Y).
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Now, let’s calculate the left side of (32). Making use of (13), (21) and (22), we have

(Viersruo) (6 2) = Vignawo(& 2) = o(Vigrsry, 2)
— (&, Vignsyviw2)
= —U(VS(YU)g sEnyé, Z)
= =S(Y.U)a(V, Z) + S(&,U)
= (n=1n0)o(=Y —n(Y)§,Z

O'(Vyf, Z)
)

(43) —(n—n(U)e(Y, 2),
(Voo)(EAsY)E Z) = (Vuo)(S(Y,6)E — S(,€)Y, Z)
= (Vyo)((n— 1Y + (n— 1)n(Y)E, Z)
(n — D{(Vuo)(Y, Z) + (Vo) (n(Y)E, 2)}
= (n—D{(Vuo)(Y. Z) + Vio(n(Y)¢, Z)
— o(Vun(Y)§, Z) —o(n(Y)E,VuZ)}
= (n—D{(Vuo) (Y, Z) — o(Un(Y)¢ +n(Y)Vyeé, Z)}
= (n—1{(Vyo)(Y, Z) = n(Y)o(-U — n(U)¢, 2)}
(44) = (n—D{(Vuo)(Y, Z) + n(Y)o(U, Z)}.
Finally,

(Vuo)(&, (EAsY)Z) = (Vuo)(§ S(Y, 2)6 = S(§ 2)Y)
= (Vuo)(& (Y, 2)§) = (n = 1)(Vuo) (& n(Z2)Y)

= Vio(&,S(Y,2)€) — o(Vue, S(Y, Z)€)
— 0(&,VuS(Y, 2)¢) — (n — D){Vio(&,n(2)Y)
— o(Vu&En(2)Y) =o€, Vun(Z)Y)}

) —
= —(n—10o(-U—nU)&Y)n(Z)
(45) = (n=1n(Z)o(U,Y).
)

By substituting (39), (40), (41), (42), (43), (44) and (45) into (38) we reach at
RHEY)o(U.Z) + n(U)o (Y, Z) = (Vuo) (Y. Z) = n(Y)o(U. Z)

+ 1(2)o(UY) = (n =1 Li{nU)o(Y, Z) = n(Y)o(U, Z)
(46) — (Vuo)(Y, Z) +n(Z)a(U,Y)}.
Here if taking Z = ¢ in (46), we can easily to see that

(n = DL{(Vuo)(Y,€) + o(U,Y)} = (Vuo) (Y. €) + o(U,Y).
From (34), we conclude that

(n—1)Ly — 1)o(U,Y) =0,

which proves our assertion. O

EXAMPLE 2.9. Let us consider the 5-dimensional manifold

M° = {(z1, 29,23, 24,2) : 2 > 0},
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where (x1, 29, T3, 4, 2 ) denote the standard coordinates of R. Then let ey, es, €3, €4, €5
be vector fields on M?° by given

0 0 0 0 0
=, =2 —,63 =%
0&71

—— ey =2—, €5 = Z—
Oxy’ 0xs3’ Oxy’ 0z

€1 =z

which are linearly independent at each point at each point M5 and we define a
Lorentzian metric tensor g on M? as

gles,e)) = 1, 1<i<A4
(ew J)
gles,e5) = —1.

Let n be the 1-form defined by n(X) = ¢g(X, es5) for all X € F(T]/\\/[/). Now, we define
the tensor field (1,1)-type ¢ such that

per = —ez, ez = —ey, pe; = 0.
Then for X = x;e;,Y = yje; € F(TZT/[/), 1 <14,j <5, we can easily see that
PX =X +n(X)E, E=es5 n(X)=g(X,E)
and
9(e X, 9Y) = g(X,Y) + n(X)n(Y).
By direct calculations, only non-vanishing components are
[61',65] = —€;, 1 S 1 S 4.

From Kozsul’s formula, we can compute

vei€5 = —€4, 1 S 1 S 4.
Thus for X = ze;, Y = y;e; € F(T]Tj), we have
Vxé=-X —n(X)§, and (Vxp)V = —g(pX, V)¢ = n(Y)eX,

that is, M (p,&,m,g) is a Lorentzian para Kenmotsu manifold.

Now, we consider the 3-dimensional submanifold M3 of M >(¢,€,1m,9) given by 1)-
immersion

b MP — M(p,€,1,9)

1
U(xy, T9, 2) = (221, 229, 221, 2T, 522)

Then the tangent space of submanifold M is spanned by the vector fields

U 0 + 9 + %4 0 + 0 + i3 0
=z—+z—=¢;+e =z— +z—=eg+e =z—.

0xy O0xs Lo 01, 0xy 2T 0z
Thus we can see that U = ¢(e; + e3) = —ey —eq = —V. This verifies M

is a 3-dimensional invariant submanifold of a Lorentzian para Kenmotsu mamfold
M5(gp €,1,9). On the other hand, we can easily that VoV =VyU = 0, VUS = —

va = —V. Also this tells us that M is pseudoparallel, 2-pseudoparallel, RlCCl—
generalized pseudoparallel and 2-Ricci generalized pseudoparallel.
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