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QUASI-CYCLIC SELF-DUAL CODES WITH FOUR FACTORS

Hyun JiN Kim', WHAN-HYUK CHor*¥, AND JUNG-KYUNG LEET

ABSTRACT. In this study, we examine f-quasi-cyclic self-dual codes of length fm
over o, provided that the polynomial X" — 1 has exactly four distinct irreducible
factors in Fo[X]. We find the standard form of generator matrices of codes over
the ring R = F,[X]/(X™ — 1) and the conditions for the codes to be self-dual. We
explicitly determine the forms of generator matrices of self-dual codes of lengths 2
and 4 over R.

1. Introduction

Quasi-cyclic codes are recognized as being asymptotically good [8] and are linked
to other areas such as convolutional codes and S-boxes [2,5]. Self-dual codes are also
well known for their connection with other combinatorial structures, such as designs
and lattices [1,3,4], as well as invariant theory [13].

Cyclic codes, which are considered a special case of quasi-cyclic codes with an
index of 1, demonstrate that quasi-cyclic codes can also be considered as modules
over the group algebra of a cyclic group. Ling and Solé [10,12] have examined quasi-
cyclic codes over finite fields F, as linear codes over the ring R = F,[X]/(X™ — 1),
particularly when m, a positive integer, is coprime to q. Their research established a
one-to-one correspondence between quasi-cyclic codes over F, with an index of ¢ and
a length of m and linear codes over a factor ring R of length ¢ [10].

This paper delves into quasi-cyclic codes over I, with an index of ¢ and a length
of fm. We note that (-quasi-cyclic codes over I, of this length Im have permutation
automorphisms of order m without fixed points [14]. Han et al. [6] have explored
scenarios in which X™ — 1 decomposes into two distinct irreducible factors in F,[X],
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demonstrating that the building-up construction can generate every ¢-quasi-cyclic self-
dual code of length ¢m over a finite field F,. When X™ — 1 is split into three distinct
irreducible factors in F,[X], Kim and Lee [9] differentiated two types of the ring R
based on the action of the conjugation map on the minimal ideals of R, which led to the
discovery of optimal self-dual codes of lengths 68 and 70 under their construction [7].

This study extends previous research by investigating the generator matrices of all
(-quasi-cyclic self-dual codes over [F, with a length ¢m for each positive even integer
¢, particularly when X™ — 1 contains exactly four irreducible factors in F [X] and
precisely two of these factors are self-reciprocal.

In this paper, we assume that X™ — 1 has ezactly four distinct irreducible factors
in F,[X] with ezactly two of those factors being self-reciprocal, where the degree m is
a positive integer relatively prime to q.

This paper is structured as follows: Section 2 provides essential definitions, facts,
and notations required for this study. Section 3 explores the standard forms of gen-
erator matrices for linear codes over the ring R. Section 4 examines self-dual codes
over R of the second type and establishes the forms of generator matrices for self-
dual codes of lengths 2 and 4. All computations in this study are performed using
MAGMA [15].

2. Preliminaries

In this section, we introduce fundamental concepts related to quasi-cyclic self-dual
codes, referencing [10-12] for more comprehensive details.

Let Z be a commutative ring with identity. A linear code C of length n over Z is
an Z-submodule of Z". The free rank of a code C is the highest rank among all free
Z-submodules contained within C. If a code C is a free Z-submodule of Z", then C
is called a free code. The standard shift operator on Z" is denoted by T. A linear
code C over Z is called (-quasi-cyclic or quasi-cyclic of index ¢ if it remains invariant
under T¢. We can easily show that if £ and the code length n are coprime, the code
C is permutation equivalent to a cyclic code. Therefore, throughout this study, we
assume that the code length n is equal to ¢m for some positive integer m.

Let F,[X] be a polynomial ring, and R := F,[X]|/(X™ —1). Let us assume that m
is coprime to the characteristic of F,. In [10], it is proved that quasi-cyclic codes with
index ¢ and length /m over F, have a one-to-one correspondence with linear codes
of length ¢ over R. The correspondence is given by the map ¢, which we defined as
follows. Suppose that C be a quasi-cyclic code over [F, of length ¢m and index ¢ with
a codeword c denoted by

C = (Coo, Coly---5C01—1,C105 -+ -5C11—=19+ -+ Cm—10y - - - 7Cm—ll—1)'
Let ¢ be a map ¢ : F,'™ — R defined by
o(c) = (co(X),c1(X),...,c1(X)) € RY,

where
m—1

ci(X)=> X' €R, forj=0,...,.1—1.
1=0

We denote by ¢(C) the image of C under ¢.
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The dual of C, denoted by C*, is defined with respect to an inner product over R.
A code C is called self-dual if C = C*.

We define a conjugation map ~ on R by X = X!, where X' = X™ ! and it is
an identity map on F,. It is extended F,-linearly. We also define the Hermitian inner
product on R by (x,y) = Z;;B x;y; forx = (wo,...,21) and y = (Yo, -, ¥Ye-1)-

For a,b € Fi", (¢(a), (b)) = 0 if and only if T%(a)-b =0 for every 0 < k <
m—1, where - denotes the Euclidean inner product [10]. It follows that ¢(C)* = ¢(C*),
where ¢(C)* is the Hermitian dual of ¢(C), and C* is the Euclidean dual of C. In
particular, a quasi-cyclic code C over F, is Euclidean self-dual if and only if a code
¢(C) over R is Hermitian self-dual [10]. Two linear codes over F, (resp. R) are called
equivalent if there is a monomial map (resp. permutation map) such that it sends one
to another.

For a matrix A,,y,, we define the matrix A,,,, by the conjugation action of entries
of Ayxn, that is, if A = (a;;)mxn then A= (@ij)mxn- We denote the transpose of
Aan by AT that iS, AT = (aj,-)nXm.

mxXn? mxn

3. Standard form

We use the following notations throughout this study. Let ¢ be a power of prime.
We consider a factor ring R = F,[X]/(X™ — 1) for a prime m. If X" -1 =
No(X)N1(X)N2(X)N3(X) which is a product of four distinct irreducible factors in
F,[X], where No(X) = X — 1, then R = I, ® Z; & I, ® I3, where Z; is the min-
imal ideal of R generated by % for © = 0,1,2,3. We have Z; = F,,, where t;
is the degree of N;(X) for ¢ = 0,1,2,3. Hence R = Fo @ Fpry @ Fyro @ Fyes. The
unit group of a field F is denoted by F*. We define an isomorphsim & from R to
R = Fpo ®Fpn ® Feo ® Fpes by ®(Li) = fo where L; = %y for i = 0,1,2,3
and fo = (e0,0,0,0), f1 = (0,e1,0,0), fo = (0,0,e2,0), f3 = (0,0,0,e3) for some
e; € F, withi = 0,1,2,3. We note that fot=(eg",0,0,0), f;1 = (0,e;1,0,0), f; 1 =
(0,0,e5%,0), f5+ =(0,0,0,e5M).

We note that T = Zy. We define the type of the ring R = F,[X]/(X™ — 1)
depending on how the conjugation map acts on Z; for ¢« = 0,1, 2,3. We say that R is
of the first type, denoted by Ry if Z; = Z; for i = 1,2,3, and it is of the second type,
denoted by R, if Zo = Zs. In the following theorem, we find a standard form of a
generator matrix of a linear code over R.

THEOREM 3.1. We keep the notations given above. Let R = [t X Fpop X Feo X
Fs =2 F [X]/(X™ — 1), where m is relatively prime to q and the factorization of
X™ — 1 over F, has four distinct irreducible factors and t; is a positive integer for
1= 0, 1, 2, 3. Let f() = (60, 0, O, 0), f1 = (0, €1, O, O), fg = (0, 0, €9, 0), f3 = (O, 0, 0, 63),
where e; € IF;ti.

Then every linear code C over R of length ¢ has generator matrix (up to equivalence)
in the following form:

]ko Al A2 A3 DO
O B, My, M, D
O O By Ms; Dy |’
@) @) O Bs  Ds

(1) G=
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where I, is the identity matrix of degree kg, and

By = diag ((fO + fi+ fQ)Ikl,lv (fO + f1+ f3)Ik1,27 (fO + fa+ f3)Ik1,37 (fl + fa+ f3)Ik1,4)7

By = diag ((fO + fl)Ikz,p (fO + fZ)Ik’z,Qv (fO + f3)1k2,3’ (fl + f2)1k2,47 (fl + fS)Ikz,sa (f2 + f3)1k2,6)7
Bj = diag (fOIkS,l ) fl]ks,w f2[k3,37 f3Ik3,4)

are diagonal matrices, and

A= [ f3Ak,,  f2Ak, ., 1Ak, s foAky, ],

Ay = [ (F2+ ) Ak, (14 F3) Ak (14 f2) ARy s (fo+ f3)Aky s (fot f2)Aky s (fot f1)Akys |,

Ag = i+ o+ f3)Ak, (fo+fot f3)Ak, (fo+ fit fa)Akg, (fo+ fi+ f2)Ars, |,

where Ay, ; is ko X k; j matrix over R, and

[ foMiy s kay 1My ykp . (Fr+ )My g0y JoMiy g ks (fo+ f)My o (fo+ fOME |y
M1 — f3Mk1,2,k2,1 f3Mk1,27k2,2 fleLz,kz,z f3Mk1,2«k2,4 foMk1,27k2,5 (fo+ fl)Mllclyg,kQYG
Ok1,3,k2,1 f3Mk1,3,k2,2 f2Mk1,37k2,3 f3Mk1,3,k2,4 fQMkl‘BakQ,S foMkl,'aJm,s
L Ok1,4,k2,1 Ok1,4,1€2,2 Ok1,47k2,3 f3Mk1,4J€2,4 f2Mk1,4J€2,5 fle1,47k2,6
r (f1 + f2) My 4 ks, (fo+ f2) My, 4 k3o (fo+ f1) Mg, ks s (f0+f1+f2)Ml,cl,1,k3,4
M, = (f1+ f3) Mgy 5 k54 (fo+ F3)Miy pks . (fot f1+ fOMY, |y (fo+ f1) Mg, 5.k5.4
(fo + f3)Myy 5.k, (fot fo+ f3)M] 4o, (fo + f3) Mk, 4,k5 5 (fo+ f2)Miy gk54 |7
L (i +fe+ f)MT ) (f2 + f3) Mgy 4 ks, (f1+ f3) Mgy 4 k35 (f1 + f2)Mgy 4 ks 4
[ [1iMiy s ksy oMiy ks, (fo+ FOMy, | g (fo+ fOME, | G,
faMyy 5 ks, J2Myy 5 0k3.0 foMpy 5k55  (fo Jrfz)M,’QY%k&4
M3 — f3]gk2,3,k3,1 f3Mk2,37k3,2 f3Mk2,3,k3,3 foM’fz,s,sz
k2 4,k3,1 f2M7€2,4,k3,2 fle2,4vk3,3 (fr +f2)Mk2,4,k'3,4 ’
Ok2,5,k3,1 f3Mk2,5,k3,2 f3Mk2,5,k3,3 fle2,5,k3,4
Ok2,6,k3,1 Okz,aykz,z f3Mk2,67k3,3 fZMkz,eaka.A

where My, . 1., is a k; j X ks matrix over R, and M,’C”kt is a k; j X ks; matrix over R
such that for its entries, the components corresponding to the coefficient can’t consist
of all nonzero, and My, ., . Is a k;; X ks, matrix over R such that for its entries, the
components corresponding to fy and f, can’t consist of all nonzero, and M,’C/i”%k&t
a k;; x kg; matrix over R such that for its entries, the component corresponding to
fo is zero or the components corresponding to f, and f3 are both zero, and M,’C’z”J Kot
is a k; ; X ksy matrix over R such that for its entries, just one of the components

corresponding to fi, fo, and f3 is nonzero, and Dy is ko X k4 matrix over R, and

is

Da
Dy 1 D3 o D31
_ | D12 _ | D23 _ | D32
Dy = D13 Dy = D24 , Dy = D33
D14 Dy 5 D34

D3¢

where D; ; is a k;; x ks matrix over R such that every non-zero entry of D;; is
contained in the ideal (g; ;) of R, where g;; is the coefficient of I, , in B;.

In particular, this code C has free rank ky,its length ( is equal to ko + Z?:j ki +
Z?:j ko ; + Zj‘:j ks j + k4, and its rank is equal to
(ko S22 ti Ky (to +ty 4 to) +kyo(to +t1 +t3) + kya(to +ta+ts) + kpa(ty +ta +1t3) +
koi(to +t1) 4 koo(to + t2) + kas(to + t3) + koa(ts + to) + kas(ts + t3) + kag(ta + t3) +
ksito + ksot1 + ks sto + ks ats)/ (Z?:o ti)-

Proof. We note that R is a commutative ring with unity 1z = (1,1,1,1), zero
Or = (0,0,0,0) and fof1 = fofe = fofs = fifs = fifs = fofs = Og. The unit group
R*of RisFy xFr xFr, xFr,.

Let G' be a generator matrix for C. First, we note that there are four possible
cases for each row of G’. The first case is a row of G containing a unit of R.
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The second case is that a row contains a nonzero element in (f;, + fi, + fi;) where
11,102,723 = 0,1,2,3. The third case is that a row contains a nonzero element in
(fiy + fi,) where iy,i5 = 0,1,2,3. The last case is that a row contains a nonzero
element in (f;) where i =0,1,2,3.

We can transform G’ into Gy such that the first ky rows (respectively, the first kg
columns) of Gy are equal to the first ky (respectively, the first ky columns) of G in (1)
by column permutations and elementary row operations; we may assume that kg is
the total number of rows containing units. Deleting the first ky rows and the first kg
columns of Gy, we get G

I,
Go=| ¢
O
We may assume that Gf, has no unit entries; otherwise, we can increase ky.

By column permutations and elementary row operations, we can transform G, into
G such that all entries of the first k; ; rows and the first £ ; columns of GGy belong to
(fo+ fi+ f2). We claim that all the entries of the first k1 ; columns of Gy after the
k1 1th row are zeros by elementary row operations. In fact, the first & ; columns of Gy
have no entry contained in (f3); otherwise, kg is increased, which is a contradiction. If
the first k1 ; columns of Gy after the k; ;th row have an entry contained in (f;) where
1 = 0,1,2, then it is easy to see that we can easily make them zeros by elementary
row operations.

By similar reasoning for the other cases, we can transform G’ in the following form:
L, A A A D
O By M M, Dj
O O B M, D)

0] 0] O B D}

Moreover, we can transform B into B; in (1) by elementary row operations.

G

G// —

(fo+ f1+ f2)lp, By By B3

B — O (fo+ f1+ f3) 1k, B4 Bis

! O O (fo+ f2+ f3) 1k Big
@ 0 0o (fr+ fo+ f3) Ik,

We note that the matrix B;; has no entry contained in (fs); it is easy to see that
if By has no entry contained in (f2), then kg is increased, which is a contradiction.
If By has no entry contained in (fs), then elementary row operations can transform
it into zeros. Analogously, matrix Bj; can be transformed into O by elementary
row operations for i = 2,3,4,5,6. Furthermore, A}, A}, A, M{, M}, and M} can be
transformed into the Ay, Ay, As, My, My, and M3 in (1) by elementary row operations
without change of rank. Thus, we can transform G” into G in (1).

This code C has rank logp [C| = (ko S ot kia(to -+t to) Fhio(to+t 1)+
ki3(to+ta+1ts) +kia(ts +ta+1t3) +kai(to+t1) +koo(to+t2) + kos(to+ts) + kot +
to) + kos(ty + t3) + kag(ta +t3) + kaato + kaots + kaata + kaats)/ (S0 t;) since |C| =
qko S otitkin Y titki2 Y00 s titk13 Y i—g 0 tithia Y ey ti g2 (toHt)Hhz o (to+2)+ha 3 (to-+s)
qk2,4(t1+t2)+k2,5(t1+t3)+k2,6(t2+t3) . qk3,1to+k3,2t1+k’3,3t2+k’3,4t3. N

In the following corollary, we find the standard form of generator matrices of linear
codes over the ring R, which follows from Theorem 3.1 using the map ®~*.
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COROLLARY 3.2. Let R = F,[X]/(X™—1), where m is relatively prime to q and the
factorization of X™—1 over F, has four distinct irreducible factors No(X), N1(X), Na(X),
and N3(X). Let L; = XTIY\L,_l fori =0,1,2,3. Then a linear code C over the ring R of

length ¢ has a generator matrix in the following form (up to equivalence):

Ly A A A Dy
) O B M My, D
O 0 B My Dy’
O O O B Dy

where I, is the identity matrix of degree kg, and

By = diag (N1, ,, Noly, 5, N1y, 5, Noly, ,),

BQ = diag ((L0L1>Ik2,17 (L0L2)1k2,27 <L0L3>Ik2,37 (L1L2)1k2,47 <L1L3)Ik2,57 (L2L3)Ik‘2,6)7
83 = dlag (L()Ik&l, L1[k3y2, LQIk3’37 L3[k374)

are diagonal matrices, and

A = [ L3Ag,, L2Aky, Li1Ax, LoAg,, ],
Ay = [ (Lala)Ak,,  (LiL3)Ay,, (LiL2)Ak,; (LoLa)Ak,, (LoL2)Ak,s (LoL1)Ag,, |,
.A?, = [ NOAk3,1 NlAks‘z NQ'Aka,s N3'Ak3,4 ];
where Ay, ; Is ko X k; j matrix over R, and
[ LQMk1,1,k2,1 Llel‘lakQ,Z (LILQ)M;gl,l,k273 LOMk1,1yk2,4 (LoLQ)M;clyl,kgﬁ (LoLl)M;cl,l,kQ,g
M — L3Mk1,27k2,1 L3Mk1,27k2,2 LlM’ﬂ,z,kz,s L3Mk1,2,k2,4 LOMk1,2,k2,5 (LoLl)M;ch,kz,G
! Ok1‘3ak2,1 L3Mk1,s,k2,2 LQM’CL:;JCQ,S L3M7€1,3J€2,4 L2M7€1,3,k‘2‘5 LOMk1,37k2,6
L Ok1,4,k2,1 Ok1,47k2,2 Ok1,4,k2,3 L3Mk1,4,k2,4 LQMk1,4,k2,5 Llel,ka,e
B (L1L2)Mk1,17k3,1 (L0L2)Mk1,1«k3,2 (LOLl)Mkl,lakB,B N3M;€1,1,k3,4
M _ (L1L3)Mk1,2,k3,1 (L0L3)Mk1,2,k3,2 NQM%LQ,k_g’g (LoLl)MkLQ,ksA
2 (L2L3) My, 5,k5 4 NIMY kgy (L0L3)Miy 5 ks 5 (LoL2)May 5k |7
L NOM%;/A,ICSJ (L2L3)Mk1,4,k'3,2 (L1L3)Mk'1,4,k3,3 (LlLQ)Mkl,mksA
[ Llez,Lks,l LOMk2,17k3,2 (LOLI)M;QQYl,kgyg (LoLl)M;czl,kgA
L2Mk‘2,2,k3,1 L2Mk‘2‘2,k3,2 LOMkz,Q’ka,s (LoLQ)M;Q,Q,kgA
M — L3Mk2,37k3.1 L3Mk2,37k3,2 L3Mk2,3,k3,3 LOMk2,31k3,4
3 Ok2,4,k3,1 LQMk2,4,k3,2 Llez,zhks,s (L1L2)M22,4,k3‘4 ’
Okz,syks,l L3Mk2,57k3,2 L3Mk2,5,k3,3 Lle2,5,k3,4
Okz,syka.l Okz,syka,z L3Mk2,67k3,3 LQMICZ,GJCSA

where My, .. Is a k; ; X ks, matrix over R, and M/ isak; ; X kgy matrix over R
1,79vs,t 5J ’ Y k‘l’]Ji‘sJ 5J )
such that for its entries, the components corresponding to the coefficient can’t consist
of all nonzero, and My, . . is a ki ; x ks; matrix over R such that for its entries, the
components corresponding to Lo and Ly can’t consist of all nonzero, and M’ e is
a k;; x ks; matrix over R such that for its entries, the component corresponding to
Lyg is zero or the components corresponding to Ly and Lz are both zero, and M;;;’j Kot
is a k; j X ks matrix over R such that for its entries, just one of the components

corresponding to Ly, Lo, and L3 is nonzero, Dy is kg X k4 matrix over R,

D21
D1, D22 D31
_ D12 _ D23 _ D3 2
Dl— Dis 7D2— Doy 7D3— D33 )
D14 D25 D3 4
D26

where D;; is a k;j X ks matrix over R such that every non-zero entry of D, ; is
contained in the ideal (g;;) of R, where g; ; is the coefficient of I, , in B;.
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4. Hermitian self-dual codes over R

We next study Hermitian self-dual codes over R to find conditions for a linear code
over R to be Hermitian self-dual in terms of its generator matrix in the standard
form.

THEOREM 4.1. Let q be a power of prime and let R have the second type, where
m is relatively prime to ¢, and the factorization of X™ — 1 over F, has four distinct
irreducible factors. Then every self-dual code over ®(R) with generator matrix of the
form (1) satisfies that k(] = k4,k§171 = ]{33,3,]{?172 = k?3’4,]{7173 = k?3’2,]€174 = k371,]€271 =
kog, koo = kaa, ka3 = kajs.

Proof. We suppose that R is of the second type, which means that the conjugation
map permutes I, and Zs as Ly = I3, L3 = I, whereas Zo = Ty, Z; = Z;. In this
case, we choose elements ey := €3 and ez := €,. Firstly, we define the matrix G* over
®(R) = R as follows:

— A7 B; 0] 0] 0]
(3) G-|-4 -M B 0 O

~A]  -M, -M, B O

-Dy, -D, -D, Dy I
with

Bi =diag ((f1 + fo + [3)Iksr (fo + f2 4 F3) kg or (fo + f1 + f2)Iksss (fo + J1 + f3) ks ),

B; = diag (<f2 + f3)Ik2,17 (fl + fQ)IkQ,Qv (fl + f3)Ik2,37 (fO + f2)1k2,47 (fO + f3)Ik2,57 (fO + fl)Ik2,6)7

?jﬂk = diag (f21k1,1 ) f3Ik1,2’ fl[klﬁ’ fOIk1,4)’
A= [fZQAkl,u f.??Akl,27 f12Ak173’ f02Ak1’4] ’

EQ = [(f22 +f§)zk2,1’(fl2 +f22)zk2,27(f12 +f??)zk2,3v (f(? +f22)zk‘2,4’(fg +f??)zk2,57(fg +f12)zk2,6] )

AV?’ = [(f12 + f22 + f??)zk‘:a,w (fg + f22 + f??)zk&z’ (fg + f12 + fQZ)stw (fg + f12 + fg)zkﬂ] )
where Ay, ; is defined in (1) for i = 1,2,3, j = 0,1,2,3, and M; and D; are defined in (1)
fori=1,2,3and j =0,1,2,3.

Let C* be a code generated by G*. Then we claim that C* C C* by showing
GG"' = 0. Considering the computation of G@T, it is enough to show that the
product of each block matrix of G* with all the other block matrices of G is zero.

Since . .
f3Mk1,1»k2,1 f2Mk1.2J€2,1 Oy, oy

k1s.k21 k1.4.k21
fﬂzu,m f2M;’112,k2,2 f2Mle,3,k2,2 021,4,;@22
MI _ | *h +f3)@;1,k2,3 flyéz,kz)a f3¥;3,k23 821,4,;@213 7
JoMy, § ko s FaMyy okoy J2Myy g ko f2Mpy 4 ko
(fo+ fs)ﬁzm,kz,g, foﬁ;,g,km fSMkTLS,k“ fSM;A,kM
L o+ FOMy, k. (o4 FOM 4y s S0y g 1M ks
[ (f1+ fa>@,l,k3,l (f1+ f2>@1,2,k3,1 (f2+ f@;k (f1+ fo + fg)Mijk
M; _ (f0+f3)%1_c|_1,1,k3,2 (f0+f2)7M1_€r1,2,k3,2 (f0+f2+f3)M11_cr1,3,k3,2 (f2+f3)%i_er1,4,k3,2
(fo+f)Mpy s kss (JotSfr+fo)M g ) ks, (fo+ f2)Mp, 5 ks 5 (fr+ f2)My, 4 ks 5
| o+ f1+ £, (fo+ FMR, g (fo+ f3)M, 4 g (F1+ IR 4 g
[ f1M%2,1,k3Y1 fsﬂég,k&l f2ﬂg2,3,k311 Ol_cTrz,4,ka,1 Oél_r2,57k33,1 O,CTMJC&1
M; _ f(%?,l,kgyg f3%1_cr2,2,k372 f2%§2,3,k3,2 f3¥1;2,4,k312 f2%1_cr2,5,k3,2 3%16,1@3’2
(fo+ fl)M'kQ’l,kS,g fOMkQ’Q,kgfg f2Mk213,k3’3 fle2,4,k3,3 f2Mk2’5,k3’3 f2Mk216,k3’3

T —T —T —T —T —T
L (fo +fl)]\/[/kz,1,’€3,4 (f0+f3)M/k2,27k3,4 foMkz,s,k3,4 (f1 +‘)“3)]\/[”@2,4,’%,4 fle2,57k3,4 fSMkz,ﬁ,sz

9
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where My, | r,, are defined in (1), it is routine to check that GG =0 by direct com-
putations of block matrices.

The fact that GG* = O implies C* C C+ = C. Comparing each rank of the
generator matrix of C of the form (1) and the generator matrix of C* of the form
(3)> we conclude that ki1 = k33, k12 = k34, k13 = k32, k14 = k31, ko1 = kog, kop =
ko4, ko s = kas. The free rank of C* is less than or equal to the free rank of C. Since
IC| = |R|/2, it follows that ko = k4. Therefore, we conclude that the code C* generated
by G* is the Hermian dual of C, and the theorem follows. m

We explicitly determine the forms of generator matrices of all self-dual codes over
®(R) of length < 4.

PROPOSITION 4.2. Let q be a power of 2 or a power of an odd prime with ¢ = 1 (
mod 4). Let R =TF,[X]/(X™ — 1) be a ring of the second type. Every self-dual code
C over ®(R) of length two is equivalent to a code with a generator matrix of one of
the following cases:

i) G= [1 a}, where aa = —1,

i) G = Jo+htfi afo+Bh fori =2 or 3, where a € F 4, and 8 € F, such
0 I q q
that oo = BB = —1
Proof. 1) It is straightforward by the definition of self-dual codes over ®(R).
ii) If C is of free rank zero, then C has a generator matrix of the form G = Cé)l Zz] ,
3
up to equivalence. Since C is self-dual, we have a3 = f;, where i = 2,3. By
Theorems 3.1 and 4.1, we have that a; = fo + fi1 + f; and as = afy + S /1.
O

PROPOSITION 4.3. Let q be a power of an even prime or odd prime with ¢ = 1
(mod 4). Let R = F,[X]/(X™ —1) be a ring of the second type. Every self-dual code
C over ®(R) of length two is equivalent to a code with a generator matrix of one of
the following cases:

1) G = 1 0 a1 & s Where aldﬁ—aﬂg = —1, a353+a4d4 = —1, and a163+a254 =
0 1 a3 au
1 b by b

ii) G= |0 by bs bg|, where the values of by and b; determine one of the following
0 0 by bg

seven sub-cases (here, the coefficients «;, 3;,7;, and 0; for all i are elements in
Foo,F 1, F o, and F s, respectively.) :
ii-1) by = fo + f1 + fo and b; = f5. In this case,
by = 01 fs,
by = ayfo+ Bif1 + d2f3,
by = asfo+ Bafi + 1fa+ 033,
bs = azfo + B3 f1,
be = aufo+ Bafi + V2 /e,
bs = V32 B B B B B
with aq @y + ooy = 151 + BBy = 103 = —1, andz + agy = 183+ Pafy =
01 + 0375 = 0, agaz + auay = —1, 8385 + Baffy = —1, 02 + 0375 = 0.
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ii-2) by = fo+ fi1 + f3 and by = f3. In this case,
b =11 fe,
by = a1 fo+ Bifi + 72 fe,
by = aafo + Pafi + 132+ 0113,
bs = asz fo + P31,
be = aufo+ Bafi + 02 f3,
bs = 03 f3 with v + 7303, _ B _ _
with aq @y + anda = (151 + 28y = 1301 = —1, andz + agiy = S183+ Pafy =
Y1+ 7302 = 0, a3 + agoy = —1, 3363 + B4y = —1.
ii-3) by = fo + fo + f3 and by = f1. In this case,
bl - Blfb
by = ayifo+ 71fo + 01f3,
by = aafo +vafa + 02 f3,
be = azfo +y3fa+ 03f3, B 3 3 .
bs = Paf1, with anaiy + aptly = 18 = 1101 + 7202 = —1, Baffy = —1,
either b5 = Oé4f0 with Q4+ Q3 = ’)/353 = —1, a0y +FQoi3 = ’}/2(53 = 5273 =
0, or by = v fo + 0afs With agaz = Y303 + V404 = —1, 0tz = Y104 + 7203 =
517, + 0275 = 0.
ii-4) by = f1 + fo + f3 and by = fo. In this case,
bs = a1 fo,
by = as fo,
by = Bifi +fe +01fs,
by = Baf1 + 2 f2 + 02 f3, . _ _
be = B3f1 + v3f2 + 03f3 with cqay = —lanar = 518 + B2y = 111 = —1,
if by = Paf1 then vo = 0o = 0, 848, + 385 = 7303 = —1, 5184 + P28 = 0,
if b = afa then 7o = 0, f305 = 7303 = —1,0174 + 0275 = 0,
if bs = d4f3 then 0y = 0, B33 = 7303 = —1,7104 + 7203 = 0.
ii-5) by = fo+ f1 and by = fo + f3. In this case,
b =1f2 +01fs,
by = ayfo + Pif1,
by = ay fo + Baf1 + Y2 fo + 02 fs,
b5 - 07
be = asfo + Bsf1, B B 3 3
bs = V3 f2 + 03f3 with with ayay + atia = B151 + B2y = 71101 + 7202 = —1,

ii-6) by = fo + f2 and by = f1 + fo. In this case,
by = Bif1 + 01 f3,
by = ay fo + 02 f3,
by = aafo + Baf1 +71f2 + 03 f3,
b5 - 07
be = asfo + Y2/, B B B
bs = B3f1 + yaf2 with aron + s = 1Sy + F2ffy, = 103 = —1, aza =
—1,01 + 037, =0, B384 = —1,02 + 9575 = 0.
ii-7) by = fo + f3 and b; = fi + f5. In this case,
by = Bifi + 1 fas
by = aq fo + 72 f2,
by = agfo + Baf1 +y3fe + 013,
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b5 - O,

be = a3 fo + 02f3, _ _ B

bs = B3f1 + 03f3 with cndiy + gty = B15y + Baffy = 7301 = —1, azaz =
=1y + 79302 =0, B305 = —1,72 + 7303 = 0.

hi hy hs hy
0 hs hg hy .
, where the values of hy, hs, hg and hyy determine one of
0 0 hg hy
0 0 0 hyp

the following seven sub-cases(here, the coefficients «;, fB;,7;, and §; for all i are
elements in F o, Fyt, Fyeo, and e, respectively.):
iii-1) hy = fo+ fi + fa, hs = fo + fi + fa, hs = fo, hio = fo. In this case,

h2 = 07

hs = a1 fo + Bufi,

hy = s fo + Ba fi,

he = aszfo+ Bsf1,

hr = aqfo + Bafi, _ _ _
hg = 0 with ayon + ety = —1, 518y + 28, = —1, a1z + agvy = 0, 5155 +
Baf3, = 0, stz + cyy = —1, B335 + BafBy = —1.

iii-2) hy = fo+ fi + fo, hs = fo + f1 + f3,hs = fo, hio = f5. In this case,

h2 - 07

hs = a1 fo + Bufi1,

he = ayfo+ Bafi,

h9 = 07

1fh4 = Oézfo and hﬁ = Oégf() then @1@14‘0&2@2 = —1, 5131 = —1, &1&34‘0&2@4 =
0, gty + cugary = —1, B4 By = —1, B . . .
ifhy = Paf1 and he = PBs f1 then anon = =1, 518, + 028, = —1, 5183+ P28, =
0, g0ty = _1753/33 + 5454 =-—1

iii-3) hy = fo+ fi + fa. hs = fo + f2, hs = fi + fa, hio = fo. In this case,

h2 = Blfl;
hs = a fo,
h4 = 07
h6 = 07
h7 = as fo,

hg = P2 fr with 5151 = —0g = 0pdy = 5232 = —1.

iii-4) hy = fo+ fi + f3,hs = fo+ f1 + f3,hs = f3,hio = f3. In this case,

h2 = 07

hs = a1 fo+ Bufi,

hy = s fo + Ba fi,

he = aszfo+ Bsf1,

hr = aqfo + Bafi, _ _ _
hg = 0 with ayon + ety = —1, 518y + 28, = —1, anis + agvy = 0, 5155 +
P23, = 0, sz + cyty = —1, B335 + BafBy = —1.

iii-5) hy = fo+ fi + f3,hs = fo + f3,hs = fi + f3, hio = f5. In this case,

h2 - ﬁlfl;
hs = aq fo,
h4 - 0,

hGZO,
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hy = as fo, _ o
hg = B2 f1 with B158, = iy = iy = P28, = —1.
111—6) hl = fo + fg + f3, h5 = f() + f2 + f3, hg = f1, hm = fl. In this case,
h2 = 07
hs = a fo,
hy = y1fa + 01 f3,
he = va2.f2 + 02 f3,

hr = aa fo, B B
hg = 0 with alal = ’7151 = ’)/2(52 == 04252 =—1.
iii-7) hy = fo+ fo + fs, hs = fi1 + fo+ f3, hs = fo, hio = f1. In this case,
h2 - 0,
hs =1 f2 + 01 f3,
hy = alfO;

4
h6 = Blfl;
hr = a2 fo + 02 f3, _ _
hg = 0 with 161 = ajay = 18] = Y202 = —1.

Proof. 1t is straightforward, as evident from Theorems 3.1 and 4.1. m
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